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Abstract

This paper presents an actuarial model of life insurance for fuzzy markets based on Liu process. At first,
some researches about an actuarial model of life insurance for stochastic market and concepts about fuzzy
process have been reviewed. Then, an actuarial model of life insurance for fuzzy process is formulated.
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1. Introduction

The concept of fuzzy set was initiated by Zadeh [1] via
membership function in 1965. In order to measure a
fuzzy event, Liu and Liu [2] introduced the concept of
credibility measure in 2002. Li and Liu [3] gave a suffi-
cient and necessary condition for credibility measure in
2006 (cf. Liu [4]). Credibility theory was founded by Liu
[5] in 2004 and refined by Liu [6] in 2007 as a branch of
mathematics for studying the behavior of fuzzy phe-
nomena. Credibility theory is deduced from the normal-
ity, monotonicity, self-duality, and maximality axioms.
Liu [7] recently introduced the concepts of fuzzy process,
Liu process and the geometric Liu process which will be
commonly used model in finance for the value of an as-
set in a fuzzy environment. The two types of fundamen-
tal and important fuzzy processes, Liu process and the
geometric Liu process, are the counterparts of Brownian
motion and the geometric Brownian motion, respec-
tively.

Li [8] presented an alternative assumption that stock
price follows geometric Liu process. It is an application
of fuzzy process for stock markets. Peng [9] presented A
General Stock Model for Fuzzy Markets based on Liu’s
research in 2008. In 2010, Gao and Zhao [10] first pre-
sented fuzzy interests rate for insurance market.

The remainder of this paper is structured as follows.
Section 2 is intended to introduce some useful concepts
of fuzzy process as they are needed. Section 3 reviews
Gao and Zhao’s actuarial model for fuzzy market. An
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actuarial model of life insurance with payouts increased
for fuzzy process is formulated in Section 4. Some actu-
arial formula of pure premium of the n-year continuous
life insurance model is discussed in Section 5, as dis-
count factor is a fuzzy process. Finally, some remarks are
made in the concluding section.

2. Preliminaries

In this section, we will introduce some useful definitions
and properties about fuzzy process.

2.1. Fuzzy Process

Definition 1. (Liu [7]) Given an index set T and a
credibility space (@,P,Cr), a fuzzy process is a func-

-tion from T x(®,P,Cr) to the set of real numbers. In
other words, a fuzzy process X (t,H) is a function of
two variables such that the function X (t',0) is a fuzzy
variable for each t". For simplicity, sometimes we sim-
ply use the symbol X, instead of longer notation
X(t,0).

Definition 2. (Liu [7]) A fuzzy process X, is said to
have independent increments if

th _Xto’xtz _Xt1’“-’xtk _th—l (l)

are independent fuzzy variables for any times

t, <t <---<t, . A fuzzy process X, is said to have
stationary increments if, for any given s>0, the
X, — X, are identically distributed fuzzy variables for

all t>0.
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2.2. Liu Process

Definition 3. (Liu [7]) A fuzzy process C, is said to be
a Liu process if

1) C,=0

2) C, has stationary and independent increments
3) every increment C_, —C, is a normally distrib-
uted fuzzy variable with expected value et and vari-
ance o’t®, whose membership function is

y(xk{“exp[%n_ ,XeR )

The parameters e and o(>0) are called the drift
and diffusion coefficients, respectively. The Liu process
is said to be standard if e=0 and o =1. The Liu proc-
ess plays the role of the counterpart of Brownian motion.

Definition 4. (Liu [7]) Let C, be a standard Liu
process. Then the fuzzy process

G, =exp(et+oC,)
is called a geometric Liu process, or sometimes expo-

nential Liu process. Li [8] has deduced that G; is of a
lognormal membership function

-1
w(x)= 2(1+ exp[%n x>0 (3)
and the expected value is
E[¢]= ee\/gacsc(\/éa),a < z/\/6 had been proved by
Li and Qin [8].

3. Fuzzy Model of Discount Factor

In this section we review a fuzzy model of discount fac-
tor which presented by Gao and Zhao, the model is as-
sumed that interests rate is a trapezoidal fuzzy variables.

Accumulation function for force of interest is y(t),
as insurer, V; is present value of payment at the end of
m year. As insured, the present value for Survival annu-
ity paid 1 per yearis Y, .

y(t)=ot,0<t<n

v, - e VM m<K<n
T 0 ,K>n

where & is a trapezoidal fuzzy variable (a,b,c,d),
a<b<c<d.

4. An Actuarial Model for Fuzzy Process
4.1. The Model

The paper hypothesizes that interest rate has two com-

Copyright © 2011 SciRes.

ponents: risk-free interest and risk interest. & is used to
represent force of interest, y(t)=d,t+/C, is the ac-
cumulation function for force of interest, where &, is a
part of interests with no risk, C, is a standard Liu proc-
ess, used to describe the interests on risk. g is
S -coefficient.

We have the discount factor:

V, =exp(-y(t))
The actuarial model for Liu process is:
y(t) = ot + SC,

V, =exp(-y(t))

4.2. Expected Value for V;
C, is a normally distribution fuzzy variable
C, ~ N(et,oc’t*). Because C, is astandard Liu process
with e=0,0=1, C ~N(0,t*). If t3<n//6, then it
is easy to prove that the expected value is
E(V,)=E[exp(-5,t- 8C,)]
e E (e’ﬁc‘ )

=g (J'ngr{e’”é > xJdx— lCr{e’ﬂ‘f < x}dx)

=g I:Cr{f < %In x}dx

-1

1
=e"y°t_[°°1— 1+exp| ———=2 || d
0 \/gt

X

] I E——
1+ X[V—Ttﬂ]

st [ 1
—e " ———dx
14 x o5

=e 68t csc(«/gﬂt)

Otherwise, we have E(V,)

0,

5. Some Actuarial Formula of Pure
Premium of the N-Year Continuous Life
Insurance

The pure premium of the n-year continuous life insur-
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ance with payment b(t) is
A, =E[V. j b(t)E[V,], Pyttt
:.[0 b(t)e ™6t csc(\/g/;?t)t p, 4, dt
where ft < n/ J6

5.1. Pure Premium of the N-Year Continuous
Life Insurance under the Assumption of de
Moivre

Under the assumption of de Moivre, we have

1
/ux+t = Tt px/'lx+t =
a)—

X—t w—X
Then
Ry = [7b(t)e"VBtesc(VBAt) p s ct
\/gﬂ n —ot
:EL’ th(t)e ™ csc(«/@ﬂt)dt,ﬂkn/«/g
where Al respected to pure premium of the n-year

continuous life insurance.
If the compensation is a constant, that is to say
b(t)=b, so we have

Al = bJ'On e /6t csc<\/§ﬂt) P A, dt
_ \/gﬂb N -5t
_EJ‘O te csc(\/g,b’t)dt,ﬂt<n/\/€

If the payment amount is increasing linearly,
b(t)=b+t, then

1A, = [ (b+t)e ™ VBptesc(VBAt) b, dt
\F’H.[ b+t)te™ csc(«/_ﬂt)dt
,Bt<n/f

If the payment amount is increasing geometrically,
b(t)=t*,

'E\i:ﬁ = Iontkei%t \/gﬂt CSC(\/gﬂt)t px/uxﬂdt
_ \/gﬂ N k+1,-6pt
_Ejot e csc(«/gﬂt)dt
pt< TE/\/E

If the payment amount is increasing exponentially,
b(t)=e",

'Kizﬁ = Jn eatei%l \/gﬂt CSC(\/gﬂt) t px/uxﬂdt
\F’B.[ tel* o) csc(\/_ﬂt)dt
pt< Tc/f
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5.2. Pure Premium of the N-Year Continuous
Life Insurance under the Assumption of
Gompertz

Under the assumption of Gompertz
B>0, C>1,and

’ /ux+t = BCXH’

Cx(l ct)

t Pxtest = BC**'ehc

If the compensation is a constant, that is to say
b(t)=b, so we have

Ry = [, b(t)e " V6tese(vBt) b, dt

B ~x(1_ct
:\/E,Bbjonte‘ﬁo‘ csc(\/gﬁt)BC“‘eRC e )dt

=+/63bB j(: tCX”e%H%CX(l?CI) csc(\/g ,b’t)dt
pt< 712/\/6

If the payment amount is increasing linearly,
b(t)=b+t, then

= ["b(t)e ™ VBt esc(vB/t) by, ilt

= \/gﬂj.on (b + t)te_éot CSC(\/Eﬁt)BC x+te%CX(1_cl)dt

csc( ,b’t)dt

. B
= x@ﬂBjO”(b+t)t(:*+‘eff’°”'ﬂcC
pt< 712/\/6

If the payment amount is increasing geometrically,
b(t)=t*,

- Jon b(t)e V6t csc(\/g,b’t) Pyt At
N kg oot (et ¢
= e csc e
VB[t (\/gﬂt)BC“ inc dt
=68 "eag g e (¢
0
,Bt<7t/\/€

If the payment amount is increasing exponentially,
b(t)=e",

E‘i;ﬁ = Ion b (t)
= \/gﬂj‘on gte™! CSC(«/E/?'[)BC Xﬁe%CX(LCt)dt

:\/gﬂBjonCXHE(W%)H%CX(LC‘) csc(\/gﬂt)dt
pt< TE/\/E

csc( ,Bt)dt

9750t \/gﬂt Csc(\/gﬁt) t px/uxﬂdt
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5.3. Pure Premium of the N-Year Continuous
Life Insurance under the Assumption of
Makeham

Under the assumption of Makeham,

.. =A+BC*, B>0, C>1, A>-B

t+icx(1-c‘)

t px:ux+t = (A+ BCXH)e_A ¢

If the compensation is a constant, that is to say
b(t)=b, so we have

K., =[Ib(t)e ™ VBAtesc(vBt)  p, i, dit
= \/gﬁbj'on te 0! CSC(\/gﬁt)(A-i- BC*")

_At+-Bcx

e e (1'C!)dt :Jéﬂbjgt(A+ BCX”)

B ~x(;_pt
o (G +A)t+-C e )CSC(\/gﬂt)dt
ﬁt<n/\/6

If the payment amount is increasing
b(t)=b+t, then

linearly,

R}:ﬁ = I; b(t)e‘got \/gﬂt CSC(\/Eﬂt) t px/ux+tdt
=8B (b+t)te csc(6pt)( A+BC*)

. e—AH%CX (170‘)

dt =64 t(b+t)(A+BC™)
~e_(50 +A)t+%cx(1—c‘) CSC(\/gﬂt) it

pt< n/\/g
If the payment amount is increasing geometrically,
b(t)=t
R(L:ﬁ = J.On b(t)e%t \/Eﬂt CSC(\/Eﬂt) t px:ux+tdt
=63( t*te’ csc(+/64t)( A+ BC*
B, B

—A[+%Cx(l—ct)

dt =6 1 (A+BC*)

B ~x(1_nt
o (o +AJt+C (1-ct) CSC(\/gﬂt)dt
ﬂt<7’t/\/6

If the payment amount is increasing exponentially,
b(t)=e
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Ai:ﬁ = J‘onb(t)e[SOt \/gﬁt CSC(\/gﬂt) t px:uxﬁdt
= \/Eﬁ.[on e*'te csc(«/éﬂt)(A+ BCX”)

efA”%cx(lfct)dt\/éﬂ ['t(A+BC™)

B ~x(s t
'e(a % A)l |I’1Cc (1 c)csc(\/gﬂt)dt
ﬂt<TE/\/é

5.4. Pure Premium of the N-Year Continuous
Life Insurance under the Assumption of
Weibull

Under the assumption of Weibull ,
te =k (x+1)" ,k>0,n>0

t Pyt = k (X +t)n ek(n+1)[xn+1_(x+t)n+1]

If the compensation is a constant, that is to say
b(t)=b, so we have

Koy = [, b(t)e ™ VBtesc(VBAt)  p,u,, it
= \/Eﬁbj'on te~ csc(\/gﬂt)k (x+t)"

k(n+1)|:x“*1—(x+t)”+1] n+l
e

dt = \/Eﬂbkek(nﬂ)x
[Tt 1) e P ese (Vo t ot
pt< T[/\/g

If the payment amount is increasing
b(t)=b+t, then

'Eé:ﬁ = jonb(t)eﬂ;Ol \/gﬂt CSC(\/gﬂt)t px/uxﬂdt
=\/E/3’J'Ont(b+t)e’§°t csc(«/gﬁt)k(xﬂ)”

k(n+1)[x"+l—(x+t)”+1]

linearly,

n+l

dt — \/Eﬂkek(nﬂ)x
'jont(b +t)(X +t)n e—a‘ot—k(nafl)(xu)rl+l CSC(\/gﬂt)dt
pt< ﬁ/\/g

If the payment amount is increasing geometrically,
b(t)=t"

Ry = [, b(t)e ' VBptesc(VBAt)  p,u,, it
= \/Eﬂjon ttee 0 csc(\/gﬂt)k (x+t)"

. ek(n+l)|:x”+1—(x+t)n+1]

-€

n+l

dt = \/gﬂkek(nﬂ)x
_J’;taﬂ (X+t)n efﬁotfk(nﬂ)(xﬂ)“+1 CSC(\/gﬂt)dt
pt< 11/\/6
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If the payment amount is increasing exponentially,
b(t)=e"

R%:ﬁ = jon b(t)eqsot ‘/gﬁt CSC(\/gﬁt) ¢ Pyttt
= \/Eﬂjonte“‘e’ﬁot csc(«/gﬁt)k(x +t)"

k(n+1)[x"*1—(x+t)"+1]

e dt = \/éﬂkek(n+l)xn+l

: jont(x+t)n gl tk(ma)(xet)™ csc(\/gﬂt)dt
pt< TC/\/E

6. Conclusions

The main contribution of this paper is to suggest a new
actuarial for fuzzy markets by means of Liu process.
Some actuarial formulas of pure premium of the n-year
continuous life insurance on the proposed fuzzy model
are investigated.
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