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Abstract 
The interaction between an electron with a three-dimensional domain wall was in-
vestigated using the Born’s expansion of the S scattering matrix. We obtain an influ-
ence of the scattering of the electron with the ferromagnetic domain wall in the spin 
wave function of the electron with the aim to generate the knowledge about the state 
of the electron spin after the scattering. It relates to the recent problem of generation 
of the spin polarized electric current. We also obtain the contribution of the elec-
tron-wall domain interaction on the electric conductivity ( )σ ω , through the wall 
domain, where we have obtained a peak of resonance in the conductivity for one 
value of 2.5Jω  . 
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1. Introduction 

The study of the quantum matter is an important topic of research in modern physics 
[1]. The description of particles interacting at low temperature is crucial in the deter-
mining and distinguishing of characteristics being an important problem in condensed 
matter physics. One of these problems is the study of the s − d-electron-scattering with 
the ferromagnetic domain wall [2], where an electric current density crosses a ferro-
magnetic metallic film. The domain wall resistivity is a rather old topic and has been 
thoroughly studied by many research groups [3]-[5]. 

The injection of a spin current in a magnetic film can generate a spin-transfer torque 
that acts on the magnetization collinearly to the damping torque [6]-[9]. Recently, the 
electron scattering by an one-dimensional domain wall in quantum wires that were de-
scribed by the Luttinger liquid model was studied using Bosonization and Renormali-
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zation group [10] [11]. The transport and the scattering in quantum wires with domain 
wall were considered in [12]. The interaction of the domain wall with an interacting 
one-dimensional electron gas was studied in [13]. Peter et al. [14] have studied the in-
fluence of the domain wall scattering in the electron resistivity. Moreover, the impor-
tance to study the influence of scattering electron-domain wall is due the connection 
with phenomena depending on the spin such as the Giant Magneto-Resistance (GMR) 
[15], where we can have a large variation of the electric resistance with the variation of 
magnetization through the domain wall. The Quantum information technology prom-
ises one faster and more secure means of data manipulation that makes use of the 
quantum properties of the matter [16]-[18]. This demands the control of the spin of the 
electron and the needless of filtration of the electric current. We transform an electric 
current spin polarized by the interaction of the spins of the electrons that compose the 
electric current with the spins of the wall domain, ( )V r  [19]-[21]. 

The model that we are interesting is described by the following Hamiltonian 

( ) ( ) ( ) ( ) ( )
2

2 ˆˆ .
2

V Js S
m

ψ ψ ψ= − ∇ + + ⋅r r r r r

               (1) 

where J  denotes the exchange interaction, ( )V r  is the nonmagnetic periodic po-
tential of the lattice and the last term ( )J ′⋅s S r  represents the potential of scattering 
of a electron spin with the spins of the domain wall. In an homogeneous magnetic do-
main wall, the magnetization is collinear, ( )ˆ ˆS r S= , hence it is natural to choose this 
direction for the axis of quantization of the spin of electron s . The interaction of each 
electron with the spins of the wall is depicted in Figure 1. In Figure 2, we present the 
behavior of the potential of interaction between the spin of the electron with the spins 
of the wall domain. 

The purpose of this paper is to verify the influence of the scattering of electrons with 
the ferromagnetic domain wall on the spin wave function of the electron. We have em-
ployed the Borns approximation and the Matsubara’s Green’s function method to study 
the influence of the scattering of electron with the wall domain. The paper is divided in 
the following way. In Section 2, we discuss about the mechanism of electron scattering 
with the domain wall, in the Section 3, we verify the influence of electron-wall domain 
interaction in the current and finally, in the last section, Section 4, we present the final 
remarks. 

2. Electron Scattering with the Domain Wall 

We use the Born’s expansion of ( ),f k k ′  to calculate the influence of the domain wall 
on the spin wave function of the electron. In large distance of the wall domain, the state 
of the electron is given by 

( ) ( )
( )

= ,
φ

ψ
φ
↑

↓

 
 
 

r
r

r
                             (2) 

where ( ) ( )inψ ψ= −∞r  is the state of the electron after interacting with the wall. In 
large distance of the domain wall, r , the eigenstates ( )outψ r  are given by 
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Figure 1. Interaction between one electron with the spins of the spherical domain 
wall of radius 2δ . 

 

 
Figure 2. Behavior of the potential of interaction between the electron with the do-
main wall, ( )V x , where the width of the wall is 2δ = . 
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r
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r

ψ

ψ

⋅
⋅
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⋅
⋅

↓

   ′= +   
   
   ′= +   
   

k
k r

k
k r

k r

k r
                   (3) 

where ( ) ( )ψ ψ=r S r  and S is the scattering matrix. 

( ) 2, ,
2π

f k k µ′ ′= − k T k


                       (4) 

as T is the transition matrix, given by the Lipmann-Schwinger’s equation 

0

1
0iω += +

− +
T V V


                         (5) 

and 

( )
2

2
0 ,

2
V

m
= − ∇ + r

                           (6) 

( ) ( )ˆˆ .V Js S= ⋅r r                               (7) 

We consider J = 1. 

( ) ( ) ( )
0

, , ;n

n
f k k f k k

∞

=

′ ′= ∑                          (8) 

as n being the number of times that the V operators enters, 

( ) ( )1
2,

2π
f k k µ′ ′= − k V k



                       (9) 

and 

( ) ( )2 ˆ ,sd

B

J
V x S x

gµ
′ ′= − ⋅s                        (10) 

where x' corresponds to the region of x into the ferromagnetic wall domain. We have 
that 

( ) ( ) ( )1 2, ,f k k A k k
e

′ ′= −                         (11) 

where e is the electron charge and ( )A k  is given by 

( ) ( )( ) ( )2

2

cos arctan e sin d .xA k S kx x
δ

δ
δ

+ ′−
− ′ ′= ∫                 (12) 

The integral in the Equation (12) was solved approximately using the Maple program 
as 
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k kk k

δ δ δ

δ δ δ δ

δ δ

δ δ δδ δ δ
δ

δ δ δ δδ δ δ

δ δδ
−

−

        − + −     +      

       + − + −       
       

  + +  
  



2 2
4 42 2

2 2 2
2 2 2 22 2 2

e cos e sin
2 2

e sin 2e sin 2e sin ,
2 2 2

k kk k

k k kk k k

δ δ

δ δ δ

δ δδ δ δ

δ δ δδ δ

−
−

− −
−

    + +    
    

      + + −            

 (13) 

where δ  is the diameter of the wall. The potential of interaction of the spin electron 
with the spins of the domain wall ( )V x  has the form 

( ) ( )( )cos 4arctan e .x
sdV x J S δ−=                      (14) 

Such potential is plotted in Figure 2. We consider the expansion of Equation (8) in 
first order. An analysis considering terms of superior order will generate a large quan-
tity of terms in Equation (13) and must not generate any change in the physics proper-
ties of the scattering. 

We obtain a very complicated expression for the wave function of the electron after 
the scattering with the ferromagnetic wall domain however, in a combination of two 
polarization states. The presence of the coefficient ( ),f k k ′  in the second term, Equa-
tion (3), makes the control of the state of polarization of the electron after the scattering 
with the domain wall a very difficult analysis. 

3. Influence of the Spin-Domain Wall Interaction on the 
Conductivity 

The Hamiltonian of the electron that interacts with the domain wall can be written as 
[22] [23] 

0 ,sw w= + +                              (15) 

where 0  is the Hamiltonian of the free electron, sw  is the electron-domain-wall 
Hamiltonian and w  is the Hamiltonian of the wall domain. 

( )†
0

,
. . ,i j i j

ij i j
t c c h c n nµ↑ ↓ ↑ ↓= − + +∑ ∑                   (16) 

,
,sw i j

i j
V S s= ⋅∑                                   (17) 

,
.w i j

i j
J S S= ⋅∑                                   (18) 

V is given by Equation (10). 
Making the transformation of the spin operators 

† †2 , 2 ,i i i iS S A s Sa+ += =                           (19) 

2 , 2 ,i i i iS S A s Sa− −= =                            (20) 
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† †, ,z z
i i i i i iS S A A s s a a= − = −                        (21) 

we have for the Hamiltonian sw  

( )†

,
. . 'sw i j

i j
V A a h c= + +∑                        (22) 

where ′  contains terms of four or more operators ai and Ai. The contribution of the 
interaction between electron with domain wall for the electric current operator sw  is 
given by 

( )†

,
. . .sw i j

i j
V A a h c−∑                         (23) 

We use the Matsubara’s Green function method at finite temperature [22]-[25] to 
determine the contribution of the interaction of the electron with the wall domain for 
the regular part of the electric conductivity or continuum conductivity, ( )regσ ω  that 
is given by 

( )

( ) ( ) ( ) ( )
22 sin 1 1 ,

reg
sw

x
k k k k k k k k

k k k

kV sS f N W N f W
W

σ ω

δ ω ω δ ω ω
ω ω

 = + − − + − + + ∑
  (24) 

as ( ) 1
e 1k

kf
βω −

= +  is the fermion occupation number and ( ) 1
e 1Wk

kN β −
= −  is the 

boson occupation number associated with the spin waves of the wall domain and 
1 Tβ = . We have that in low energy limit 

,k vω = k                                      (25) 

( )cos , cos cos
3k x y z
JW k k k= + +                    (26) 

where v is the Fermi’s velocity. 
In Figure 3, we present the behavior of the contribution of the interaction of the 

electron with domain wall, ( )reg
swσ ω . Hence the electric resistance is the inverse of the 

electric conductivity, the ( )reg
swσ ω  provides the information about the electric resis-

tance generated by the ferromagnetic domain wall. Our results show a peak of reson-
ance in the contribution spin-electron wall at 2.5Jω   that indicates a peak in the 
electric conductivity in this point of ω . 

4. Conclusions and Final Remarks 

In summary, we have studied the scattering between the electrons with the spherical 
domain wall. We have used the Born’s approximation for the S scattering matrix. We 
obtain a large influence of the scattering on the spin wave function of the electron. We 
also obtain the contribution of the electron-wall domain interaction on the electric 
conductivity where it is obtained a peak of resonance in the conductivity for one value 
of ω  such as 2.5Jω  . We can improve the model Equation (1) with the inclusion 
of more terms, with objective to get a better description of the scattering of the electron 
with the wall domain. This is subject to a future work. 

From a general way, it is well known that the study of the electron scattering with the  
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Figure 3. Behavior of the contribution of the interaction between electron with the 
domain-wall, ( )reg

swσ ω  in the temperature T = 0.1 J. The very small value of this 

contribution is due to interaction of only one electron with the ferromagnetic 
three-dimensional wall domain. In the electric current we have a flow of N electrons 
by seconds. 

 
wall domain can generate a different way to generate a spin current spin polarized 
based on the Hall effect of spin caused by spin-dependent scattering of electrons in thin 
films [6]. From an experimental point of view, recently there is an intense research 
about spin transport by electrons where phenomena such as the quantum Hall effect for 
spins and spintronic [26]-[30] have been studied extensively. In the study of these ef-
fects, often only the sign difference between related quantities like magnetic fields can 
generate the spin and charge currents. 
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