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Abstract 
In this paper, we study the long time behavior of solution to the initial boundary value problem for 

a class of Kirchhoff-Boussinesq model flow ( )( ) ( ) ( )∆tt t tu u u u div g u u h u f xα β 22+ − ∆ + ∆ = ∇ ∇ + + . 

We first prove the wellness of the solutions. Then we establish the existence of global attractor. 
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1. Introduction 
In this paper, we are concerned with the existence of global attractor for the following nonlinear plate equation 
referred to as Kirchhoff-Boussinesq model: 

( )( ) ( ) ( )22 intt t tu u u u div g u u h u f xα β ++ − ∆ + ∆ = ∇ ∇ + ∆ + Ω×              (1.1) 

( ) ( ) ( ) ( )0 1, 0 ; , 0 ,tu x u x u x u x x= = ∈Ω                          (1.2) 

( ) ( ) ( ), 0, , 0,u x t u x t x
∂Ω ∂Ω

= ∆ = ∈Ω                           (1.3) 

where Ω  is a bounded domain in N , and ,α β  are positive constants, and the assumptions on ( ) ( )2 ,g u h u∇  

will be specified later. 
Recently, Chueshov and Lasiecka [1] studied the long time behavior of solutions to the Kirchhoff-Boussinesq 

plate equation 
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( ) ( ) ( )2
0 1 2tt tu ku u div f u f u f u+ + ∆ = ∇ + ∆ −                            (1.4) 

with clamped boundary condition 

( ) ( ),
, 0, 0

u x t
u x t

v∂Ω
∂Ω

∂
= =

∂
                             (1.5) 

with 2Ω ⊂   where v is the unit outward normal on ∂Ω . Here 0k >  is the damping parameter, the mapping 
2 2

0 :f →   and the smooth functions 1f  and 2f  represent (nonlinear) feedback forces acting upon the 
plate, in particular, 

( ) ( )2 2
0 1, .f u u u f u u u∇ = ∇ ∇ = +  

When ( ) ( )1 2
0

mf u u u u uσ−∇ = ∇ ∇ = ∇ ∇  and ( )1 0f u = , also considering the (1.4) with a strong damping, 
then (1.4) becomes a class of Krichhoff models arising in elastoplastic flow, 

( ){ } ( ) ( ) ( )2 2
tt t tu div u u u u h u g u f xσ− ∇ ∇ − ∆ + ∆ + + =                     (1.6) 

which Yang Zhijian and Jin Baoxia [2] studied. In this model, Yang Zhijian and Jin Baoxia gained that under 
rather mild conditions, the dynamical system associated with above-mentioned IBVP possesses in different 
phase spaces a global attractor associated with problem (1.6), (1.2) and (1.3) provided that g and h satisfy the 
nonexplosion condition, 

( )
1lim inf 0ms

G s
s +→∞

≥                                      (1.7) 

( ) ( )
1lim inf 0ms

sg s G s
s
ρ
+→∞

−
≥                                  (1.8) 

with 0 2ρ< < , ( ) ( )
0

d
s

G s g τ τ= ∫ , ( )( ) ( )1 2m N N m+≤ < − < ∞ , and 1 2h h h= +  and there exist constant 

( )1 1 1
10,1 , 0, , 0
2

δ θ β ∈ ∈ > 
 

 such that 

( )( ) ( )( ) ( )( )
1

2
2 1 1 2 1, 0, , , .vh v v h v v h v v vθ β ≥ ≥ − + −                     (1.9) 

Zhijian Yang, Na Feng and Ro Fu Ma [3] also studied the global attractor for the generalized double disper-
sion equation arising in elastic waveguide model 

( ) ( )2 .tt tt tu u u u u g u f x− ∆ −∆ + ∆ −∆ −∆ =                        (1.10) 

In this model, g satisfies the nonexplosion condition, 

( ) ( ) ( )1
1lim inf , 1 ,p

s

g s
g s C s s

s
λ −

→∞
′≥ − ≤ + ∈                     (1.11) 

where ( )1 0λ >  is the first eigenvalue of the −∆ , and 1 p< < ∞  as 2N = ; 21
2

Np p
N

∗ +
≤ ≤ ≡

−
 as 3N ≥ . 

T. F. Ma and M. L. Pelicer [4] studied the existence of a finite-dimensional global attractor to the following 
system with a weak damping. 

( )( ) ( ) ( )in 0,tt xxxx x tx
u u u ku f u h Lσ ++ − + + = ×                     (1.12) 

with simply supported boundary condition  

( ) ( ) ( ) ( )0, , 0, , 0, 0xx xxu t u L t u t u L t t= = = = ≥                      (1.13) 

and initial condition  
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( ) ( ) ( ) ( ) ( )0 1,0 , ,0 , 0,tu x u x u x u x x L= = ∈                      (1.14) 

where ( ) 2 , 2, 0pz z p kσ −= ≥ > , and ( )1f C∈  , ( ) ( ) ( )
0

ˆ d , 0, .
s

f s f f s s sρ τ τ ρ− ≤ = ≤ > ∀ ∈∫   

For more related results we refer the reader to [5]-[8]. Many scholars assume ( )( )2 1mdiv g u u u u−∇ ∇ = ∇ ∇ ,  

to make these equations more normal; we try to make a different hypothesis (specified Section 2), by combining 
the idea of Liang Guo, Zhaoqin Yuan, Guoguang Lin [9], and in these assumptions, we get the uniqueness of 
solutions, then we study the global attractors of the equation. 

2. Preliminaries 
For brevity, we use the follow abbreviation: 

( ) ( ) 2
2, , , , p

p p k k
L p LL L H H H L= Ω = Ω = ⋅ = ⋅ ⋅ = ⋅  

with 1p ≥ , and 2 1
2 0V H H=  , where kH  are the 2L -based Sobolev spaces and 0

kH  are the completion of 
( )0C∞ Ω  in kH  for 0k > . The notation ( ),⋅ ⋅  for the H-inner product will also be used for the notation of 

duality pairing between dual spaces. 
In this section, we present some materials needed in the proof of our results, state a global existence result, 

and prove our main result. For this reason, we assume that 
(H1) ( )1g C∈ Ω , 

( )
3

2

lim inf ms

G s
C

s
+→∞

≥ −                                   (2.1) 

( ) ( )
3

2

lim inf ms

sg s G s
C

s

ρ
+→∞

−
≥ −                              (2.2) 

where ( ) ( )
0

d
s

G s g τ τ= ∫ , 0 2ρ< < , and when 2N ≥ , 

( )
1

21 , ,
m

g s C s s
− ′ ≤ + ∈Ω 

 
                           (2.3) 

where 1 m≤ < ∞  as 2N = ; 61
2

Nm m
N

∗ −
≤ ≤ ≡

−
 as 3 4N≤ ≤ ; and 1m =  as 5N ≥ . 

(H2) 1h C∈  and ( ) 12
4

h u λ
∞

′ < , ( )1 0λ >  is the first eigenvalue of the −∆ . 

Now, we can do priori estimates for Equation (1.1). 
Lemma 1. Assume (H1), (H2) hold, and ( )0 1 2,u u V H∈ × , f H∈ . Then the solution ( ),u v  of the problem 

(1.1)-(1.3) satisfies ( ) 2,u v V H∈ × , and 

( ) ( ) ( )1 1

2

2 2 2 1 1

1

0
, e 1 et t

V H

H Cu v u v
k k

α α

α
− −

×
= ∆ + ≤ + −                    (2.4) 

where tv u uε= + , 
2

1 10 min , ,
4 2 4

λ λαε
α β

 
< <  

 
, and  

( ) ( )( )2 2 2 2
1 0 0 0 0 0 1 00 d ,H v u u G u C x v u uηβε ε

Ω
= + ∆ − ∇ + ∇ + = +∫ , thus there exists 0E  and  

( )1 1 0t t= Ω > , such that 

( ) ( )
2

2 2 2
0 1, .

V H
u v u v E t t

×
= ∆ + ≤ >                         (2.5) 

Remark 1. (2.1) and (2.1) imply that there exist positive constants Cη  and Cη
 , such that 

( ) ( ) ( ), .G s C sg s G s Cη ηρ≥ − − ≥                           (2.6) 
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Proof of Lemma 1. 
Proof. Let tv u uε= + , then v satisfies  

( ) ( ) ( )( ) ( ) ( )22 2 .tv v u v u u div g u u h u f xα ε ε αε β βε+ − + − − ∆ + ∆ + ∆ = ∇ ∇ + ∆ +         (2.7) 

Taking H-inner product by v in (2.7), we have  

( ) ( )( ) ( ) ( )

( )( )( ) ( )( ) ( )( )

2 2 22 2

2

1 d , , ,
2 d

, , , .

v v u v v u v v
t

div g u u v h u v f x v

α ε ε αε β βε+ − + − + ∇ + ∆ + ∆

= ∇ ∇ + ∆ +
           (2.8) 

Since tv u uε= +  and 
2

1 10 min , ,
4 2 4

λ λαε
α β

 
< <  

 
, by using Holder inequality, Young’s inequality and  

Poincare inequality, we deal with the terms in (2.8) one by one as follow, 

( ) 2 23
4

v vαα ε− ≥                                  (2.9) 

( ) ( )
2 2

2 22
2

1 1

2 2

,
4

4 2

u v u v v u

u v

ε αε εα εε αε
λ λ
ε α

−
− ≥ ∆ ≥ − − ∆

≥ − ∆ −

                  (2.10) 

and  

( ) ( ) 2 22d, ,
2 dtu v u u u u u

t
βεβε βε ε βε∆ = ∆ + = − ∇ − ∇                  (2.11) 

( ) ( ) ( ) 2 22 1 d, , ,
2 dtu v u v u u u u u

t
ε ε∆ = ∆ ∆ = ∆ ∆ + ∆ = ∆ + ∆                 (2.12) 

( )( )( ) ( )( )
( ) ( )( )

( ) ( )( )

2 2

2 2

2 2

, ,

d ,

1 d d , .
2 d

t

t

div g u u v g u u u u

g u u u x g u u u

G u x g u u u
t

ε

ε

ε

Ω

Ω

∇ ∇ = − ∇ ∇ ∇ + ∇

= − ∇ ∇ ∇ − ∇ ∇ ∇

= − ∇ − ∇ ∇ ∇

∫

∫

                   (2.13) 

By (2.9)-(2.13), it follows from that  

( )( )
( )( )

( )( ) ( )( )

2 2 2 2

2 2 2 2 22

1 d d
2 d

3 ,
4 4

, , .

v u u G u C x
t

v u u g u u u v

h u v f x v

ηβε

α ε βε ε β

Ω
 + ∆ − ∇ + ∇ +  

+ + ∆ − ∇ + ∇ ∇ ∇ + ∇

≤ ∆ +

∫

              (2.14) 

By (2.6), we can obtain  

( )( ) ( ) ( )( )
( )( )

2 2 2 2

2

, d d

d d d .

g u u u g u u x G u C x

G u C x C x C x

η

η η η

ε ε ε ρ

ερ ερ ε

Ω Ω

Ω Ω Ω

∇ ∇ ∇ = ∇ ∇ ≥ ∇ −

= ∇ + − −

∫ ∫

∫ ∫ ∫





            (2.15) 

Substituting (2.15) into (2.14), we receive 
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( )( )
( )( )

( )( ) ( )( )

2 2 2 2

2 2 2 2 22

1 d d
2 d

3 d )
4 4

, , d d .

v u u G u C x
t

v u u G u C x v

h u v f x v C x C x

η

η

η η

βε

α ε βε ερ β

ε ερ

Ω

Ω

Ω Ω

 + ∆ − ∇ + ∇ +  

+ + ∆ − ∇ + ∇ + + ∇

≤ ∆ + + +

∫

∫

∫ ∫

                (2.16) 

By using Holder inequality, Young’s inequality, and (H2), we obtain 

( )( ) 2 22,
8

f x v f v f vα
α

≤ ⋅ ≤ +                               (2.17) 

( )( ) ( )( ) ( )

( )
( ) 2

2
2 2

2

, , d

.
22

h u v h u v h u u v x

h u
h u u v v uβε

βε

Ω

∞
∞

′∆ = ∇ ∇ ≤ ∇ ∇

′
′≤ ⋅ ∇ ⋅ ∇ ≤ ∇ + ∇

∫
                 (2.18) 

Then, we have 

( )( )

( )( ) ( )

2 2 2 2 2 2

2
2 2 22

2

2

d 3d
d 4 2

3 2 d 2
2

4 2 d 2 d .

v u u G u C x v u
t

h u
u G u C x v

f C x C x

η

η

η η

α εβε

βε ερ β
βε

ε ερ
α

Ω

∞
Ω

Ω Ω

 + ∆ − ∇ + ∇ + + + ∆  
 ′
 − ∇ + ∇ + + − ∇
 
 

≤ + +

∫

∫

∫ ∫

             (2.19) 

Because of 10
4
λε
β

< < , we get 

2 2 2 23 3 .
2

u u u uβε βε∆ − ∇ ≥ ∆ − ∇                       (2.20) 

Substituting (2.20) into (2.19) gets 

( )( )
( )( )

( )

2 2 2 2

2 2 2 22

2
2 2

2

d d
d

2 d
4

42 2 d 2 d .
2

v u u G u C x
t

v u u G u C x

h u
v f C x C x

η

η

η η

βε

α ε βε ερ

β ε ερ
αβε

Ω

Ω

∞
Ω Ω

 + ∆ − ∇ + ∇ +  

+ + ∆ − ∇ + ∇ +

 ′
 + − ∇ ≤ + +
 
 

∫

∫

∫ ∫

                 (2.21) 

Taking { }1 min , , 2 min , 2
4
αα ε ερ ε ερ = = 
 

, then 

( ) ( ) 2
1 1 1 1

d 4 2 d 2 d :
d

H t H t f C x C x C
t η ηα ε ερ

α Ω Ω
+ ≤ + + =∫ ∫                 (2.22) 

where ( ) ( )( )2 2 2 2
1 dH t v u u G u C xηβε

Ω
= + ∆ − ∇ + ∇ +∫ , by using Gronwall inequality,we obtain  

( ) ( ) ( )1 11
1 1

1

0 e 1 e .t tCH t H α α

α
− −≤ + −                         (2.23) 

From (H1): ( )
1

21
m

g s C s
− ′ ≤ + 

 
, and 1 m≤ < ∞  as 2N = ; 61

2
Nm m

N
∗ −

≤ ≤ ≡
−

 as 3 4N≤ ≤ ; 1m =  
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as 5N ≥ , we have ( )2 3d mG u x C u +

Ω
∇ ≤ ∇∫ , according to Embedding Theorem, then 1

0 3mH L +→ , let 

1 1

min 1, 1 1 0k βε βε
λ λ

   = − = − >  
   

, then we have  

( ) ( ) ( )1 1

2

2 2 2 1 1

1

0
, e 1 e .t t

V H

H Cu v u v
k k

α α

α
− −

×
= ∆ + ≤ + −                  (2.24) 

Then  

( )
2

2 1

1

lim , .
V Ht

Cu v
kα×→∞

≤                                (2.25) 

So, there exists 0E  and ( )1 1 0t t= Ω > , such that 

( ) ( )
2

2 22
0 1, .V Hu v u v E t t

×
= ∆ + ≤ >                           (2.26) 

■ 
Lemma 2. In addition to the assumptions of Lemma 1, if (H3): ( )1f H∈ Ω , ( )2h C∈ Ω , then the solution 

( ),u v  of the problem (1.1)-(1.3) satisfies ( ) 3 1,u v H H∈ × , and 

( ) ( ) ( )2 2
3 1

2 2 2 2 9

2 2 2

0
, e 1 et t

H H

H Cu v u v
k k

α α

α
− −

×
= ∇∆ + ∇ ≤ + −               (2.27) 

where tv u uε= + , 
2

1 10 min , ,
4 4 4

λ λαε
α β

 
< <  

 
, and ( ) 2 2 2

2 0 0 00H v u uβε= ∇ + ∇∆ − ⋅ ∆ , thus there exists  

1E  and ( )2 2 0t t= Ω > , such that  

( ) ( )3 1

2 2 2
1 2, .

H H
u v u v E t t

×
= ∇∆ + ∇ ≤ >                       (2.28) 

Proof. Taking H-inner product by tv u uε−∆ = −∆ − ∆  in (2.7), we have  

( ) ( )( ) ( ) ( )

( )( )( ) ( )( ) ( )( )

2 2 22 2

2

1 d , , ,
2 d

, , , .

v v u v u v v v
t

div g u u v h u v f x v

α ε ε αε βε β∇ + − ∇ + − −∆ + ∆ −∆ + ∆ −∆ + ∆

= ∇ ∇ −∆ + ∆ −∆ + −∆
      (2.29) 

Using Holder inequality, Young’s inequality and Poincare inequality, we deal with the terms in (2.29) one by 
one as follow,  

( ) 2 23
4

v vαα ε− ∇ ≥ ∇                             (2.30) 

( ) ( ) ( ) ( )
2

2 2

1
2

2 2 2 2
2

1

, ,

2
8 8 2

u v u v u v

v u u v

ε αεε αε ε αε
λ

εα ε ε α
λ

−
− −∆ = − ∇ ∇ ≥ ∇∆ ∇

≥ − ∇ − ∇∆ ≥ − ∇∆ − ∇
            (2.31) 

and  

( ) ( ) 2 22d, ,
2 dtu v u u u u u

t
βεβε βε ε βε∆ −∆ = ∆ −∆ − ∆ = − ∆ − ∆              (2.32) 

( ) ( ) ( ) 2 22 1 d, , , .
2 dtu v u v u u u u u

t
ε ε∆ −∆ = ∇∆ ∇∆ = ∇∆ ∇∆ + ∇∆ = ∇∆ + ∇∆         (2.33) 

Substituting (2.30)-(2.33) into (2.29), we can obtain that 
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( )
( )( )( ) ( )( ) ( )( )

2 2 2 2 2 2 22

2

1 d 7
2 d 4 8

, , , .

v u u v u u v
t

div g u u v h u v f x v

α εβε βε β∇ + ∇∆ − ∆ + ∇ + ∇∆ − ∆ + ∆

≤ ∇ ∇ −∆ + ∆ −∆ + −∆
        (2.34) 

By using Holder inequality, Young’s inequality, and (H1), (H3), we obtain 

( )( ) ( )( ) 2 22, ,
8

f x v f x v f v f vα
α

−∆ = ∇ ∇ ≤ ∇ ⋅ ∇ ≤ ∇ + ∇              (2.35) 

( )( ) ( )( )( ) ( ) ( )( )
( )( ) ( )( )
( ) ( )

( ) ( )

2

2

2

4

2 24 2
2 4

, , ,

, ,

2 2
.

4

h u v h u u v h u u h u u v

h u u v h u u v

h u u v h u u v

h u u h u u
vβ

β β

∞ ∞

∞ ∞

′ ′′ ′∆ −∆ = ∇ ⋅ ∇ ∆ = ∇ + ∆ ∆

′′ ′≤ ∇ ∆ + ∆ ∆

′′ ′≤ ⋅ ∇ ⋅ ∆ + ⋅ ∇ ⋅ ∆

′′ ′⋅ ∇ ∇
≤ ∆ + +

           (2.36) 

By using Gagliardo-Nirenberg inequality, and according the Lemma 1, we can get 
1 4 1

4 42 34 : .
n

n nu C u u C
−

∇ ≤ ∆ ∇ =  Then, we have 

( )( ) ( ) ( )( )2
4 3, , , , , .

4
h u v v C h u h u u Cβ β

∞ ∞
′′ ′∆ −∆ ≤ ∆ + ∇             (2.37) 

By using the same inequality, we can obtain 

( )( )( )
( ) ( ) ( )

( ) ( )
( )

( )
( )

2

2 2 2 1
4

1
4 4

1
4 4 4 1 4

2 2 2 1 22 2
4 4 4 1 4

,

2 , 1 ,

, ,

2 2 .
4

m

m

m
m

m
m

div g u u v

g u u g u u v C u u v

C u v C u u v

C u v C u u v

v C u C u uβ
β β

+

+

+

+

+

+

∇ ∇ −∆

 ′= ∇ ∇ + ∇ ∆ ∆ ≤ + ∇ ∆ ∆  

≤ ∆ ∆ + ∇ ∆ ∆

≤ ∆ ⋅ ∆ + ∇ ⋅ ∆ ⋅ ∆

≤ ∆ + ∆ + ∇ ⋅ ∆

             (2.38) 

By using Gagliardo-Nirenberg inequality, and according the Lemma 1, we can get  

( )
( )

( )
( )

4 1 2 12 1
4 1 4 15 64 1 :

m n mm
m n m n

mu C u u C
+ − −+

+ +
+

∇ ≤ ∆ ∇ = , 
1 4 1

4 474 .
n

n nu C u u
−

∆ ≤ ∇∆ ∆  Then, by using Young’s 

inequality, we have  

( )( )( )
44 12 2

2

4
1 4 4 1 4 1 22 2 2 2 24 24 6 7 4

,
4 4

4 1 2 2
4

nn
n

n
n n nmn n

div g u u v v u
n

n C C C u C u
n

β

β β

− − −
+

 ∇ ∇ −∆ ≤ ∆ + ∇∆ 
 

 −
+ ∆ + ∆ 

 





               (2.39) 

where 4

2
n nε
= , then  

( )( )( ) ( )2 2 2
8 4 6 7, , , , , , , .

4 8
div g u u v v u C n C C C uβ ε ε β∇ ∇ −∆ ≤ ∆ + ∇∆ + ∆        (2.40) 
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Substituting (2.35), (2.37), (2.40) into (2.34), we receive 

( )2 2 2 2 2 2 22

2
4 8

d 3 2
d 4 2

22 .

v u u v u u v
t

f C C

α εβε βε β

α

∇ + ∇∆ − ∆ + ∇ + ∇∆ − ∆ + ∆

 ≤ ∇ + + 
 

        (2.41) 

Because of 10
4
λε
β

< < , we get  

2 2 2 23 2 .
2

u u u uβε βε∆ − ∇ ≥ ∆ − ∇                     (2.42) 

Taking 2 min ,
4
αα ε ε = = 
 

, then 

( ) ( ) 2
2 2 2 4 8 9

d 22 :
d

H t H t f C C C
t

α
α
 + ≤ ∇ + + = 
 

                 (2.43) 

where ( ) 2 2 2
2H t v u uβε= ∇ + ∇∆ − ∆ , by Gronwall inequality, we have 

( ) ( ) ( )2 29
2 2

2

0 e 1 e .t tC
H t H α α

α
− −≤ + −                       (2.44) 

Let 2
1 1

min 1, 1 1 0k βε βε
λ λ

   = − = − >  
   

, so we get  

( ) ( ) ( )2 2
3 1

2 2 2 2 9

2 2 2

0
, e 1 e .t t

H H

H C
u v u v

k k
α α

α
− −

×
= ∇∆ + ∇ ≤ + −             (2.45) 

Then 

( ) 3 1

2 9

2 2

lim , .
H Ht

C
u v

k α×→∞
≤                           (2.46) 

So, there exists 1E  and ( )2 2 0t t= Ω > , such that 

( ) ( )3 1

2 2 2
1 2, .

H H
u v u v E t t

×
= ∇∆ + ∇ ≤ >                     (2.47) 

■ 

3. Global Attractor 
3.1. The Existence and Uniqueness of Solution 
Theorem 3.1. Assume that ( ) ( )1

1H g C∈ Ω , 

( )
3

2

lim inf ms

G s
C

s
+→∞

≥ −  

( ) ( )
3

2

lim inf ms

sg s G s
C

s

ρ
+→∞

−
≥ −  

where ( ) ( )
0

d
s

G s g τ τ= ∫ , 0 2ρ< <  and ( )1 0λ >  is the first eigenvalue of the −∆ , and when 2N ≥ ,  

( )
1

21 , ,
m

g s C s s
− ′ ≤ + ∈Ω 

 
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where 1 m≤ < ∞  as 2N = ; 61
2

Nm m
N

∗ −
≤ ≤ ≡

−
 as 3 4N≤ ≤ ; 1m =  as 5N ≥ . 

( ) ( ) 3 1
2 0 1,H u u H H∈ × , f H∈ , 2h C∈  and ( ) 12

4
h u λ

∞
′ < . 

Then the problem (1.1)-(1.3) exists a unique smooth solution  

( ) [ ) ( ) ( )( )3 1, 0, ; .tu u L H H∞∈ +∞ Ω × Ω  

Remark 2. We denote the solution in Theorem 3.1 by ( ) ( ) ( ) ( )( )0 1, , tS t u u u t u t= . Then ( )S t  composes a 
continuous semigroup in 3 1H H× . 

Proof of Theorem 3.1.  
Proof. By the Galerkin method and Lemma 1, we can easily obtain the existence of Solutions. Next, we prove 

the uniqueness of Solutions in detail. Assume ,u v  are two solutions of (1.1)-(1.3), let w u v= − , then 
( ) ( ) ( ) ( )0 1, 0 0, , 0 0tw x w x w x w x= = = =  and the two equations subtract and obtain 

( ) ( ) ( ) ( )( )2 22 .tt t tw w w w div g u u g v v h u h vα β  + − ∆ + ∆ = ∇ ∇ − ∇ ∇ + ∆ −  
           (3.1) 

Taking H-inner product by tw  in (3.1), we get  

( )
( ) ( )( ) ( ) ( )( )( )

2 2 22

2 2

1 d
2 d

, , .

t t t

t t

w w w w
t

div g u u g v v w h u h v w

α β+ ∆ + + ∇

 = ∇ ∇ − ∇ ∇ + ∆ −  

                (3.2) 

By (H1), (H2) 

( ) ( )( )( ) ( ) ( )( ) ( )( )

( )
( )( )2

2 2

, , ,

4

t t t

t t

h u h v w h u h v w h w w

h
h w w w w

ξ

ξ
ξ α

α
∞

∞

′∆ − = − ∆ = ∆

′
′≤ ⋅ ∆ ⋅ ≤ + ∆

           (3.3) 

( ) ( )( ) ( )( )
( ) ( )( )( )
( )( )

( ) ( )
( )

1 22 2

0

1 2 2 2

0

1 1
10 0

1 1
10 10 0

2 12 1210
10 44 10

2 2
2 2 10 10

d, d ,
d

2 d ,

1 d ,

, d ,

d
4

2 4 2

t t

t

m
t

m
t t

m
t tm

t t

div g u u g v v w g U U w

g U U g U w w

C U w w

C w w C U w w

Cw w C U w w

C Cw w

θ θ

θ θ θ

θ

θ

θ

θ
θ

θ

θ

θ

α θ
α
βα

α

+

+

+

+

  ∇ ∇ − ∇ ∇ = ∇ ∇     

′= ∇ ∇ + ∇ ∇ ∇

≤ + ∇ ∇ ∇

≤ ∇ ∇ + ∇ ∇ ∇

≤ + ∆ + ∇ ∇ ⋅ ∇

≤ + ∇ + +

∫

∫

∫

∫

∫

( )21 1 2

0
dmU wθ θ

β
+ 

∇ ⋅ ∆ 
 

∫

           (3.4) 

where { } { } ( )min , max , , 1 ,0 1u v u v U u vθξ θ θ θ≤ ≤ = + − < < . 
By using Gagliardo-Nirenberg inequality, and according the Lemma 1,we can get  

( )
( )

( )
( )

4 1 2 12 1
4 1 4 111 124 1

: .
m n mm

m n m n
mU C U U Cθ θ θ

+ − −+
+ +

+
∇ ≤ ∆ ∇ =  Then, we have 

( ) ( )( ) ( )22 2 2
13 10 12, , , , .t tdiv g u u g v v w w C C C wα β α ∇ ∇ − ∇ ∇ ≤ + ⋅ ∆  

          (3.5) 

Substituting (3.3), (3.5) into (3.2)  
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( ) ( )( )2

2 2 22 2
13

d 2 2 .
d 4t t t

h
w w w C w w

t

ξ
β α

α
∞

 ′ + ∆ + ∇ ≤ + ∆ + 
  

           (3.6) 

Taking 
( )( )2

13max 2 ,2 .
4

h
B C

ξ
α

α
∞

  ′  = +      

 

Then  

( ) ( )2 22 2d .
d t tw w B w w

t
+ ∆ ≤ ∆ +                            (3.7) 

By using Gronwall inequality, we obtain 

( ) ( )( )2 22 2 0 0 e .Bt
t tw w w w+ ∆ ≤ ∆ +                           (3.8) 

So, we can get 2 2 0tw w+ ∆ ≤  because of ( ) ( )0 10, 0w x w x= = . 
That shows that  

2 20, 0.tw w= ∆ =  

That is  

( ), 0.w x t =  

Therefore  
.u v=  

We get the uniqueness of the solution. So the proof of the Theorem 3.1. has been completed.             ■ 

3.2. Global Attractor 
Theorem 3.2. [10] Let X be a Banach space, and ( ){ }( )0S t t ≥  are the semigroup operator on X. 
( ) ( ) ( ) ( ) ( ) ( ): , , 0 , 0S t X X S t s S t S s t s S I→ + = ∀ ≥ = , here I is a unit operator. Set ( )S t  satisfy the follow 

conditions. 
1) ( )S t  is bounded, namely 0, XR u R∀ > ≤ , it exists a constant ( )C R , so that 

( ) ( ) [ )( )0, ;
X

S t u C R t≤ ∈ +∞  

2) It exists a bounded absorbing set 0B X⊂ , namely, B X∀ ⊂ , it exists a constant 0t , so that 

( ) ( )0 0 ;S t B B t t⊂ ≥  

here 0B  and B are bounded sets. 
3) When 0t > , ( )S t  is a completely continuous operator. 
Therefore, the semigroup operators S(t) exist a compact global attractor A.  
Theorem 3.3 Under the assume of Theorem 3.1, equations have global attractor  

( ) ( )0 0
0

,
s t s

A B S t Bω
≥ ≥

= =


 

where ( ) ( ){ }3 13 1

2 2 23 1
0 0 1, : , = H HH H

B u v H H u v u v E E
×

= ∈ × + ≤ + , B is the bounded absorbing set of  
3 1H H×  and satisfies 
1) ( ) , 0S t A A t= > ; 
2) ( )( )lim , 0

t
dist S t B A

→∞
= , here 3 1B H H⊂ ×  and it is a bounded set,  
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( )( ) ( ) 3 1
,

, sup inf
H Hy Ax B

dist S t B A S t x y
×∈∈

= − . 

Proof. Under the conditions of Theorem 3.1, it exists the solution semigroup ( )S t , here 3 1X H H= × , 
( ) 3 1 3 1:S t H H H H× → × . 
(1) From Lemma 1-Lemma 2, we can ge that 3 1B H H∀ ⊂ ×  is a bounded set that includes in the ball 

( ){ }3 1,
H H

u v R
×

≤ , 

( ) ( ) ( )( )3 1 3 13 1

2 2 22 2 2
0 0 0 0 0 0, , 0, ,H H H HH H

S t u v u v u v C R C t u v B
×

= + ≤ + + ≤ + ≥ ∈  

This shows that ( ) ( )0S t t ≥  is uniformly bounded in 3 1H H× . 
(2) Furthermore, for any ( ) 3 1

0 0,u v H H∈ × , when { }1 2max ,t t t≥ , we have 

( ) ( ) 3 13 1

2 2 2
0 0 0 1, H HH H

S t u v u v E E
×

= + ≤ +  

So we get 0B  is the bounded absorbing set. 
(3) Since 3 1

2H H V H× → ×  is compact embedded, which means that the bounded set in 1
3V H×  is the 

compact set in 2V H× , so the semigroup operator S(t) exist a compact global attractor A. Theorem 3.3 is  
proved.                                                                                   ■ 
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