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Abstract 
A previous study proposed a mathematical model of A-type horizontal cells in the rabbit retina. 
This model, which was constructed based on the Hodgkin-Huxley model, was described by a sys-
tem of nonlinear ordinary differential equations. The model contained five types of voltage-depen- 
dent ionic conductances: sodium, calcium, delayed rectifier potassium, transient outward potas-
sium, and anomalous rectifier potassium conductances. The previous study indicated that when 
the delayed rectifier potassium conductance had a small value, depolarizing stimulation could 
change the dynamic state of the model from a hyperpolarized steady state to a depolarized steady 
state. However, how this change was affected by variations in the ionic conductance values was not 
clarified in detail in the previous study. To clarify this issue, in the present study, we performed 
numerical simulation analysis of the model and revealed the differences among the five types of 
ionic conductances. 
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1. Introduction 
A-type horizontal cells in the rabbit retina are classified into two types: one type can generate repetitive spiking 
[1], and the other cannot [2]. Mathematical modeling studies of these cells based on the Hodgkin-Huxley model 
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have been reported (e.g., simulations of the spiking [2] [3] and nonspiking cells [2]). Each of the mathematical 
models of the spiking and non-spiking cells is described by a system of nonlinear ordinary differential equations 
(ODEs), and contains five types of voltage-dependent ionic conductances: sodium, calcium, delayed rectifier 
potassium, transient outward potassium, and anomalous rectifier potassium conductances. However, the only 
difference between the mathematical models of the spiking and non-spiking cells is that the former takes a larger 
value of the delayed rectifier potassium conductance than the latter. In particular, a study by Aoyama et al. fo-
cused on the relationship between the dynamics of the non-spiking cell model and ionic conductances [2]. Al-
though this study investigated the effect of a decrease in the sodium, calcium, and transient outward potassium 
conductances on the dynamics of the non-spiking cell model, it did not examine the effect of a decrease in other 
ionic conductances such as the anomalous rectifier potassium conductance. It also did not investigate the effect 
of an increase in the five types of ionic conductances. Detailed analysis of membrane conductance is very im-
portant [4], and so it is necessary to systematically investigate the effect of not only a decrease but also an in-
crease in the five types of ionic conductances on the dynamics of the non-spiking cell model. This systematic 
investigation will contribute to a detailed understanding of the characteristics of the ionic conductances of this 
model. Therefore, the present study performed numerical simulation to evaluate the effect of variations in the 
five types of ionic conductances on the dynamics of the non-spiking cell model. 

2. Materials and Methods 
The present study performed numerical simulations of a mathematical model of a rabbit A-type retinal horizon-
tal cell that does not generate repetitive spiking (the non-spiking cell model), which was developed previously 
[2]. The model is described by a system of nonlinear ODEs, which consist of eight state variables: the mem-
brane potential of the horizontal cell [V (mV)] and seven gating variables of ionic currents (mNa, hNa, mCa, mKv, 
hKv, mA, and hA). The time evolution of these state variables is described as follows: 

( ) ( )d , , ,
dm app Na Na Na Ca Ca
VC I I V m h I V m
t
= − −  

( ) ( ) ( ) ( ), , , ,Kv Kv Kv A A A Ka LI V m h I V m h I V I V− − − −                          (1) 

( )
( ) ( ) ( )55 18
38 25

200 38d 1 2000e
d e 1

Na
Na a

V
NV

m V
m m

t
− −

−

−   = − −   − 
                      (2) 

( ) ( ) ( )
80 8

80 75

d 8001000e 1
d e 1

Na
Na Na

V
V

h h h
t

− −
−

  = − −    + 
                         (3) 

( )
( ) ( ) ( )68 2 55 55

240 68d 8001
d e 1 e 1

Ca
Ca CV aV

m m
V

t
m

− +

−   = − −   − +  
                        (4) 

( )
( ) ( ) ( )45 85
65 50

0.40 65d 1 4.8e
d e 1

Kv
Kv Kv

V
V

m m
V

t
m−

−

−   = − −   − 
                        (5) 

( ) ( ) ( )92 7 100 15

d 1500 801 0.02
d e 1 e 1

Kv
KV v KV vt

h h h
+ +

   = − − +   + +   
                     (6) 

( ) ( ) 36
50 28

d 2400 1 80e
d e 1 A A

V
V

Am m
t

m−
−

   = − −   + 
                             (7) 

( ) ( )
60

40 5

d 20e 1
d e 1A

VA
AV

h h h
t

−
− −

  = − −    + 
                                 (8) 

where Cm (=0.106 nF) is the membrane capacitance, Iapp is the externally injected current of constant amplitude, 
INa (V, mNa, hNa), ICa (V, mCa), IKv (V, mKv, hKv), IA (V, mA, hA), IKa (V), and IL (V) are the sodium, calcium, delayed 
rectifier potassium, transient outward potassium, anomalous rectifier potassium, and leakage currents, respec-
tively, which are defined in the Equations (9)-(14) below. 
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where gNa, gCa, gKv, gA, gKa, and gL (=0.5 nS) are the maximal conductances of INa (V, mNa, hNa), ICa (V, mCa), IKv 
(V, mKv, hKv), IA (V, mA, hA), IKa (V), and IL (V), respectively, ENa (=55 mV), ECa (=12.9log[2000/30] mV), EK 
(=−80 mV), and EL (=−80 mV) are the reversal potentials of INa (V, mNa, hNa), ICa (V, mCa), three types of potas-
sium currents [i.e., IKv (V, mKv, hKv), IA (V, mA, hA), and IKa(V)], and IL (V), respectively. Refer to reference [2] for 
detailed explanations of the equations. 

The free and open-source software Scilab (http://www.scilab.org/) was used to numerically solve the above 
ODEs (initial conditions: V = −80 mV, mNa = 0.026, hNa = 0.922, mCa = 0.059, mKv = 0.139, hKv = 0.932, mA = 
0.030, and hA = 0.998). The total simulation time was 10 s in all the simulations. The values of the following 
system parameters were varied: Iapp, gNa, gCa, gKv, gA, and gKa. Iapp between 0.5 and 10 s was varied from 13 to 19 
pΑ at an interval of 1 pA, while Iapp between 0.0 and 0.5 s was fixed to be zero. Default values of gNa, gCa, gKv, 
gA, and gKa were 2.4, 9.0, 4.5, 15.0, and 4.5 nS, respectively. Each ofgNa, gCa, gKv, gA, and gKa was varied to 50 or 
150% of each default value. 

3. Results 
The previous study investigated the responses of the non-spiking cell model to depolarizing stimulations of dif-
ferent conditions [2]. In particular, the model does not show a positive potential in response to a stimulation of 
10 pA, but does show one in response to a stimulation of 25 pA [2]. Based on these results, the present study 
first investigated in detail the responses of the model to depolarizing stimulations with amplitudes between these 
two values. In particular, the present study focused on the responses to stimulations between 13 and 19 pA under 
conditions in which all the ionic conductances were set to be default values. When the amplitudes were 13 and 
14 pA, the model slightly depolarized, but it maintained a hyperpolarized steady state (i.e., it did not reach a 
positive potential) (Figure 1). In contrast, when the amplitudes were 15 pA or more, the model depolarized and 
finally reached a depolarized steady state (i.e., it did reach a positive potential) (Figure 1). In addition, the larger 
the amplitude, the faster the membrane potential reached a positive potential. Based on these results, the present 
study defined that the stimulation threshold for the induction of a positive potential was 15 pA. 

The present study next investigated how variations in each ionic conductance value changed the stimulation 
threshold in order to reveal the relationship between the ionic conductances and the dynamics of the model. 
Figure 2 shows the influence of variations in the ionic conductance values on the dynamics of the model. Under 
conditions in which gNa was 50% of the default value with the other conductance values being default values, the 
model showed a hyperpolarized steady state in response to stimulations from 13 to 15 pA, but showed a depola-
rized steady state in response to stimulations from 16 to 19 pA. Therefore, the stimulation threshold for the in-
duction of the positive potential was 16 Pa at 50% gNa. Similarly, the thresholds under different gNa conditions 
were calculated: the threshold at 100% gNa and 150% gNa was 15 pA. The thresholds under conditions in which 
the other ionic conductance values were varied were also calculated in a similar manner. The threshold was 19 
pA at 50% gCa, 15 pA at 100% gCa, and 14 pA at 150% gCa. The threshold was 15 pA at 50% gKv, 15 pA at 100% 
gKv, and 16 pA at 150% gKv. The threshold was 15 pA at 50% gA, 15 pA at 100% gA, and 16 pA at 150% gA. The 
threshold was 15 pA at 50% gKa, 15 pA at 100% gKa, and 17 pA at 150% gKa. 

4. Discussion 
The present study performed numerical simulation of a mathematical model of a non-spiking A-type horizontal  
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Figure 1. Time courses of the membrane potential of the model. 
The responses of the model to the stimulation of various ampli-
tudes (from 13 to 19 pA) are superimposed. The stimulation 
was applied between 0.5 and 10 s, but not between 0 and 0.5 s.    

 

 
Figure 2. The dependence of the dynamical states of the model 
on Iapp and gx (x = Na, Ca, Kv, A, and Ka). ○ indicates a hyper-
polarized steady state, whereas ● indicates a depolarized steady 
state.                                                        

 
cell in the rabbit retina, and revealed the sensitivity of the stimulation threshold for the transition from a hyper-
polarized steady state to a depolarized steady state to variations in ionic conductance values. A previous study 
investigated the effect of variations in ionic conductance values on the dynamics of the model [2]. However, this 

○: hyperpolarized steady state, 
●: depolarized steady state.

13 14 15 16 17 18 19

50% g Na ○ ○ ○ ● ● ● ●

100% g Na ○ ○ ● ● ● ● ●

150% g Na ○ ○ ● ● ● ● ●

50% g Ca ○ ○ ○ ○ ○ ○ ●

100% g Ca ○ ○ ● ● ● ● ●

150% g Ca ○ ● ● ● ● ● ●

50% g Kv ○ ○ ● ● ● ● ●

100% g Kv ○ ○ ● ● ● ● ●

150% g Kv ○ ○ ○ ● ● ● ●

50% g A ○ ○ ● ● ● ● ●

100% g A ○ ○ ● ● ● ● ●

150% g A ○ ○ ○ ● ● ● ●

50% g Ka ○ ○ ● ● ● ● ●

100% g Ka ○ ○ ● ● ● ● ●

150% g Ka ○ ○ ○ ○ ● ● ●

I app  (pA)
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study was limited to the analyses of the effect of the elimination of the sodium and calcium conductances and 
the effect of a decrease in the transient outward potassium conductance [2]. Therefore, the study did not reveal 
the effect of variations in other ionic conductances such as the anomalous rectifier potassium conductance. 
Moreover, the previous study did not reveal the effect of an increase in the ionic conductances. To overcome 
these limitations, the present study not only decreased but also increased all the voltage-dependent ionic con-
ductances, and revealed these effects on the model. Increases in gNa and gCa induced a decrease in the stimula-
tion threshold, whereas increases in gKv, gA, and gKa induced an increase in the stimulation threshold (Figure 2). 
In addition, the sensitivity of the stimulation threshold to variations in the ionic conductance values was in the 
order of gCa > gKa > gNa = gKv = gA. In particular, the present study revealed that the influence of gKa on the sti-
mulation threshold was the largest among the three types of potassium conductances (i.e., gKv, gA, and gKa). This 
is an important finding, which has not been reported previously. 

Analyses of mathematical models of other retinal cells based on the Hodgkin-Huxley model have been per-
formed previously (e.g., in a retinal ganglion cell model [5] and a retinal amacrine cell model [6]). However, in 
contrast to the nonspiking cell model of the present study, these studies focused on a repetitive spiking behavior 
observed in ganglion [5] and amacrine [6] cells. 

Previous studies of other neuron models have reported the relationship between the stimulation threshold and 
ionic conductances (e.g., a vibrissa motoneuron model [7], an electrosensory neuron model [8], and a medial 
vestibular nucleus neuron (mVNn) model [9]). In particular, although the vibrissa motoneuron and electrosen-
sory neuron models do not include calcium conductance, the mVNn model does. A previous study of the mVNn 
model [9] illustrated that (1) calcium conductance influences the dynamical states of the mVNn model linearly, 
and (2) an increase in calcium conductance increases the stimulation threshold for the transition to a more ex-
citable state (i.e., the transition from a hyperpolarized steady state to a repetitive spiking state). In contrast, the 
present study (Figure 2) showed that (1) calcium conductance influenced the dynamical states of the nonspiking 
horizontal cell model nonlinearly, and (2) an increase in calcium conductance decreased the stimulation thre-
shold for the transition to a more excitable state (i.e., the transition from a hyperpolarized steady state to a depo-
larized steady state). 

5. Conclusion 
The present study performed numerical simulation of a model of a nonspiking A-type horizontal cell in the rab-
bit retina to reveal the effect of variations in ionic conductances on the dynamics of the model. In particular, the 
present study revealed that (1) the calcium conductance affected the dynamical states of the model highly nonli-
nearly, and (2) the anomalous rectifier potassium conductance had the largest influence on the changes in the 
stimulation threshold among the three types of potassium conductances. Neither of these details has been re-
ported previously. The present study contributes to a more detailed understanding of the characteristics of the 
ionic conductances of the model. 
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