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Abstract

Let M be a 2-torsion free semiprime I'-ring with involution satisfying the condition that
aabpc=apfbac (a,b,ceM and e, eT).In this paper, we will prove that if a non-zero Jordan

I'*-derivation d on M satisfies [d (x), xlZ €Z(M) forall xeM and ael,then [d (x), x]a =0.
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1. Introduction

The notion of I'-ring was introduced as a generalized extension of the concept on classical ring. From its first
appearance, the extensions and the generalizations of various important results in the theory of classical rings to
the theory of I"-rings have attracted a wider attention as an emerging field of research to enrich the world of al-
gebra. A good number of prominent mathematicians have worked on this interesting area of research to develop
many basic characterizations of I'-rings. Nobusawa [1] first introduced the notion of a I'-ring and showed that
I'-rings are more general than rings. Barnes [2] slightly weakened the conditions in the definition of T'-ring in
the sense of Nobusawa. Barnes [2], Luh [3], Kyuno [4], Hoque and Pual [5]-[7], Ceven [8], Dey et al. [9] [10],
Vukman [11] and others obtained a large number of important basic properties of I"-rings in various ways and
developed more remarkable results of I'-rings. We start with the following necessary introductory definitions.

Let M and I be additive abelian groups. If there exists an additive mapping (x,a,y)— (xay) of
M xI'xM — M which satisfies the conditions:

1) xayeM,

2) (x+y)az=xaz+yaz,x(a+p)y=xay+XxBy,xa(y+1z)=Xxay+xaz,
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3) (xay)pBz=xa(ypz),then Mis called a I'-ring [2]. Every ring M is a I'-ring with M = T". However a I'-
ring need not be a ring. Let M be a I'-ring. Then M is said to be prime if alMTI'b=(0) with a,be M , implies
a=0 or b=0 andsemiprime if alMI'a=(0) with aeM implies a=0. Furthermore, M is said to be a
commutative T-ring if xay=yax forall x,yeM and «a eI .Moreover, the set
Z(M)={xeM :xay=yaxforalla el',ye M} is called the center of the T'-ring M. If M is a I'-ring, then
[x, y]a =Xay—Yyax is known as the commutator of x and y with respectto « , where X,yeM and ael .
We make the following basic commutator identities:

[xay,z]ﬁ =[x,z]ﬁay+x[a,ﬂ]z y+xa[y,z]ﬁ (@)
[X, yaz]ﬂ =[x, y]ﬂ az+yla,p], z+ya[x,z]ﬂ )

forall x,y,zeM and «,f I". Now, we consider the following assumption:

A.... xaypzr=xpyaz, forall X,y,zeM and a,f el .

According to assumption (A), the above commutator identities reduce to [Xay,Z]ﬁ =[x, z]ﬁ ay+xaly, z]ﬂ
and [x, yaz]ﬁ =[x, y]ﬁ az+ya[x, z]ﬁ , which we will extensively used.

During the past few decades, many authors have studied derivations in the context of prime and semiprime
rings and I'-rings with involution [11]-[14]. The notion of derivation and Jordan derivation on a I"-ring were de-
fined by [15]. Let M be T"-ring. An additive mapping d:M — M s called a derivation if
d(xay)=d(x)ay+xad(y) for all X,yeM and acl'. An additive mapping d:M — M s called a
Jordan derivation if d(xax)=d(x)ax+xad(x) forall xeM and acl .

*

Definition 1 [16]. An additive mapping (xax) — (xax) onaT-ring M is called an involution if
(xay) =yax and (xax) =(xax) forall x,yeM and ael.ATI-ring M equipped with an involu-
tion is called a I"-ring M with involution.

Definition 2. An element x in a T'-ring M with involution is said to be hermitian if x" =x and skew-hermi-
tian if X" =—x. The sets of all hermitian and skew-hermitian elements of M will be denoted by H (M) and
S(M), respectively.

Example 1. Let F be a field, and D, (F) be a set of all diagonal matrices of order 2, with respect to the
usual operation of addition and multiplication on matrices and the involution * on D,(F) be defined by

a o0 a 0 . a o0 -a 0 « .
* = ;aeF with * = ;a,—acF,thenweget x =x and X =-x.
0 a 0 a 0 -a 0 a

Definition 3. An additive mapping d:M — M iscalled a I -derivation if d(xay)=d(x)ay +xad(y)
forall x,yeM and ael.
To further clarify the idea of " -derivation, we give the following example.

- . - . b
Example 2. Let R be a commutative ring with characteristic of R equal 2. Define M = {g }:a,b € R}
a

0
and T = {Cg }:a € R}, then M and T are abelian groups under addition of matrices and M is a I"-ring
[24

under multiplication of matrices.

Define a mapping d:M > M by d a b = 0 b.
0 a 00

Toshowthatdisa I -derivation, let

X__a b]  Jc d . [-c d
lo a_'y_O ¢V Tlo

R (I A 2 e B
d[ a(gc aai;:acD:B aad;bac}.

then
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Now,

TR L T P A
Lo e = s
:_8 —boac}r[g azd}:{g aadgbac}

0 aad+bac
then
0 0

since char(R) =2, this implies that d(x)ay” +xad(y) =[

d(xay)=d(x)ay +xad(y).Hence,disa T -derivation.

Definition 4. An additive mapping d:M — M is called Jordan I -derivation if
d(xax)= q(x)ax* +xad(x) forall xeM and ael.

Every I' -derivation is a Jordan I -derivation, but the converse in general is not true as shown by the fol-
lowing example

Example 3. Let M be a I'-ring with involution and let ae M suchthat al'a=(0) and Xaafx=0 forall
xeM and a,fel’,but xaafy=0 forsome X,yeM suchthat x=y.

Define a mapping d:M — M by d(x)=xaa+aax* forall xeM and ael'. To show that d is a
Jordan I" -derivation, we have on the one hand that

d (xax)=d(x)ax +xad (x) = (xaa+aax")ax" + xa(xaa+aax’)

3)
=xaaaX +aaX ax +xaxaa+ xaaax
forall a,xeM and a eI .On the other hand,
d (xax) = (xax)aa+aa(xax) =xaxaa+aax ax’ 4)

forall a,xeM and a eI . If we compare Equations ((3), (4)), we get

xaaax +aaxX ax +Xaxaa+ XeaaX = Xaxaa+aaX ax

then after reduction we get that d is a Jordan I -derivation. Now to show that d is not a I -derivation, we
have on the one hand that

d(xay)=d(X)ay +xad(y)= (xaa+aax*)ay* + xa(yaa+aay*)

®)
=Xaaay +aaX ay +Xxayoa+xaaay
forall a,x,yeM and «a eI .On the other hand
d(xay)=(xay)aa+aa(xay)* = Xayaa+aay ax (6)

forall a,x,yeM and a <l . Ifwecompare Equations ((5), (6)), we get
Xaaay +aaX ay +xayaa+xaaay =xayaa+aay ax

then after reduction we get that d isnota I" -derivation.
In this paper we will prove that if a non-zero Jordan I" -derivation d of a 2-torsion free semiprime I"-ring M
with involution satisfies [d (x),x]a ez(M) forall xeM and a el then [d (x),x]a =0.

2. The Relation between Jordan I'*-Derivation and [d (x), XJ €Z(M) on
Semiprime I'-Ring M with Involution “

To prove our main results we need the following lemmas.
Lemma 1. Let M be a 2-torsion free semiprime I'-ring with involution and d:M — M be a Jordan T -
derivation which satisfies [d (x),x]a ezZ(M) for all xeM and ael, then [d (h),h]a =0 for all
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heH(M) and ael.
Proof. We have

[d(x).x], €Z(M) ©)
forall xeM and o el .Putting Xax forxin (7), we get
[d(xax),xax] €Z(M) (8)

forall xeM and «a eI . Therefore,
[d(x)ax*+xad(x),xax] eZ(M)

forall xeM and ael . Setting x=heH(M ) in the above relation, we get

[d(h)ah+had(h),hah] €Z(M) 9)
forall heH(M) and a el because of
d(h)ah+had (h) =2had (h)-[h,d(h)] (10)
forall heH(M) and a el . According to (9) and (10), we get
[ 2had (h)=[hd(h)], hah | €z (M) (11)

forall heH(M) and a el . Then from relation (11)
[2had (h),heh], ~[[h.d(h)], .hah] eZ(M)
[2had (h),hah], +[[hd ] hah] ez(M)

for all heH(M) and ael. Since [d(h),h] Z( [[d h]a,hahJ =0, and hence from
the above relation “

[2had (h),hah], =2(he[d (h),hah] +[h hah], ad(h))eZ(M)
forall heH(M) and a el . Therefore,
2ha[d (h),hah] = 2ha(ha[h,d(h)] +[h,d(h)] ah)
=2haha[h,d(h)] +2halh.d(h)] ah
= 2haha[h,d(h)] +2hahalhd(h)] eZ(M)
forall heH (M ) and «a eI . Then by using assumption (A), we obtain
4hahy[h,d(h)] eZ(M) (12)
forall heH(M) and @,y €. And
4 hahy[h,d (h)], ,d(h)]ﬂ =0 (13)
forall heH(M) and a,f,y €I". Then from (13),

4(haty [[hd ()], .d(n)], +[hah.d(n)], [hd(h)],)
=4([hand (n)], 7[hd ()], )

= 4(ha[h,d(h)], +[h.d(n)] ah)y[nd(h)],
=4ha[hd(h)], y[hd(n)], +4[hd(h)], ahy[hd(n)],
=aha[n.d(h)], y[nd(n)], +4[hd(n)], ahy[h.d(n)], =0
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forall heH(M) and «,f,y €I. Since [h,d (h)]a e Z(M), then from the above relation
ahe[h.d(h)] y[h.d(h)], +4ha[d(h).h] y[d(h).h]
=4ha[d(h),h] y[d(h).h] +4ha[h.d(h)] y[h.d(h)] =0,

hence by using assumption (A), we obtain

ghy[h,d(h)] A[hd(h)] =0 (14)
forall heH (M ) and a,p,y €. Therefore,
8[hy[hd(h)], Alhd(h)] d(h)] =0 (15)

for all heH(M) and «,f,y €I'. Then from relation (15),

ghy[([h.d ()], L0 (n)],).d(h)] +8[hd(n)], 7([hd(h)], ALhd(h)],)=0

forall heH(M) and a,f,y €I". By using relation (15) and assumption (A), we get

8([h.d(n)], ALh.d(h)],)s[h.d(n)], =0 (16)
forall heH (M ) and «a,p,y €. Since M is 2-torsion free, we get
([hd(m)], plhd(h)] )s[hd(h)], =0 (17)
forall heH(M) and @,f,7 €T . Right multiplication of (17) by z5[h,d (h)]a and using assumption (A),
we get
([ha(m], slna(n)], )szona(n)], s[n.d(n)], =0 a8
forall heH(M) and «a,f,y €I". By semiprimeness of M, we have
[h,d(h)] p[h.d(h)] =0 (19)
forall heH(M) and «a,f,y €. Left multiplication of (19) by z yields
[d(h).h] Bzp[d(h),h] =0 (20)
forall he H(M) and «,f,y €I". By semiprimeness of M again, we get [d (h),h]a =0 forall heH (M)
and «a,f,y€l. O

Lemma 2 Let M be a 2-torsion free semiprime I'-ring with involution and d:M — M be a Jordan I -
derivation which satisfies [d (x),x]a ezZ(M) for all xeM and acl, then [d(s),s]a =0 for all
seS(M) and ael.

Proof. Putting x+y forxin (7),

[d(x+y),x+y] =[d(x),x] +[d(x),y] +[d(y),x] +[d(y).y] €Z(M)

forall X,yeM and a eI .Byusing Lemma (1), we get

([d(x).y], +[d(y).x],)eZ(m) (21)
forall x,yeM and a el .Replacingxby xax andyby X yields
([ (xax).x ] +[d(x ) xax] Jez(m) (22)
forall xeM and ael .Setting x=seS(M), we get
([d (S(ZS),S*L +[d (s*),SasL) cZ(M) (23)

for all SGS(M) and a el .But
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forall seS(M)

forall seS(M)

for all seS(M)
relation,

forall seS(M)

forall seS(M)

forall seS(M)

forall seS(M)

forall seS(M)

forall seS(M)

for all seS(M)
and ael .

d(sas)=d(s)as’ +sad(s) = sad(s)-d(s)as =[s.d(s)], € Z(M) (24)
and o €T . So then from (23) and (24), we get
([s.a )], 5], +[a(s ) sas], ez (m)
and «a €T . Hence,
([[¢(s).s], ], +[sasd(5)], )2 (m)

and ael . Since [d(s),s] €Z(M), then [[d(s),s]a ,s] =0, hence from the above

o

[sas,d(s)] €zZ(M) (25)
and o I . Therefore,
[sas,d(s)] =sa[sd(s)] +[s.d(s)] as=2sa[sd(s)] €Z(M) (26)
and a el . Since [s,d (S)L €Z(M), we obtain
Z[Sa[s,d(s)]a d (S)L =0 27)

and « €I'". Then from relation (27),

2(sa[[s.d(s)],.d(s)] +[s.d(s)],7[s.0(s)], ] =0

and «a €T . By using relation (27) again,

2[s,d(s)] r[s.d(s)] =0 (28)
and « €T . Since M is 2-torsion free, we get
[d(s),s] r[d(s).s] =0 (29)
and « €I . Right multiplication by z yields
[d(s).s] rzr[d(s).s] =0 (30)
and a eI . By semiprimeness of M, we therefore get [d(s),s]a =0 forall seS(M)
(]

Remark 1 [17]. AT-ring M is called a simple T"-ring if MT'M =0 and its ideals are 0 and M.
Remark 2. Let M be a 2-torsion free simple I'-ring with involution, then every Xxe M can be uniquely
represented in the form 2x=h+s where he H(M) and seS(M).

Proof. Define H (M):{x eM:x = x}, S(M)= {Xe M;x" =—x}, since 2M is an ideal of M and M is sim-
ple, itimplies that 2M =M . So forevery xeM , x/2 makes sense and so we can write

Now

hence

and

CX+X X=X
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hence

Therefore

x=2EX XX cH(M)+S(M)
2 2

hence M =H(M)+S(M). Let xeH(M)nS(M), then xeH(M) and xeS(M), so X =x and
X =-x. Therefore Xx=-x which implies that 2x=0, so x=0. Thus H(M)nS(M)=0. Hence
2M =M =H(M)+S(M) implies that 2x=h+s where heH(M) and seS(M). [

Theorem 1. Let M be a 2-torsion free semiprime I'-ring with involutionand d:M — M be a Jordan T -
derivation which satisfies [d(x),x]an(M) for all xeM and ael' and [d(h),s] eZ(M) or
[d(s),h]an(M) for all heH(M), seS(M) and acT, then [d(x),x], =0 for all xeM "and
ael

Proof. Assume that [d(h),s] €z (M) forall heH (M), seS(M) and a el . By using Lemma (1),
we have

[d(h),h] =0 (31)
forall heH(M) and ael.For h,h,eH(M),putting h +h, forhin(31) yields
[d(h+ho). b, ], =[d(h).h] +[d(h).h ], +[d(h). 0], +[d(h;).h], =0
for all heH(M) and a €I". By using relation (31), we obtain

[d(h).h, ], +[d(h).h] =0 (32)
forall h,h,eH(M) and ael.Since spseH (M) forall seS(M), thenreplace h, by spgs in (32),
to get
[d(h).sBs| +[d(sBs).h] =0 (33)
forall h eH(M), seS(M) and a el . By using Lemma (2), we have
d(sﬂs):d(s)ﬁs*+sﬁd(s):sﬁd(s)—d(s)ﬁs:[s,d(s)]ﬁ =0 (34)

forall seS(M) and el . According to relations (33) and (34), we get
[d(n).sps], +[[s.a(s)],.n ] =[d(n)ss], =[[a(s).s],.n] =0
forall seS(M) and el .Byusing Lemma (2), we get
[d(h).sps] =0 (35)
forall seS(M) and eI . Then from relation (35),
spld(h).s], +[d(h).s], Bs=0
forall heH(M), seS(M) and a eI . Therefore since [d(hl),s]an(M),weobtain

2sB[d(h),s] =0 (36)
forall h eH(M), seS(M) and a el . Hence,
Z[d(hl),sﬁ[d(hl),s}alzo (37)
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forall heH(M), seS(M) and a,f,y €l . Therefore,

2[d(h)sp[d(n).s],] = 2(sﬂ[d (h).[d().s],] +[d(h).s],[d (hl),s}ﬂ) 0

forall h eH(M), seS(M) and a,f,y €I". Then by using (37), we get

2[d(h).s],r[d(h).s], =0 (38)
forall heH(M), seS(M) and B,y €T'.Since M is 2-torsion free, we get
[d(h),s],#[d(h)s], =0 (39)
forall heH(M), seS(M) and A,y eI Right multiplication of relation (39) by z yields
[d(h).s], rzr[d(h).s], =0 (40)
forall h eH(M), seS(M) and B,y €T". By semiprimeness of M, we get
[d(h),s] =0 (41)
forall heH(M), seS(M) and a el . Puttings for x and h fory in relation (21), we get
[d(s).h] +[d(h),s] eZ(M) (42)
forall heH(M), seS(M) and a el . Comparing relations (41) and (42), we get
[d(s),h] ez(M) (43)

forall heH(M), seS(M) and a el .Since hyheH(M) forall he H(M), then from relation (43),
we obtain

[d(s),hyh] ez(M) (44)
forall heH(M), seS(M) and a el .Then
[d(s),hyh] =hy[d(s),h] +[d(s).,h] rheZ(M) (45)

for all he H(M), seS(M) and a<T . Since [d(s),h]an(M) for all heH(M), seS(M) and
a €1, then from relation (45), we get

2hy[d(s),h] ez(M) (46)
forall heH(M), seS(M) and a,y €I". Hence
2[d(s),hy[d (s),h]a]ﬂ -0 47)

forall heH(M), seS(M) and «,p,y €. Then from relation (47),

2(hy[d (5).[d(s).h], ], +[d(s).h], 7 [d (s),h]ﬁ):O

forall heH(M), seS(M) and «,B,y €T. Then by using (47), we get

2[d(s).h], 7[d(s).,h], =0 (48)
forall heH (M), seS(M) and f,y €T . Since M is 2-torsion free, we get

[d(s).h],7[d(s).h],=0 (49)
forall heH(M), seS(M) and B,y €I . Right multiplication of the relation (49) by z we get

[d(s).h],»zr[d(s).h], =0 (50)

forall heH(M), seS(M) and B,y €I". By semiprimeness of M, we get
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[d(s).h],=0 (51)
forall heH(M), seS(M) and Bl .Toprove [d (x), x]a =0, since M is 2-torsion free, we only show
4[d(x),x] =0 (52)

forall xeM and aeI'. By using Remark 2, we have for all xeM and aeI' that 2x=s+h for all
seS(M) and heH(M). Therefore

4[d(x),x]a:[d(2x),2x]a=[d(s+h),s+h]a=0
forall heH(M), seS(M) and a el .Hence

4[d(x),x], =[d(s),s] +[d(h),s] +[d(s),h] +[d(h),h] =0 (53)
forall heH(M), seS(M) and a T . By using Lemma (1), Lemma (2) and relation (41), (51), we get
[d (x), x]a =0.

Now assume [d(s),h]an(M) forall heH(M), seS(M) and ael.Since hyheH (M) forall
heH (M), then we get

[d(s).hyh] ez(M) (54)
forall heH(M), seS(M) and a,y €I . Then from relation (54), we obtain
[d(s),hyh] =hy[d(s).h] +[d(s).,h] rheZ(M) (55)

for all heH(M), seS(M) and acl . Since [d(s),h]an(M) for all heH(M), seS(M) and
a €T, then from relation (55), we get

2hy[d(s),h] eZ(M) (56)
forall heH(M), seS(M) and a,y eI . Hence
2 d(s),hy[d(s),h], ]ﬁ -0 (57)

forall heH (M), seS(M) and «a,B,y €T Then from relation (57),

2(hy[d(s).[d(s).h], ], +[d(s).n], #[d(s).h], )0

forall heH(M), seS(M) and «,p,y €. Then by using relation (57) we get

2[d(s).h], 7[d(s).h], =0 (58)
forall heH(M), seS(M) and B,y €I". Since M is 2-torsion free, we get
[d(s).h], 7[d(s).h], =0 (59)
forall heH (M), seS(M) and f,7 €I . Right multiplication of relation (59) by z yields
[d(s).h],rzr[d(s).h], =0 (60)
forall heH (M), seS(M) and g,y eI . By semiprimeness of M, we get
[d(s).h] =0 (61)
forall heH(M), seS(M) and eI . Comparing relations (42) and (61), we get
[d(h),s] eZ(M) (62)

forall heH(M), seS(M) and aeT .Since syseH (M) forall seS(M), then from (62), we obtain
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[d(h),sys] ez(M) (63)
forall heH(M), seS(M) and a el . Then,
[d(h),sys] =sy[d(h),s] +[d(h).s] yseZ(M) (64)

for all heH(M), seS(M) and ael . Since [d(h),s]an(M) for all heH(M), seS(M) and
a €T, then from relation (64), we get

2sy[d(h),s] eZ(M) (65)
forall heH(M), seS(M) and a,y €I". Hence
2[ d (h),s;/[d(h),s]aL -0 (66)

forall heH (M), seS(M) and «a,B,y €T . Then from relation (66)

Z(Sy[d (h).[a(n).s],], +[d(h).s], #[d (h),s]ﬂ)zo

forall heH(M), seS(M) and «,f,y €. Then by using (66) we get

2[d(h).s],7[d(h).s], =0 (67)
forall heH (M), seS(M) and f,y €I . Since M is 2-torsion free, we get
[d(h).s],7[d(h).s], =0 (68)
forall heH (M), seS(M) and g,y €T . Right multiplication of relation (68) by z yields
[d(h).s], 7zr[d(h).s],=0 (69)
forall heH(M), seS(M) and B,y €I". By semiprimeness of M, we get
[d(h).s],=0 (70)

forall heH(M), seS(M) and Bel . Therefore, by using Lemma (1), Lemma (2) and relation (61), (70),
we get a similar result as the first assumption [d (x), x]a =0 forall xeM and a eI, and hence the proof
of the theorem is complete. O
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