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2 et
pen fccess Consider the linear system

Ax =h, (1)

where AeC™" is a singular matrix and ind(A) is arbitrary. Here ind(A), the
index of A is the size of the largest Jordan block corresponding to the zero eigenvalue of
A. We recall that the Drazin-inverse solution of (1) is the vector APb, where AP is
the Drazin-inverse of the singular matrix A. For the Drazin-inverse and its properties,
we can refer to [1] or [2]. In the important special case ind(A) , this matrix is called the
group inverse of A and denoted by A°. The Drazin-inverse has various applications
in the theory of finite Markov chains [2], the study of singular differential and
difference equations [2], the investigation of Cesaro-Neumann iterations [3],
cryptography [4], iterative methods in numerical analysis, [5] [6], multibody system
dynamics [7] and so forth. The problem of finding the solution of the form APb for

(1) is very common in the literature and many different techniques have been developed
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in order to solve it.

In [6] [8] [9] [10] [11], authors presented some Krylov subspace methods [9] to solve
singular linear system with some restriction. However, the treatment of singular linear
inconsistent system by Krylov subspace has been proved extremely hard. In [12], Sidi
had not put any restrictions on the matrix A and the system (1). In his paper, the
spectrum of A can have any shape and no restrictions are put on the linear system (1).
The only assumption is that index(A) is known. Although the index(A) of A is
overestimated, the method is valid.

In [12], Sidi proposed a general approach to Krylov subspace methods to compute
Drazin-inverse solution. In addition, he presented several Krylov subspace methods of
Arnoldi, DGCR and Lancoze types. Furthermore, in [13] [14], Sidi has continued to
drive two Krylov subspace methods to compute A°b. One is DGMRES method, which
is the implementation of the DGCR method for singular systems which is analogues to
GMRES for non-singular systems. Other is DBI-CG method which is Lanczos type
algorithm [13]. DGMRES, like, GMRES method, is a stable numerically and economical
computationally, which is a storage wise method. DBI-CG method, also like BI-CG for
non-singular systems, is a fast algorithm, but when we need a high accuracy, the algo-
rithm is invalid. DFOM algorithm is another implementation of the projection method
for singular linear systems is analogues to Arnoldi for non-singular systems. DFOM
algorithm may be less accurate but faster than DGMRES, and more precise and slower
than DBI-CG [15].

In the present paper, the Drazin-Quasi-minimal residual algorithm (DQMR here-
after) is another implementation of the projection method for singular linear systems is
analogues to Lanczos algorithm for non-singular systems. DGMRES algorithm, in prac-
tice, cannot afford to run the full algorithm and it is necessary to use restart. For dif-
ficult problems, in most cases, this results in extremely slow convergence, While DQMR
algorithm can be implemented using only short recurrences and hence it can be com-
puted with little work and low storage requirements per iteration.

The outline of this paper is as follows. In Section 2, we will provide a brief of sum-
mary of the review of the theorem and projection method in [12] which is relevant to us.
We shall discuss the projection methods approach to solve (1) in general and DQMR
particular. In Section 3, we will drive the DQMR method. We design DQMR when we
set ind(A)=0 throughout, DQMR reduces to QMR. In this sense, DQMR is an
extension of QMR that archives the Drazin-inverse solution of singular systems. In Sec-
tion 4, by numerical examples, we show that the computation time and iteration number
of DQMR algorithm is substantially less than that of DGMRES algorithm. Section 5 is

devoted to concluding remarks.

2. Some Basic Theorem and Projection Methods for APb

The method we are interested in starts with an arbitrary initial vector X, and generate

sequences of vector X, X,,--- according to

X =X + 0y (AT, T =b—AX,, (2)

KD
+%%, Scientific Research Publishing

105



A. Ataei

where ¢, ,(4) isapolynomialin A of degreeat most m—1, given by

Oy (4) = Eci/la*”, a=ind(A). 3)
i=1
Let us define
Do (A)=1-4q, 4 (1) =1- > c2*". (4)
i=1
Wecall p,(4) the m" residual polynomial since
ro=b—Ax, =[1-0q,,(A)]% =p, (AL (5)
Note that
pn(0)=1 and p\(0)=0, i=12--,a (6)

The condition (6) is due to Eiermann et al [5].
For convenience we denote by II  the class of polynomials of degree at most m and
define

N ={pel‘[m : pn(0)=1and p! (0)=0,i =1,2,---,a}. (7)

Thus, the polynomial p, described aboveisin TI,.
The projection methods of [12] are now defined by demanding that the vector A’r,
to be orthogonal to a given W subspace of dimension M-—a. In addition, If we denote
by Wthe Nx(m-—a) matrix whose columns span the subspace W, then this ortho-
gonality demand is equivalent to W*A%r; =0. Aswe have r, =1, + Zir:aci A" from

(4), W*A*r, =0 amounts to the requirement that c,C,,:+,C,_, satisfy the linear system

W* ATV =W * AT, (8)
where V e CV™® and ceC™* are given by

V= AT, | AT [ AT ] and e=[c,6, Gl ] 9)

We see that unique solution for c exists provided det (W*A&“l\/) #0, and when it
does we have X, =X, +V (W*Aa+1\/ )71W’“Aar0 :
As we choose different W, we have a different algorithm: for DGMRES, we choose
(a+l s £\2 L\m-a
W = A®  for DBI-CG, we choose W =span{A ro,(A ) ro,--‘,(A ) ro}-
In this paper, for DQMR, we choose
W =span {Aaro, A (Aaro),---,(A")m_a Aaro}.

We will mention several definitions and theorems, which have projection method
converge below.

We will denote by L the direct sum of the variant subspaces of A corresponding to
its non-zeros eigenvalues, and by £, its invariant subspaces corresponding to its zeros
eigenvalue. Thus, L is R(Aa) , the range of A*,and £ is N (Aa), the null space
of A%. So every vector in C" can be expressed as the sum of two vector, one in £
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and otherin L .

Definition 1 [12]. Let A be singular and ind(A)=a, and let e L be given. Then
a polynomial p(A) will be called the minimal a—incomplete polynomial of A with
respect to the vector G if p(A)e 1 and m is the smallest possible one so that

p(A)i=0.

The following theorems will ensure the success of projection method.

Theorem 1 [12]. p(A) exists and is unique. Furthermore, its degree m satisfies
q<m<q+a, where q is the degree of the minimal polynomial of A with respect to (U .

The following result that is the justification of the above-mentioned projection
approach is Theorem 4.2 in [12].

Theorem 2 Let X, =%, +%,, where %, e L and X, e L , are the initial vector in the
projection method to compute A°b . Moreover, Let also P (1) the minimal
a—incomplete polynomial of A with respect to %,+ A°b, and let m be its degree.
Finally, let X, be the vector generated by the projection method through (2)-(8) with
det(W*A*V )% 0. Then x, =A°b+%,.

Obviously, of Theorem 2 if det (W*Aa”\/) # 0, the projection method will terminate
successfully in a finite number of steps, this number being at most . If we pick x, =0,
which also forces X, =0, they produce the Drazine-inverse solution A°b for (1)
upon termination.

Theorem 3 [14]. The vector X, exists uniquely and unconditionally for all m<m,,
m, being the degree of the minimal a-incomplete polynomial of A with respect to
%, — APb e L . Furthermore, X, =%, +%, with % eL and X, =%, forallm.

3. DQMR Algorithm

In this section, we will introduce a different implementation of projection method. The
algorithm is analogous to QMR algorithm. We must note that in spite of the analogy,
DQMR seems to be quite different from QMR, which is for non-singular systems.

m-a .
As X, =X, + Y AT, we start with v, =w, = A® r0/|
=

Ar,

|2 , the lanczos

algorithm [16] generates two sequences of vectors V;,V,,---,V, and
W, W,,---,W,,n=12,---, that satisfy

span {v;, v, -+, v, } =span { Ay, Ary o, AL = K (A AT

n

span {w;, W,, -+, W, | =5pan{Aar0, A (Aaro),'--,(A*)Mfl A""ro} =K, (A*; Aaro). (o)

where they are clear that K, (A; A? ro) and K, (A* ; A%, ) denote the Krylov subspaces
span {Aaro, A Aa*k’lro} and span {Aaro, ATARL, - ,<A* )M*l Aaro} ,

respectively.
If we define that N xk matrix V, by

\7k =[v v, - v ], k=12

then, we can write for m<m,
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7 m-a
X = Xo + VoG, forsomeg, eC™?.

Therefore, it is obvious that we need to determine ¢, . Since r, =r, — AV ./, we

have
A M= AarO - Aaﬂv\m—aé’m =7\ - Aa+]\7m—a§m' (11)

where y, = "Aa I‘0||2 .
Moreover, provided that k <q—-1, from (11) we can write

fu f12 fi,a+2 0 0 |
f21 fzz T f2,a+2 tAz,a+3 - :
R W : ' :
tAa+2,1 : fa+2,a+2 0
0 fa+3,2 tAa+3,a+2 e : fm—Za—l,m—a
o o i £
AV, =V, T, T,=| tA2a+3,a+2 : (12)
’ ’ fr-ama
f-assma
I 0 0 fm+1,m—a |

Note that '|:m e C™M™2) " Since the vectors Av, Av, --- Av, are linearly inde-
pendent when k < -1, we have rank(A\fk ) =k . Since rank(\?kﬂ) =k+1,and

rank ( A\7k ) < min {rank (\7k ) ,rank ('rk )} , we also have that rank (T_k ) =k . In other words,

T, has full rank. In additon, if we apply (12) to A*'V__ . Provided that m<q-1,

we have:
Aa+]vm—a = Aan—a+1-rm—a = Aa_l m—a+2-rm—a+1-rm—a
= =VouVo Vo =TT T,

Consequently, provided m <q-1, from (11) we can write:
A* M =7\ _v\m-v-lfmé/m

and since v, =V_ e, where ¢ = [1,0,-~~,0]T € C™! hence

| A I ’\/mﬂ (}’161 _Tmé’m )
If the column vectors of V,,, were orthonormal, then we would have:
| A°r,

m||, = “7161 _Tmé’m
as in GMRES. Therefore, a least, squares solution could be obtained from the krylove

m+1

2 2

2

space K (A; Aaro) by minimizing ”7161 —'fmé’ L over ¢ . In the Lanczos algorithm,

the V,’s are not orthonormal. However, it is still a reasonable idea to minimize the

‘2

function

T($)=[pe-Tog
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over ¢ and compute the corresponding approximate solution x, =X, +V, ., . The

resulting solution is called the Drazin-Quasi-minimal residual (hereafter DQMR)

m+1)xm

approximation. Since T, € cl is a tridiagonal matrix, Therefore, the

T, e C™™®) s 4 matrix with 2a+3 diagonal to form (12).

Similar to [14], T

m+1

can be obtained as a simple update of 'I:m by first appending a
row of zeros at the bottom of 'I:m and following that by appending the (m+1)-vector

T h
[tm—a,mﬂ—a ot samiar ,tm%mﬂfa] asthe (m+1- a)t column as follows.

Let us define

KD
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G£0)=ﬂ, k=12, (13)
G =TGl", k=j+1j+2; j=12,- (14)
where G e C*) 4150 G =T foreach m>a+1.
Since T, is tridiagonal matrix we have:
o p,
5, .o = | (0
— . . Tm gm+1
Tm+1 = K i ﬂm+l = loT (0 |
5m+1 O " m
§m+2
Where) Certainly, gr(no+)1 :[O 0o ... ﬂmﬂ amH]T ECmH, Ok denotes the k-dimensional
(column) zeros vector, and ar(n(?l =0,,, thatis scalar.
T(s+1) g(s+11)
Supposed that T = nT] T;l) , M>s+2, (15)
m-s-1 | Fma
o) ~Togl) ellgfl, e
From [14], we have: o) = a!” !, (17)
Equation (16) can be simplified as follows:
‘o B 0] i +B,05n
5, a ol | | S0+ a0l + B05
Fgoo| O % e || S0+l + Al
SN E B :
: Nl L B A R AY et
0 0 o s
- " L 5m+1 ’ gr(n)m
r 7 18
o 1T (s) B gg (18)
al : gl,m (S)
% gl(sn?l a, ggfm % .gs’m
53'95?11 a ~g(5)
= E + 3 : 3m + ﬁm . gr(ns,)m
q®
5m 'gr(nszl,m Ay - g(s) n " Inm
m m,m 0
_5m+1 ' gr(nS)m 1 L 0 4 0 |
109
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By using the Hadamard product Equation (18) is reduced. For this purpose, we first
introduce the concepts of Hadamard matrix product.
Definition 2 Let A and B be MxN matrices with entries in C. The Hadamard
product of A and B is defined by as follows
anbn a12b12 alnbln
AOB=| : :
a,bn,  anh

mn=mn

a_.b

'm1™~mil

Let us denote
Am:[52 Oy - 5m+1]Tv 67m:[O‘l a, - am]Tl Em:[ﬁz P ﬁm]Tn
T T
o =[ofn ofn - obn ] oV =[ofn ol - obn]-

Now, we can be simplified (18) as follows

0 7 ogt hog,
fmgms) — " " (24 © gm + 0 (19)
For solution system
1.6 = pe, (20)

We must reduce the band matrix, T, into upper triangular by using Givens rotation.
T, matrix has bandwidth 2a+3. To reduce the matrix T, to a upper triangular
matrix we need to (m—a)(a+1) Givens rotations matrix. We denote with g, = B¢,
right-hand side (20), and we multiply both sides of (20) from left by Givens rotations.
To update the mth column of matrix 'I:m , we must first multiply the previous Givens
rotations by this column and then we annihilate the main subdiagonal elements with
appropriate rotations. It should be noted that number of the previous rotations is
min(m—l, 2a+ 2)><(a+1), and the number of the rotations to annihilate the main
subdiagonal elements is (a+1). Finally, the mth end step we have an upper triangular

matrix as follows

i hp l2a:3 0 0
0 PP 12,2443 I22a+4 0
Na:3,2a43 K 0

r2a+4,2a+4 rm—3a—2,m—a

R, = - . : (21)

rm—a—l‘m—a

rm—a,m—a

_O O -

K2
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(m-a)

(M then

i+

Generally, if we define Q the product of matrices Q

QM =glra oo j=m+Lm,-,m-a

where Qfﬂ), be the Givens matrices use to transform T, into an upper triangular

R and the vector of g, =Q™? (7e,). Finally , the approximate solution is given by

-1
m-a gm—a '

X = Xo +\7m7aR
where R, and g, , are obtained by removing the a+1 row of the matrix R_
and right-hand side §,,. The approximation solution X, can be updated at each step

by the relation,

Xn = X1+ Pnalm-a- (22)
Since if we assume P, , =[p,- P, | > then we have:
Pra =VoaRie
Consequently,
[Py Pra]Rie = [V Vira ],
and

m-a-1
pm—a = Vm—a - Z piri,m—a rm—a,m—a’
i=m-3a-2

where p,_, isthelast column of P, ,.Therefore, it can be written

X =X+ B alna =% + [Pm—a—ll pm-a]{gm_a_l}
Vin-a
or
Xn = Xna+ Pn-a?m-a- (23)
Thus, X, can be updated easily at each step, via the relation (23) using X, .
This gives the following algorithm, which we call the Drazin-QMR for Drazin-
inverse solution of singular nonsymmetric linear equations.
Algorithm 4.1 DQMR Algorithm

1 Pick x, and compute r, = b — Ax, and A®r,.

2. Compute y, :|

a
Aty

|2 and setv, = (A®r,)/v,.
3 Fori=1,2,3,---,m.
4.Compute «;, 6., .., and v,,,,W,,, asin ([17], Algorithm 7.1).

5. Fork =1,2,---,mformthe matricesVy € R™ and T« e R*™D*

@ B, 0 o o 0
6, a, B . :
~ 0 5 .o 0
Vi=[vv,---vJand T =| & - B
: - a,
0 . 0 5.
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6. Compute the matrix T = ToTmiTma by using (15).

~

7. Update the QR factorization of T ,i.e,
8.Seti, = min (m-1,2a+2).

~

9. Apply Q¥ i =i, :m—a+1tothe (m—a)th columnof Tn.
10. Fori=1:a+1.

11.Compute the rotation coefficients s;,c;, of rotation matrix Q75 . ..

~

12.Apply rotation Q"2 tothe (m—a)th columnof Tmand g, .

m+2—i,m+1-i
13. EndFor.
m-a-1 -~ -~
14. Compute p,_, = (Vpa— 2. Pitima)/ tnama.
i=m-3a-2

15. Compute X, = X, ;1 — Pm-a/ma-

16. End Do.

4. Numerical Examples

In this section, we will compute the linear system Ax=Db by discretization Poisson

equation with Neumann boundary conditions:

[%+§y—i]u(X, y)=f(xy), (xy)eQ=[01]x[0,1]

0
T u(xy)=o(x Y €00
anu(x y)=¢(xY) X,y e

This linear system has also been computed by Sidi [14] for testing DGMRES
algorithm. The problem has also been considered by Hank and Hochbruck [18] for
testing the Chebyshev-type semi-iterative method. The numerical computations are
performed in MATLAB (R213a) with double precision. The results were obtains by
running the code on an Intel (R) Core (TM) i7-2600 CPU Processor running 3.40
GHz with 8 GB of RAM memory using Windows 7 professional 64-bit operating
system. The initial vector X, is the zero vector. All the tests were stopped as soon as

. [x, - A%]
Relative Error = 5
A%,

Let M be an odd integer, we discretize the Poisson equation on a uniform grid of

> <1078,

mesh size h=1/M via central differences, and then by taking the unknowns in the
red-black order we obtain the system Ax=b, where the (M +1)"x(M +1)° non-

symmetric matrix A is as follows

112
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41

0 o T, -2 o 0 |
a Co-1 T, -1 o
R o -1 T, -l o
o -1 T, -1 o
Lo ) . 0
4 o o -1 T -l
o 41 o o -2l Tz.(24)
-2l o o 41 o 0
T -1 o o 4l
-1 T, -1 o
o -1 T -l o
B I o
o -1 T, -l : .4 o
o -2I T o 0 4|_

Here, 7 and 0 denote, respectively, the (M +1)/2x(M +1)/2 identity and zero
matrices and the (M +1)/2x(M +1)/2 matrices T, and T, are given by

2 0 - - 0 1 -1 0o - o0

-1 -1 " : o -1 . .
T=|o . . oot T,=|: o0 |
-1 o -1 -1

0 o -1 -1 o - = 0 -2

The numerical experiment was performed for M =31,63.

It should be noted A is singular with 1D null space spanned by the vector
e :[1,---,1]T. Furthermore, ind(A)=1, as mentioned in [13] [14] [15] [18]. Even if
continues problem has a solution, the discretized problem need not be consistent. In
the sequel we consider only the Drazin-inverse solution of the system for arbitrary right
side b, not necessarily related to fand ¢.

We first construct a consistent system with the known solution §eR(A) via

§=Ay,where y=[0,-, 0,1]T. Then we perturb AS, the right-hand side of
Ax = A§=b, with a constant multiple of the null space vector e and we obtain the
right-hand side

b=b+o i.
lel,
Consequently the system AX=b+6 ﬁ is solved for x. The perturbation para-
2

meter O is selected as 107* in our experiments. The solution we intend to obtain is the

vector §, whose components are zeros except

=18, =-18§ ., =-235 ., =4 whereM =(M +1)/2.

2M2-1 4N 2

S ., .
2M2-M

In Table 1, Table 2, we give the number of iterations (Its), the CPU time (Time)
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Table 1. Application of DQMR implementation to the consistent singular system.

Size of A
Method
DQMR

DGMRES

Its
155
165

1024 x 1024 4096 x 4096
Time RE Its Time RE
0.61 5.9674e—-09 267 7.39 8.8234e-09
0.88 3.0294e-09 307 10.89 8.1578e-09

Table 2. Application of DQMR implementation to the inconsistent singular system.

Size of A
Method
DQMR

DGMRES

Its
155
165

4096 x 4096 16384 x 16384
Time RE Its Time RE
0.53 5.9674e—09 267 6.88 8.8234e—09
0.81 3.0294e—09 307 10.34 8.1578e—09

required for convergence, the relative error (RE), for the DGMRES and DQMR methods.
As shown in Table 1, Table 2 the DQMR algorithm is effective and less expensive than
the DGMRES algorithm.

5. Conclusion

In this paper, we presented a new method, called DQMR, for Drazin-inverse solution of
singular nonsymmetric linear systems. The DQMR algorithm for singular systems is
analogous to the QMR algorithm for non-singular systems. Numerical experiments indi-
cate that the Drazin-inverse solution obtained by this method is reasonably accurate,
and its computation time is less than that of solution obtained by the DGMRES method.
Thus, we can conclude that the DQMR algorithm is a robust and efficient tool to com-

pute the Drazin-inverse solution of singular linear systems.
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