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Abstract 
In recent years, the anisotropic study has become a hot topic in the field of electromagnetics. Cur-
rently, inversion technologies of transient electromagnetic sounding data are mainly based on the 
case of an isotropic medium. However, the actual underground electrical structure tends to be 
complicated and anisotropic. It is often found that the isotropic inversion technologies do not lead 
to good results for field transient electromagnetic sounding data. We have developed an algorithm 
for calculating the transient electromagnetic response in a layered medium with azimuthal aniso-
tropy. An occam inversion algorithm has also been implemented to invert the transient electro-
magnetic data induced by a grounded horizontal electric dipole in a layered medium with azimu-
thal anisotropy. Synthetic examples demonstrate the stability and validity of the inversion algo-
rithm. Experimental results show different data for inverting have great influence on the inver-
sion results. 
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1. Introduction 
Electrical anisotropy in the Earth has recently gained attention as a significant linking factor between electrical 
models and underlying structural and tectonic patterns. This factor has motivated more and more studies into the 
anisotropic electrical structures. For the direct current resistivity method, Herwanger and Pain (2004) proposed 
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the anisotropic resistivity tomography inversion technique [1]. Zhou and Greenhalgh (2009) used a new Gaussian 
quadrature grids scheme to achieve the two and a half dimensional (2.5D)/three dimensional (3D) resistivity- 
modelling in anisotropic media [2]. Later, a rapid finite element resistivity modelling algorithm for 3D arbitrary 
anisotropic structures was presented [3]. More recently, Wang et al. (2013) developed a 3D direct current ani- 
sotropic resistivity modelling method using a finite-element method [4]. 

Compared with the direct current method, the anisotropy in the magnetotelluric method has been more widely 
researched. Abramovici and Shoham (1977) considered the generalized matrix inversion to invert the one di-
mensional (1D) anisotropic magnetotelluric data [5]. Osella and Martinelli (1993) have introduced a modified 
Rayleigh modelling technique to calculate the magnetotelluric response in two dimensional (2D) anisotropic 
structures [6]. Later, a finite-difference solution was presented to calculate the magnetotelluric response of 2D 
anisotropic media [7]. Li (2002) developed a finite-element algorithm to model the magnetotelluric field in 2D 
anisotropic conductivity structures [8]. Four years later, a magnetotelluric inversion technique for anisotropic 
conductivities in layered media also was implemented [9]. Recently, Qin and Yang (2012) studied a 1D aniso-
tropic magnetotelluric inversion method to invert the whole tensor impedance data [10]. More recently, an ar-
tificial neural networks method was applied to magnetotelluric inversion for azimuthally anisotropic medium 
[11]. Huo et al. (2015) have analysed the example of magnetotelluric modeling for 2D anisotropic conductivity 
structure with topography [12]. 

In the controlled-source electromagnetic method, Li and Pedersen (1991 and 1992) computed electromagnetic 
fields induced by grounded electric diploes in a half-space or layered medium with azimuthal anisotropy [13] 
[14]. The inversion of controlled-source tensor magnetotelluric data in a layered earth with azimuthal anisotropy 
has also been presented [15]. One year later, Yin and Maurer (2001) calculated the electromagnetic induction in 
a layered earth with arbitrary anisotropy [16]. Li and Dai (2011) proposed a finite element technology to model 
the marine controlled-source electromagnetic responses in 2D dipping anisotropic conductivity structures [17]. 
An adaptive finite element method for modelling the marine controlled-source electromagnetic fields in 2D 
general anisotropic medium has also been implemented [18]. Recently, Cai and Xiong (2014) have presented a 
linear edge-based finite element method for numerical modeling of 3D controlled-source electromagnetic data in 
an anisotropic conductive medium [19]. More recently, a 3D marine controlled-source electromagnetic method 
for arbitrarily anisotropic media has been presented [20]. 

After a period of rapid development, the transient electromagnetic method, with its high detection and resolu-
tion, has become a widely used exploration method. However, most of the current data processing is based on 
the isotropic technique. Compared with the isotropic investigation of the transient electromagnetic method, the 
investigation of anisotropy is less robust. Yu and Evans (1997) presented an algorithm to calculate the transient 
electromagnetic responses generated by an electric dipole source over a triaxially anisotropic seafloor [21]. Col-
lins and Everett (2006) detected the near-surface horizontal anisotropy in a weathered metamorphic schist using 
transient electromagnetic induction [22]. Dennis and Cull (2012) used the transient electromagnetic method to 
survey the near-surface electrical anisotropy characters [23]. 

Occam inversion method is a widely used method for electromagnetic inversion [24]. The advantage of the 
occam inversion is the data fitting can achieve a prescribed tolerance, meanwhile, the model of inversion is 
smooth enough. Based on the occam inversion method, we have developed a transient electromagnetic inversion 
algorithm in a layered medium with azimuthal anisotropy. The outline of the paper is as follows. First, we de-
scribe the forward problem in 1D azimuthal anisotropic conductivity structures. Next, we validate the accuracy 
and validity of the transient electromagnetic modelling code. We then introduce the verification of the inversion 
program. Finally, different inversion results from inverting different synthetic data will be analyzed. 

2. Forward Method Theory 
2.1. Forward Theory 
Consideran M-layer model with azimuthal anisotropy. The model is shown in Figure 1. An x-directed horizon- 
tal electric dipole source is located at the origin of the coordinate system. The electric conductivity tensor of the 
mth layer can be defined as: 

0 0
0 0
0 0

mt

m mn

mt

σ
σ σ

σ

 
 =  
 
 
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Figure 1. The m-layer azimuthal anisotropic model.                                                     

 
where σmt is the x-directed conductivity in the mth layer. σmn is the y-directed conductivity in the mth layer. Both 
the x-directed conductivity and z-directed conductivity are consistent in the azimuthal anisotropic medium. hm is 
the thickness of the mth layer. The base is a half-space. A useful parameter is the anisotropy coefficient: 

m mt mnλ σ σ= . 
To obtain the transient electromagnetic responses at the surface, we need to know the electromagnetic field in 

the frequency domain. Assuming a time variation e−iωt, the governing equations in the quasi-stationary approxi-
mation can be written as: 

0m m

m m m

E i H
H E

ωµ
σ

∇× =
∇× =

                               (2) 

where σm is the electric conductivity tensor, ω is the angular frequency, μ0 is the magnetic permeability of free 
space. Introducing a vector potential A and a scalar potential ψ . There is relation in the mth layer as follows: 

0

0

m m
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H A
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A
ωµ ψ
σ ψ
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                              (3) 

The differential equations for vector potential components can be shown as:  
2 2 0mx m mxA k A∇ + =                                 (4) 

2 2 2 2 2
2

2 2 2 2 2 2
1 1 11my my my mx mz

m my
m m m

A A A A Ak A
x y y zx y zλ λ λ

∂ ∂ ∂   ∂ ∂
+ + + = − +  ∂ ∂ ∂ ∂∂ ∂ ∂   

            (5) 



W. W. Wang et al. 
 

 
918 

2 2 0mz m mzA k A∇ + =                                 (6) 

where 2
0m mtk iωµ σ= ; and Amx, Amy and Amz represent the components of the three directions, respectively. 

According to the continuity of the tangential electric and magnetic fields, the boundary conditions for vector 
potential components in the wavenumber domain satisfy: 

( )1 mxm xA A± ±
− =                                   (7) 
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Then, after substantial derivations, the ground electric and magnetic response in the wavenumber domain can 
be expressed as follows: 

( ) ( )0 0 0 0 0 0 0 0
0

1
x x x x x x x y y zE i A A ik ik A A ik A A

i
ωµ µ

ωε
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0 0 0x y z yH ik A Aµ− −= −                                  (15) 

( )0 0 0 0y x x x zH A A ik Aµ + − −= − − −                            (16) 

( )0 0 0z x y y x xH ik A ik A A− + −= − +                             (17) 

where “+” and “−” refer to downward and upward traveling waves, respectively. The above detailed derivation 
is based on previous work by Li and Pedersen (1992).  

Using a 2D Fourier transform, the components of the responses can be transformed from the wave number 
domain to the space domain. 

Then, with the help of the inverse Fourier transform, we determine the transient electromagnetic responses in 
a layered medium with azimuthal anisotropy. Using the x-directed horizontal electric field as an example, we in-
troduce the derivation process of the transient electromagnetic response. The derivation of the other responses 
follows the same process. 

As we know, the following relationship exists between the response of frequency domain and the transient 
electromagnetic response 

( )1 e d
2π

i t
x xe E ωω ω

+∞

−∞
= ⋅∫                              (18) 

Basing on the Euler’s formula, Equation (18) will become the follows:  

( ) ( ) ( ) ( )1 1cos d sin d
2π 2πx x xe E t i E tω ω ω ω ω ω

+∞ +∞

−∞ −∞
= ⋅ + ⋅∫ ∫                (19) 

where ω is the angular frequency and t is the time point. Considering the general form, the x-directed horizontal 
electric field can be divided into two parts for calculation: 
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( ) ( ) ( ) ( )1 20 0

1 1sin d , cos d .
2π 2πx x x xe E t e E tω ω ω ω ω ω

+∞ +∞
= ⋅ = ⋅∫ ∫               (20) 

Using the digital filter algorithm of the sine and cosine transform [25], we can continue doing the derivation. 
For the Hankel transform formula 

( ) ( ) ( )
0

dvg r f J rλ λ λ
∞

= ∫                             (21) 

With the digital filtering algorithm, the expression can be transformed into 
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where Jv is v order of the first kind Bessel function. Δ is defined as the sampling interval, and ( )*
vH n∆  is the 

numerical filter coefficient of the Hankel transform. 
According to the relationship between the Bessel function and the trigonometric function: 

( ) ( ) ( ) ( )1 1
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J z z J z z
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Expression (20) can be written as 
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According the digital filtering algorithm, expression (24) and expression (25) can transform into the following 
formulae: 
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where ln10Δ
20
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 refer to the positive and negative 1/2 order Hankel transformfil-

tering coefficient, respectively. ( ) ( )*
1
2

sin Δ e Δnc n H n∆= ⋅  and ( ) ( )*
1
2

cos enc n H n∆

−
∆ = ⋅ ∆  represent the  

sine and cosine filter coefficient, respectively. Based on the above derivation, we can obtain the transient elec-
tromagnetic horizontal x-directed electric field. The derivation process for other responses is similar. 

2.2. Validation of the Forward Code 
It is important to demonstrate that the results of a numerical method are reliable. In order to demonstrate the ac-
curacy of the forward code. We designed a two-layer model that the conductivity of the first layer is 0.01 s/m 
and the conductivity of the second layer is 0.05 s/m. The thicknesses were identified as 100 m and half-spaces. 
The observation point was placed at (500, 500) m. 

We calculate the numerical results and the corresponding analytic results [26], respectively. Using ex, hy, and 
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hz as examples, we took 101 time sampling points at equal logarithm intervals. The comparison result of the 
numerical solution and the analytic solution is shown in Figure 2, the range of data fitting error is less than 
2.23%, and it is considered to be an acceptable degree.  

The forward verification results indicate that the forward program is accurate to an acceptable degree. 

3. Inversion Method Theory 
3.1. The Objective Function  
Using the occam inversion method, we have presented the transient electromagnetic inversion algorithm in a 
layered medium with azimuthal anisotropy. The core though of the occam inversion is to fit the data to a pre-
scribed tolerance, mean while, the model of inversion should be smooth as possible. The objective function of 
1D azimuthal anisotropy inversion of transient electromagnetic measurement is defined as: 

( ) ( ){ }22 1 2
*Ψ m m Wd WF m Xµ−= ∂ + − −                        (28) 

where ( )2 2d d dm m z z∂ = ∫  is the roughness of the model, which is the integrated square of the second deri- 

vative with respect to depth, μ is Lagrange multiplier, d is a vector for the observed transient electromagnetic 
response, F(m) is the forward operator to calculate the response, and W is the diagonal matrix which represents 
the data weights assigned according to the standard deviation of the data noise. 2

*X  is the deemed acceptable 
misfit, ∗  is the usual Euclidean norm. 

 

 
 

 
Figure 2. Forwarding modeling results from the numerical and analytic results.                                        
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3.2. The Calculation of the Sensitivity Matrix 
The series expansion of the transient electromagnetic forward response F(m) can be expressed as follows: 

( ) ( ) ( ) ( )1 1i j i j i j ij j jF m F m m F m J m m ε+ += + ∆ = + − +                   (29) 

where ε is a vector whose magnitude is O m∆ , Jij is the sensitivity matrix, the evaluation of expressions is 

( )ij i j jJ F m m= ∂ ∂ . The perturbation approach is used to calculate the sensitivity matrix:  

[ ] ( ) ( )
2

i j i ji
ij

F m m F m mF m
J

m m
+ ∆ − − ∆∂

= =
∂ ∆

                      (30) 

1j jm m m+∆ = −  is step length, m represent the parameters of the model which include x-directed conductivity 
and the coefficient of anisotropy in each layer. 

3.3. The Inversion Process 
The general process for the occam inversion of the transient electromagnetic method in a layered medium with 
azimuthal anisotropy can be described as follows: 

(1) The electromagnetic responses are calculated using a forward modeling code for a given initial model 
(2) Calculate the data misfit, the sensitivity matrix and the roughness for the given current model. 
(3) Compare the data misfit of the current model with desired data misfit 2

*X , if the data misfit can’t achieve 
desired value, expression (29) will be substituted into Equation (28). 

(4) Take the objective function’s gradient into zero to update the model and use a 1D line search way to 
choose the appropriate μ to minimize the data misfit. The value of μ is between 1 and 105. 

(5) Compare the data misfit of the new model with the data misfit of the previous model. If the data misfit 
does not decrease, save the previous model, decrease the step length by half and update the sensitivity matrix, 
return to step (4) to update the model, then continue at the beginning of step (5). If the data misfit of the new 
model is smaller than the data misfit of the previous model, consider whether the data misfit achieves the ex-
pected value or not. If yes, compare the roughness of the current model with the roughness of the previous mod-
el. When the roughness decreases, choose the model with maximum μ, save it, and exit the program. Otherwise 
decrease the step length by half and update the sensitivity matrix, and return to step (4) to update the model. If 
the data misfit does not achieve the expectation, choose and save the model with minimum X2 and return to step 
(4) to execute the program. 

4. Inversion Examples with Synthetic Data 
In order to obtain synthetic transient electromagnetic data, we design some 1D azimuthal anisotropic synthetic 
geologic models to test. The x-directed horizontal electric dipole sources were located at the coordinate origin, 
and the corresponding responses were calculated by using the above-mentioned forward modeling program. One 
percent of Gaussian random noise was added to the data. For the anisotropy inversion of synthetic data, we 
chose a twenty-layer isotropic model where the conductivity is 0.01 s/m and the thickness is 25 m for every 
layer as the initial model. 

4.1. Model 1 
Our first test employs a simple two-layer model. The parameters of the model are given in Table 1. To prove the 
azimuthal anisotropy inversion algorithm is more reliable than the isotropic inversion algorithm in inverting the 
data with anisotropic medium, synthetic data (ex, ey, hx, hy) were used in the isotropic inversion algorithm and 
the azimuthal anisotropic inversion algorithm, respectively. The observation point was placed at (500, 500) m. 

The comparison between the isotropic inversion and azimuthal anisotropy inversion results is shown in Fig-
ure 3. The resistivity inversion results and the anisotropy coefficient from the azimuthal anisotropy inversion 
algorithm are very close to the theoretical model. However, the inversion results from the isotropic inversion 
algorithm are not satisfied. The data root mean squared (RMS) misfit changed from an initial value of 67.47 to a 
final one of 0.94 for the azimuthal anisotropy inversion algorithm. However, the data RMS misfit changed from 
an initial value of 67.47 to a final one of 27.69 for the isotropic inversion algorithm. 
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Figure 3. The comparison between the isotropic inversion and azimuthal anisotropy inversion results. The previous plot is 
the comparison of resistivity results, and the latter plot is the comparison of the anisotropy coefficient results.               

 
Table 1. Parameters of model 1.                                                                             

Thelayer Number ( )mmtρ Ω⋅
 mλ  ( )mmh

 
1 
2 

200 
50 

2.0 
1.0 

200 
infinity 

 
The test result proves that the proposed azimuthal anisotropy inversion algorithm is reliable and the isotropic 

inversion algorithm cannot deal with an azimuthal anisotropic medium well. 

4.2. Model 2 
To demonstrate the azimuthal anisotropy inversion algorithm can also be used in the inversion of isotropic me-
dium, the next experiment used a two-layer isotropic model. The parameters of the model are given in Table 2. 
Synthetic data (ex, ey, hx, hy) were used in the azimuthal anisotropic inversion algorithm. The observation point 
was placed at (500, 500) m. 

The inversion result from the azimuthal anisotropy inversion algorithm is shown in Figure 4. Clearly, the re-
sistivity inversion result is very close to the theoretical model. Meanwhile, the anisotropy coefficient is close to 
one, which means that there is no anisotropic property. The data RMSm is fit changed from an initial value of 
60.35 to a final one of 3.29. The data fitting result is shown in Figure 5. 

The test proves that the proposed azimuthal anisotropy inversion algorithm can also invert synthetic data gen-
erated from isotropic media well. 

4.3. Model 3 
In order to verify the azimuthal anisotropy inversion algorithm is applicable to different receiving points, we de-
sign a three-layer anisotropic model. The parameters of the model are given in Table 3. The Model 3’s observa-
tion points are placed at (500, 500) m and (1500, 1500) m, respectively. 

The different inversion results for different receiver points are shown in Figure 6. Obviously, the inversion 
parameter result is very close to the theoretical model for different receiver points. The RMS misfit for observa-
tion point (500, 500) m changed from an initial value of 163.83 to a final one of 0.91. Meanwhile, the RMS mis-
fit for observation point (1500, 1500) m changed from an initial 145.01 to a final 0.99. 

The test illustrates that the proposed azimuthal anisotropy inversion algorithm can achieve satisfactory results 
for different observation points. 

5. Experimental Results and Discussions 
When we use different constraining data in the inversion program, we get different inversion results. To compare  
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Figure 4. The inversion result of the azimuthal anisotropy algorithm for the isotropic layered medium. The previous plot is 
the resistivity inversion result, and the latter plot is the inversion result of the anisotropy coefficient.                        

 

 
(a)                                          (b) 

 
(c)                                          (d) 

Figure 5. Data fitting results from the synthetic data and the inversion data: (a) x-directed horizontal electric field data fitting 
result; (b) y-directed horizontal electric field data fitting result; (c) x-directed horizontal magnetic field data fitting result; (d) 
y-directed horizontal magnetic field data fitting result.                                                             

 
Table 2. Parameters of model 2.                                                                              

Thelayer number ( )mmtρ Ω⋅
 mλ  ( )mmh

 
1 
2 

200 
50 

1.0 
1.0 

200 
Infinity 

 
Table 3. Parameters of model 3.                                                                             

Thelayer number ( )mmtρ Ω⋅
 mλ  ( )mmh

 
1 
2 
3 

200 
100 
20 

1.0 
2.0 
1.5 

100 
200 

infinity 
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the inversion results with different synthetic data, the transient electromagnetic azimuthal anisotropy inversion 
algorithm were carried out in the following eight scenarios: 1) inverting only ex; 2) inverting only ey; 3) inverting 
only hx; 4) inverting only hy; 5) inverting only hz; 6) inverting two elements, ex and hy; 7) inverting four elements, 
ex, ey, hx, and hy; 8) inverting five elements, ex, ey, hx, hy, and hz. 

We designed a two-layer model with the observation point placed at (500, 500) m and a three-layer model 
with the observation point placed at (1500, 1500) m. The parameters of the two models are given in Table 4 and 
Table 5, respectively. 

We compared the different inversion results for the different synthetic data for the two-layer model (shown in 
Figure 7). The following conclusions can be drawn: 

a) When only inverting the horizontal electric field which is parallel to the source, we can get better inversion 
results than inverting any of the other single response. 

b) When the more synthetic data are used in the inversion, the better inversion results we can achieve. 
The comparison of different inversion results from different synthetic data for the three-layer model are 

shown in Figure 8. According to the experimental results, we can get the same conclusions as the former two- 
layer model test. 

6. Conclusions 
We have developed an algorithm for calculating the transient electromagnetic response in a layered medium 
with azimuthal anisotropy. The validation results of the forward code have demonstrated its validity. 

 

 
Figure 6. The comparison of the anisotropic inversion result for different observation points. The previous plot is the resis-
tivity inversion results, and the latter plot is the inversion results for the anisotropy coefficient.                            

 

 
Figure 7. The comparison of different inversion results from the different synthetic data at the observation point (500, 500) 
m. The previous plot is the inversion result comparison of resistivity, and the latter plot is the inversion result comparison of 
the anisotropy coefficient.                                                                                   
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Figure 8. The comparison of different inversion results from the different synthetic data for the observation point (1500, 
1500) m. The previous plot is the inversion result comparison of resistivity, and the latter plot is the inversion result compar-
ison of the anisotropy coefficient.                                                                            

 
Table 4. Parameters of the two-layer model.                                                                   

The layer number ( )mmtρ Ω⋅
 mλ  ( )mmh

 
1 
2 

200 
50 

2.0 
1.0 

200 
infinity 

 
Table 5. Parameters of the three-layer model.                                                                   

The layer number ( )mmtρ Ω⋅
 mλ  ( )mmh

 

1 
2 
3 

200 
100 
20 

1.0 
2.0 
1.5 

100 
200 

infinity 

 
Based on the occam inversion,we have presented a1D azimuthal anisotropic inversion algorithm for inverting 

transient electromagnetic data. Inversion examples for the synthetic data show the stability and validity of the 
inversion algorithm. 

On the other hand, we have found different data for inverting have great influence on the inversion results by 
the experiment. The comparison of different inversion results show that inverting horizontal electric field which 
is parallel to the source can get a better inversion result than inverting any other single response. With the 
increase of the synthetic data, the inversion result will be closer to the target geology.  

Considering the above research, we suggest that the field transient electromagnetic sounding data collect 
horizontal electric field data which is parallel to the source. If allowed, we should collect the field transient elec- 
tromagnetic sounding data with multi-components. 
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