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Abstract 
This paper studies firms’ innovation behavior in a supply chain where two firms first invest to re-
duce component’ cost according to different innovation modes (non-cooperative innovation, se-
quential innovation, and cooperative innovation) and then decide the prices according to different 
market powers (Supplier-Stackelberg, Manufacturer-Stackelberg, and Nash). We find that both the 
supplier and the manufacturer make more innovation efforts and profits under sequential inno-
vation than under non-cooperative innovation when the market power is any one of three struc-
tures. Moreover, the firm prefers to invest as the follower in sequential innovation. We also show 
that the firms are easy to achieve cooperative innovation under symmetrical power market struc-
ture than asymmetrical power market structure. By using a concept named innovation-desirability- 
index that measures a firm’s desire to innovate in the supply chain, we show that it is optimal for a 
firm in the chain to cooperate with such a firm whose market power is close to his own if the in-
novation-desirability-index is higher, otherwise with such a firm whose market power is lower to 
his own. 
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1. Introduction 
Businesses are increasingly relying on their suppliers to reduce costs, improve quality, and develop new 
processes and products faster than their rivals’ vendors can. In some industries, the method of helping suppliers 
to reduce components’ cost has been applied very successfully, for example, Toyota and Honda. Toyota’s 
Construction of Cost Competitiveness for the 21st Century (CCC21) program, which aims at 30% reduction in 
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the prices of 170 parts that the company buys for its next generation of vehicles. The supplier didn’t decry 
CCC21 as unfair. Instead, Toyota would help them achieve that target by making their manufacturing processes 
leaner, and because of Toyota’s tough love, they would become more competitive and more profitable in the 
future [1]. In general, cost reduction investments involve long lead times and often need to be committed before 
the end product is revealed. Therefore, in our setting, such investments are committed on the first stage, which is 
called innovation stage. Due to spillover effect, investment in innovation by each firm will benefit both supply 
chain partners. How they decide their investment levels? There are several modes. The supplier and the 
manufacturer can form a cartel to coordinate their investment decisions, called Cooperative Innovation (denoted 
as mode C). The supplier and the manufacturer make investment decisions simultaneously and independently, 
called Non-cooperative Innovation (denoted as mode N). Moreover, the timing of investment decisions can 
influence the investment decisions due to fear of opportunism. For example, recently, Intel announced to invest 
$10 billions in US to build the laboratory to help original equipment manufacturers (OEMs), who develop 
electronic commerce platform in the architecture of the Intel Server, then a large number of OEMs take part and 
invest. So Sequential Innovation means that the supplier (or the manufacturer) is the first mover to invest, and 
then the manufacturer (or the supplier) decides its investment (denoted as mode S or M). 

On the other hand, pricing decisions, i.e., the supplier’s wholesale pricing and the manufacture’s resale 
pricing, can be postponed until after the cost reduction is observed. Therefore, such pricing decisions are 
decided on the second stage, called the price competition stage. If the supplier possesses more bargaining power 
than the manufacturer, the interactions between supply-chain partners will follow a Supplier Stackelberg model. 
However, if the manufacturer possesses more negotiation power due to its dominating size or customer loyalty, 
the supply chain follows the Manufacture Stackelberg model. If neither the manufacturer nor the supplier 
possesses a larger bargaining power in negotiations, the supply chain interaction then follows a Nash model. 
This article develops the models considering all three scenarios. A number of studies have been reported with 
regard to various power structures in a supply chain (e.g., [2]-[4].). However, to the best of our knowledge, no 
research has considered the cooperative innovation problem in a supply chain by considering the firms’ market 
powers. The detailed definitions for the innovation modes and market powers are given in Section 2. Then 
several questions naturally arise as follows: 1) How do firms choose different innovation modes? 2) Does an 
optimal innovation mode exist in terms of profitability? 3) How do the market powers affect the level of 
innovation they provide to each other? 4) How do the investment and pricing decisions are inter-linked? We 
seek to address the above questions in this paper. 

We consider a supplier (S) who sells a component to an independent manufacturer (M). In the first stage, both 
firms decide their investments on supplier’s cost reduction according to some specified innovation modes and in 
the second stage, two firms determine their prices according to different market power structures. We introduce 
a concept named innovation-desirability-index that depends on firms’ technological parameters and sensitivity 
of market price related to the final product. Our main findings are as follows. First, in any kind of market power 
structures, both the supplier and the manufacturer are better off under sequential innovation. In practice, 
sequential innovation is common. Second, in any kind of innovation modes, it is optimal for a firm to cooperate 
with such a firm whose market power is close to his own in the chain if the innovation-desirability-index is 
higher, otherwise with such a firm whose market power is lower to his own. Third, the supply chain makes more 
total profits, but the profits of the supplier and manufacture do not necessarily increase under cooperative 
innovation. That is, the supplier and the manufacturer have incentives to form cooperative innovation, if and 
only if certain conditions are established. Finally, the supplier and the manufacturer are easy to achieve 
cooperative innovation under symmetrical power market structure than asymmetrical power market structure. 

There are several related areas to this paper. The first is collaborative innovation in supply chains which has 
emerged in the recent evolution of operations management research. As indicated in many reports (e.g., [5]), 
such an early-stage collaboration in a supply chain is commonplace in many industries. For the collaborative 
innovation investment, as shown in the literatures, cost reduction is of the main objective (e.g., [6]-[8]). In this 
paper, we also focus on cost reduction, which is motivated by widespread practice of such initiatives (e.g., [9]). 
Gupta and Loulou [10] and Gupta [11] study how interactions between firms in a channel affect innovation. 
Gilbert and Cvsa [12] analyze the effect of strategic commitment to price by a supplier to stimulate downstream 
innovation in a supply chain. Bernstein and Kök [13] investigate cost reduction in an assembly network. All 
papers above do not consider collaboration. Bhaskaran and Krishnan [14] touch on collaborative product develop- 
ment decisions and conceptualize and model the revenue, cost, and effort sharing collaborative arrangements 
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between two firms in a supply chain. Kim and Netessine [15] consider collaborative innovation on cost reduc- 
tion in a supply chain focused on information asymmetry and procurement contract, but they do not consider 
powers and timing of collaborative decision. Ishii [16] and Ge and Hu [17] consider mode choice for firms of 
supply chains investing on cost reduction, however, they focus on collaboration mode with spillover. This paper 
explores firms’ decision sequence and power. 

Our paper is also related to firms’ market powers or timing of decisions in supply chains. It is most commonly 
assumed that manufacturers are more powerful and are leaders of Stackelberg games in Weng (1995). However, 
as Messinger and Narasimhan [18] and Raju and Zhang [19] point out, market power in some industries has 
shifted from manufacturers to retailers. Iyer and Villas-Boas [20] give such examples in industries of grocery, 
construction, and automobile. Dukes et al. [21] discuss market power of large retailers as Wal-Mart. An 
interesting question is how decisions are affected by market power in supply chains. For a supply chain with two 
manufacturers and one retailer, Choi [2] analyzes price competition via three non-cooperative games with 
different power structures: the manufacturer Stackelberg game, the retailer Stackelberg game, and the Nash 
game. He shows that all members are better off when no one dominates the others. His work is extended by Lu 
et al. [22] who consider service factors and focus the importance of service from manufacturers in the 
interactions between two competing manufacturers and their common retailer based on three market power 
structures. They conclude that consumers receive higher service level when every channel members possess 
equal market power (e.g., Vertical Nash). Choi’s [2] work is followed by Trivedi [3], who considers a supply 
chain in which there are duopoly manufacturers and duopoly common retailers. Trivedi [3] shows that the 
benefit of the leadership depends on competition level. Ertek and Griffin [23] investigate effect of market power 
on the supply chain when either the manufacturer or the retailer has dominant power. Wu et al. [4] explore the 
effect of retail substitutability on the equilibrium quantities in a supply chain that consists of two retailers and 
one common supplier among six power structures. Zhang et al. [24] investigate the influences of products’ 
substitutability and channel position in two dual-exclusive channels. It shows that no power structure is always 
the best for the entire supply chain, and the Nash game is equilibrium for the members. Wei et al. [25] explore 
the pricing problems with regard to two complementary products in a supply chain with two manufacturers and 
one common retailer by considering market power. 

About the issues of altering the nature of competition by selecting the timing of moves, Amir and Stepanova 
[26] consider the issue of first versus second-mover advantage in differentiated product Bertrand duopoly with 
general demand and asymmetric linear costs. Barcena-Ruiz [27] considers endogenous order of moves in a 
mixed duopoly in which firms determine their pricing decisions simultaneously or sequentially. Granot and Yin 
[28] analyze sequential commitment in a decentralized newsvendor model with one manufacturer and one 
retailer under price-dependent demand. Su and Rao [29] develop a game-theoretic model to study the timing of 
new product preannouncement and launch under competition. Wei et al. [25] provide detailed reviews for this 
literature. The works above on the timing of decision are not on collaborative innovation. 

Our study is closely related to a recent paper of Gurnani et al. [30], who consider a supply chain with one 
manufacturer and one retailer. The manufacturer invests in technology to improve product quality, and the 
retailer invests in selling effort to develop the market before uncertainty in demand is resolved. However, this 
study differs from Gurnani et al. [30] in the following aspects. First, in comparison to the demand depending on 
investment and price in Gurnani et al. [30], we consider the demand depending only on price. Second, while 
Gurnani et al. [30] focus on the effect of timing of price commitment decisions on the investment decisions and 
on the profits for the two firms, we use the timing of investment and price decisions to mean different inno- 
vation modes and market power structures, and explore the interaction between the innovation modes and 
market power structures. The objective of this study is to focus on different types of decision-making structures. 
Thus, we study various sequences used by the firms in making both investment and pricing decisions in the 
supply chain. We are able to show the preference of the supplier and the manufacturer for certain configurations. 

The rest of the paper is organized as follows. In Section 2, we introduce our proposed model and derive their 
equilibria. In Section 3, we comprise the innovation modes given a market power structure. Section 4, we 
analyze how the market power affect the manufacturer and supplier’ investment decisions and profits. Section 5 
is a concluding section. 

2. Model and Equilibria 
The supply chain studied here consists of two risk neutral firms: a supplier and a manufacturer who buys 
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components from the supplier. The manufacturer transforms components (or intermediate inputs) produced by 
the supplier into final products. Without loss of generality, we assume that each final product needs exactly one 
component. The unit production cost at the supplier and the manufacturer are sc  and mc , respectively. The 
manufacturer faces linear demand ( ) 0D p D bp= − , where 0D  is a positive constant representing the size of 
the potential market, and b is the price-elasticity index of demand. Our model consists of two stages [17] 
[31]-[33]. In the first stage, both firms decide their innovation investments according to some specified inno- 
vation modes to reduce the supplier’s production cost, and in the second stage, the two firms determine their 
prices (wholesale price at the supplier and the retail price at the manufacturer) according to some specified 
market power structures. The details are given in the following. 

For the first stage (cooperative innovation), we assume the innovation investment is quadratic in the level of  

cost reduction. That is, 21
2 i ik x  effort has to be paid to achieve a cost reduction ix  for firm i, where ik  is a  

technological parameter related to marginal innovation effort. Note that the quadratic form has been assumed 
very commonly in the literatures (e.g., [17] [31]-[33]). After both firms' innovation efforts, the supplier’s 
component cost is reduced from the original sc  to s s mc x x− − . We consider three different innovation modes 
for the first stage. 

Non-Cooperative Innovation (N) The manufacturer and supplier make their innovation investment decisions 
,s mx x  simultaneously to maximize their own individual profits. Hence they face a Nash game. 
Sequential Innovation (S, M) The supplier (manufacturer) first decides his innovation investment decision 
( )s mx x  and the manufacturer (supplier) then makes investment decision ( )m sx x . 

Cooperative Innovation (C) Both players jointly decide on their innovation investment strategy to maximize 
the total system profit. 

In the second stage (price competition), we consider a two-stage supply chain with different power structures 
which appear in practice. In some supply chains, the upstream members (e.g., Microsoft and Intel) play a more 
dominant role than downstream members; however, in some other supply chains, retailers (e.g., WalMart and 
Tesco) play a more dominant role than upstream members [23]. In a small or local market, both manufacturer 
and supplier have equal market powers and thus make their decisions simultaneously. Thus, this paper focuses 
on the following three power structures in the price competition stage. 

Supplier-Stackelberg (S) The supplier has dominant market power and has the freedom to decide on 
wholesale price w to maximize his net profit. The manufacturer then reacts to the wholesale price w declared by 
selecting her optimal retail price p to maximize her net profit. 

Manufacture-Stackelberg (M) The manufacturer becomes the leader and the supplier is the follower. The 
supplier chooses his wholesale price w conditional on the manufacturer’s retail price or equivalently, the margin 
on the final product ,m m p w= − . 

Nash Game (N) The supplier and manufacturer have equal power. So, they make their price decisions (w and 
p) simultaneously and thus face a Nash game. 

Given both members’ innovation investments ,s mx x  and wholesale price w and retail price p, the profits of 
the supplier and the manufacturer are, respectively,   

( ) ( ) 21 ,
2s s s m s sw c x x D p k xπ = − + + −  

( ) ( ) 21 .
2m m m mp c w D p k xπ = − − −  

The supply chain profit is   

( ) ( ) 2 21 1 .
2 2sc s m s m s m s s m mp c c x x D p k x k xπ π π= + = − − + + − −  

We have four different innovation modes in the first stage and three different power structures in the second 
stage. Thus, we have total 12 settings and will use (xy) to denote the one with the innovation mode (x) and the 
power structure (y), for x = N, S, M, C and y = S, M, N. Also, the superscript xy is used to indicate the setting. 
Essentially there is a Stackelberg game underlying each setting. 

we first describe the process of cooperation and competition of the non-cooperative innovation under different 
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power structures. There are three scenarios: 
Mode (NS) Both firms independently and simultaneously decide their individual innovation investments to 

maximize their own profits, then the supplier offers a wholesale price w, and finally the manufacturer decides its 
retail price p. Thus, the game can be described by 

max
max max .

max
s

m

sx
s mw p

mx

π
π π

π


→ →


 

Mode (NM) Both firms’ decisions are similar to Mode NS in the first innovation stage, then the manufacture 
sets its retail margin m, followed by a response from the supplier who determines a wholesale price w. The game 
can be written as  

max
max max .

max
s

m

sx
m sm w

mx

π
π π

π


→ →


 

Mode (NN) Both firms’ decision is also similar to Mode NS in the first innovation stage, and then decide their 
prices ,w p . That is,  

max max

maxmax
s

m

s sx w

mm px

π π

ππ

  → 
 

 

Next, we consider sequential investment game with different market power structures. Then, there are six 
scenarios: 

Mode (SS) Here, first the supplier decides its effort level, then the manufacturer decides its effort level, the 
supplier offers a wholesale price w, and finally the manufacturer decides its retail price p. This process of 
cooperation and competition can be described by  

max max max max .
s m

s m s mx x w p
π π π π→ → →  

Mode (MS) Here, first the manufacturer decides its effort level, then the supplier decides its effort level, the 
price decisions are similar to Mode SS. The game in the chain can be written as 

max max max max .
m s

m s s mx x w p
π π π π→ → →  

Similarly, the other games can be written as follows: 
Mode (SM)  

max max max max .
s m

s m m sx x p w
π π π π→ → →  

Mode (MM)  
max max max max .

m s
m s m sx x p w

π π π π→ → →  

Mode (SN)  

max
max max

max .s m

sw
s mx x mp

π
π π

π

→ → 


 

Mode (MN)  

max
max max

max .m s

sw
m ssx x mp

π
π π

π

→ → 


 

Finally, we consider cooperative innovation with different market power structures. There are three scenarios: 
Mode (CS) Both firms jointly decide their innovation investments to maximize the chain profit, then the 
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supplier offers a wholesale price w, and finally the manufacturer decides its retail price p as a response. The 
game can be described by  

( )
,

max , max max .sc s m s mx x w ps m
x xπ π π→ →  

Similarly, the other games can be written as follows: 
Mode (CM)  

( )
,

max , max max .sc s m m sx x m ws m
x xπ π π→ →  

Mode (CN)  

( )
,

max
max ,

max .
sw

sc s mx xs m mp

x x
π

π
π

→ 


 

We solve the games by backward induction. Closed-form equilibrium expressions for investments, prices, 
demands, and profits are listed in Tables 1-5 (given in the appendix). For simplified expression, we denote 

0 m sD D bc bc= − − , and define , ,i iH b k i s m= = . iH  decreases with its own technological parameter ik , 
but increases with the sensitivity of market price b. In some sense, iH  indicates the firm i’s desire to innovate. 
Therefore, for a supply chain member, a small value of iH  represents relatively little desire to innovate, while 
a large value of iH  represents a relatively greater desire to innovate. So we call iH  the innovation- 
desirability-index. To ensure the existence and uniqueness of quality-level equilibria under all the modes, it is 
assumed throughout the paper that 9 4 4s mH H> + , which is proved in the Appendix 6.3. Condition 
9 4 4s mH H> +  implies that each firm’s desire level should not be too large.  

3. Innovation Modes Comparison 
We must also understand which innovation mode is better given a market power structure. The following 
propositions answer this question. 

Proposition 1. Given a market power structure , ,T S M N= , we have { }min ,ST MT NT
i i ix x x> ,  

{ }min ,ST MT NT
i i iπ π π> , and { }min ,MT ST NT

sc sc scπ π π> , ,i s m= .  

Proposition 1 tells us that both firms invest more in innovation and are better off under sequential innovation 
than under non-cooperative innovation, given any market power structure. At least one firm should do 
everything he can to invest, the other firm can promote the increase of the profit through the complementary 
investment decisions of the firm under sequential innovation. But no early investment commitment leads to the 
firms all having the risk of over investing under non-cooperative innovation. Therefore, the firms would invest 
less in innovation, that is, { }min ,ST MT NT

i i ix x x> . That leads to lower demand potential for the product, and 
lower profits for the integrated channel. In practice, sequential innovation is common, such as Toyota’s Opera- 
tions Management Consulting Division (OMCD) in Japan and the Toyota Supplier Support Center (TSSC) in 
the US. Dyer and Nobeoka state “The purpose of OMCD is to maintain a group of internal consultants with high 
levels of expertise in operations to assist in solving operational problems both at Toyota and at Toyota’s 
suppliers”. Many suppliers have received free assistance in building up lean manufacturing capabilities. These 
organizational capabilities benefited both suppliers and Toyota in the long run. Then, more and more suppliers 
are willing to join and innovate with Toyota [34] [35]. 

Proposition 2. CT rT NT
i i ix x x> >  and CT rT NT

sc sc scπ π π> > , where ,r S M=  and , ,T S M V= .  
Proposition 2 tells us that both firms invest the highest one in innovation under the cooperative innovation, 

followed by the sequential innovation, and the least under the non-cooperative innovation, given any market 
power structure. Proposition 2 also tells us that the supply chain profits have the same property as the innovation 
investment. The supply chain profit increases if cooperative innovation is implemented by the two firms, since 
the objective of cooperative innovation mode is to maximize the total profit while the two firms are competitive 
in non-cooperative innovation mode and sequential innovation mode in the first stage. 

The next proposition compares profits of the members, respectively. 
In the next proposition, we let 9 4 4s mH Hδ = − − , 8 3 3s mH Hτ = − − , and   
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( )( ) ( )* 2 2 ,V
s m s m m sH H H H H Hδ = + − −  

( )( ) ( )** 2 2 ,V
s m m s s mH H H H H Hδ = + − −  

( ) ( )* 2 22 2 8 2 16 8 ,S
s m s m s s m m m sH H H H H H H H H Hτ  = + − + − + −  

 

( ) ( )** 2 22 7 10 25 44 4 4 2 ,S
s m s m s s m m m sH H H H H H H H H Hτ  = + − − − + −  

 

( ) ( )* 2 22 2 8 2 16 8 ,M
s m m s m s m s s mH H H H H H H H H Hτ  = + − + − + −  

 

( ) ( )** 2 22 7 10 25 44 4 4 2 .M
s m m s m s m s s mH H H H H H H H H Hτ  = + − + − + −  

 

Proposition 3. 1) CN NN
s sπ π>  and CN NN

m mπ π>  if and only if 2s m sH H H< <  and **Vδ δ>  or  
2m s mH H H< <  and *Vδ δ> . 

2) CS NS
s sπ π>  and CS NS

m mπ π>  if and only if 2 8m s mH H H< <  and *Sτ τ>  or 2s mH H<  and 
**0 Sτ τ< < . 

3) CM NM
s sπ π>  and CM NM

m mπ π>  if and only if 2 8s m sH H H< <  and *Mτ τ>  or 2m sH H<  and 
**0 Mτ τ< < .  

From Proposition 2, the supply chain obtains the highest profit under the cooperative innovation, but this is 
not necessarily true for the supplier and manufacturer from Proposition 3 except under certain conditions. That 
is, the supplier and the manufacturer have incentives to coordinate in innovation if and only if certain conditions 
are established. Proposition 1 tells us that both the supplier and the manufacturer are better off under sequential 
innovation than under non-cooperative innovation. 

Further from Proposition 3, when the market power is asymmetrical, the firm with strong power has incentives 
to form the cooperative innovation if and only if 2 8s mH H< <  or 2 8m sH H< < ; the firm with weak power 
has incentives to form the cooperative innovation if and only if 1 2m sH H< <  or 1 2s mH H< < . This shows 
that the condition for the supply chain members reaching a cooperative innovation is of serious difference, that 
is to say, a cooperative innovation is difficult. When the market power is symmetrical for the two firms, they 
have incentives to form the cooperative innovation if and only if 1 2s mH H< <  or 1 2m sH H< < . This 
shows that the condition of the supply chain members reaching a cooperative innovation is of little difference, 
that is to say, a cooperative innovation is easy. In summary, Proposition 3 tells us that the supplier and the 
manufacturer are easy to achieve the cooperative innovation under the symmetrical power market structure than 
under the asymmetrical power market structure. 

Overall, The manufacturer and supplier prefer sequential innovation to non-cooperative innovation, but prefer 
cooperative innovation if and only if certain conditions are established. And the supplier and the manufacturer 
are easy to achieve the cooperative innovation when market power is symmetrical. 

Next, we compare the different sequential innovation modes given the market power. Based on the results 
summarized in Table 2 and Table 3, we can get the following results.  

Proposition 4. 1) SS MS
s sx x>  and MS SS

m mx x> , but MS SS
s sπ π>  and SS MS

m mπ π> ; MS SSD D>  and 
MS SS
sc scπ π> . 
2) SM MM

s sx x> , MM SM
m mx x> , but MM SM

s sπ π>  and SM MM
m mπ π> ; SM MMD D> , SM MM

sc scπ π> .  
Suppose the supplier has more market power in the second price competition stage. Proposition 4 tells us that 

each firm invests more in innovation but earns less as the leader than as the follower in the sequential innovation 
stage. In mode (SS), the supplier makes the investment in innovation and the wholesale price. Thus, the supplier 
doesn’t have risk of over investing in innovation. Therefore, the supplier would invest more in innovation, that 
is, SS MS

s sx x> . The manufacturer, in mode (SS) and (MS), makes the investment in innovation before the 
wholesale price is set. Thus, the manufacturer has the risk of over investing in innovation and faces a high 
wholesale price from the supplier. The manufacturer is willing to invest more ( MS SS

m mx x> ) in mode (MS) 
because first making the investment in innovation in mode MS can make more demand. Why does each firm  

invest more in innovation but earn less? For the supplier, 
( )0 0

4

MS
s m s ms

s
s

D b c c x x
kx

x
π − + − −∂

= − >
∂

, and 
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2

0
4

MS
s

s m

b
x x
π∂

= >
∂ ∂

, that is, the innovation decisions of the supplier and manufacturer complementary work  

together to the supplier profit in mode (MS). But the only innovation decision of the supplier increases the  

supplier profit in mode (SS) (
( )

( )

2
0

2

16
0

8

SS
s m ss

s
s

k D b c c x
kx

x k b
π  − + −∂  = − >
∂ −

, and 
2

0
SS
s

s mx x
π∂

=
∂ ∂

). 

Proposition 4 also shows that more demand and higher chain profit are created when the manufacturer is the 
leader than the supplier is the leader in the first sequential innovation stage. In mode (MS), the supplier can 
promote the profit by using complementary decision of the manufacturer in the first stage and allot more profits 
by using the first-move advantage. In this way, the firm has all the advantages, and it will do its best to achieve 
profits and make more total profits. 

In summary, although the firm as the leader invests more in innovation, both firms are more willing to be the 
follower in the first stage, while the supply chain creates higher profits when the decision sequence is reverse in 
the first stage to that in the second stage. 

Then, we study how the decision sequence in the first stage affects the firms’ innovation investment levels 
and profits under the symmetric power structure in the second price compete stage. From Table 4, we have the 
following result.  

Proposition 5. SN MN
s sx x>  and MN SN

m mx x> , but MN SN
s sπ π>  and SN MN

m mπ π> ; SN MND D= , SN MN
sc scπ π= .  

Provided the symmetric power structure in the price competition stage, Proposition 5 tells us that the firm, 
who is the leader, invests more but earns less as the leader than as the follower in the first cooperative 
innovation stage. This is similar to those in Proposition 4. The chain creates the same demand and total profit no 
matter who is the leader in the first stage. This is different from Proposition 4. In mode (MN) or (SN), the 
supplier (manufacturer) can promote the profit by using complementary decision of the manufacturer (supplier) 
in the first stage and have the similar power to allot profit, so they make identical total profit. Overall, both firm 
prefer to be the follower in the first stage regardless of power structure in the second stage. 

The innovation decisions of the first stage are complementary, but the price decision of the second stage is 
substitute to each other. Propositions 4 and 5 show both firm prefer to be the follower in the first stage regardless of 
power structure in the second stage. That is, the firms can earn more by using first-mover- advantage when the 
decisions are substitute to each other (e.g., the price decision of the second stage is substitute to each other), but 
the firms can not use the first-mover-advantage when the decisions are complement to each other (e.g., the 
innovation decisions of the first stage are complement to each other). Propositions 4 and 5 show sequential 
cooperation mode can not be achieved regardless of power structure of the firms because both firms prefer to be 
the follower in sequential investment. If one member of the supply chain can first invest, then all members will 
get more profits from sequence innovation.  

4. Effects of Market Power  
In this section, we study effects of different market powers on the chain including the innovation investments 
and profits of each member and the chain. We assume that the desire to innovate for the supplier and the  

manufacturer is identical: 9
8m sH H H= = < . The power structure between the channel members has been  

completely modeled by the decision sequence (Supplier Stackelberg, Manufacturer Stackelberg, or Nash Game). 
Based on the results summarized in Table 1, we can get the following interesting result.  
Proposition 6. 1) For the innovation level, when 0 1H< ≤ , NS NN NM

s s sx x x> > , NM NN NS
m m mx x x> > ; when  

91
8

H≤ < , NN NS NM
s s sx x x≥ > , NN NM NS

m m mx x x≥ > . 

2) There is a unique 1
90.555925 0,
8

H  ≈ ∈ 
 

 such that when 10 H H< < , NS NN NM
s s sπ π π> >  and  

NM NN NS
m m mπ π π> > ; otherwise NN NS NM

s s sπ π π> >  and NN NM NS
m m mπ π π> > .  

Proposition 6 characterizes the effects of the different power structures on the innovation investments. First, 
each firm’s innovation investment and profit are higher as the leader than as the follower. Moreover, the firm’s 
innovation investment and profit under the symmetric power structure are between those as the leader and as the 
follower if the innovation-desirability-index is lower, otherwise the highest. 
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The innovation decisions in the first stage are complementary, but the price decision in the second stage is 
substitute to each other. The two stages influence each other together to determine the performance of the supply 
chain. Proposition 6 shows, the leader of the supply chain gets more profits with higher innovation input 
( NS NN NM

s s sx x x> > , NM NN NS
m m mx x x> > ) when they have little desire to innovate. When they have high desire to 

innovate, the chain members can get higher profits with higher innovation input using simultaneously-mover,  

because the supplier and manufacturer’s profits increase in H (e.g., for the supplier, 
( )
( )

2

3

2 16 3
0

8 3

NS
s H D

H b H
π −∂

= >
∂ −

, 

( )
( )

2

3

2 27 4
0

9 4

NN
s H D
H b H
π −∂

= >
∂ −

), and the marginal profit is larger by using simultaneously-mover than first- 

mover(e.g., for the supplier, 
NN NS
s s

H H
π π∂ ∂

>
∂ ∂

). 

In summary, under the non-cooperative innovation mode (N), it is optimal for a firm in the chain to cooperate 
with such a firm whose bargaining power is close to his own if the innovation-desirability-index is higher  

1
9
8

H H ≤ < 
 

, otherwise with such a firm whose bargaining power is lower to his own. Intuitively explaining,  

the innovation-desirability-index, which is lower, means that innovation is more difficult and then innovation 
investment is large, so the chain members must use the first mover advantage to get more profits. Otherwise, 
innovation is more easy and then innovation investment is relatively little, so the members of the supply chain 
may give up the first mover advantage to promote innovation and then get more profits. 

We now turn our attention to compare the different chain powers in sequence innovation. We take innovation 
scenario (S) as an example and get the following result. 

Proposition 7. 1) For the innovation levels, 

a) if 
( )6 12 7 2

0
23

H
−

< < , SS SN SM
s s sx x x> > ; otherwise, SN SS SM

s s sx x x> > ; 

b) if 
53 10810

24
H −

< < , SM SN SS
m m mx x x> > ; otherwise, SN SM SS

m m mx x x> > . 

2) For the demand and chain profit, SN SM SSD D D> > , SN SM SS
sc sc scπ π π> > . 

3) For the profits of the manufacture and the supplier, 

a) if 
( )6 12 7 2

0
23

H
−

< < , SS SN SM
s s sπ π π> > ; otherwise, SN SS SM

s s sπ π π> > ; 

b) if 20 0.5H H< < ≈ , SM SN SS
m m mπ π π> > ; otherwise, SN SM SS

m m mπ π π> > .  
Proposition 7 is similar to Proposition 6. When the supplier is the leader to invest in the first stage, each firm 

invests more in innovation and at the same time earns more as the leader than as the follower in the second stage. 
Under the symmetric chain power in the second stage, both firms’ investment in innovation and profits are 
between those as the leader and as the follower when H is not high, otherwise the largest one. The difference of 
Part 1) of Proposition 7 and Part 2) of Proposition 6 is that the cut-off points of the investments of the supplier 
and the manufacturer are similar in Part 1) Proposition 6, but are different in Part 2) of Proposition 7. Why?  

From Table 1, 
( )

( )2

2 9 4

9 4

NN NN
s m D Hx x
H H b H

+∂ ∂
= =

∂ ∂ −
. That means, the marginal growth rate of investment is identical  

when the first stage is the non-cooperative innovation and the second stage is Nash-game. So the cut-off points  

of investment of the two firms are identical. From Table 4, 
( )

( )( )
2

22

18 81 4

9 2 18

SN
s

D Hx
H b H H

−∂
=

∂ − −
,  

( )( )
( )( )

2 2

22

18 9 2 72

9 2 18

SN
m

D H Hx
H b H H

− +∂
=

∂ − −
. Then, we have 

SN SN
s mx x
H H

∂ ∂
>

∂ ∂
. This means the marginal growth rate of  
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investment of the supplier is larger than the manufacturer when the first stage is the supplier leading sequential 
innovation and the second stage is Nash-game. So the cut-off point of supplier is little than the manufacturer’. 
Ditto we can explain the cut-off points of the profit of the supplier and the manufacturer are similar in Part 2) 
Proposition 6, but different in Part 3) of Proposition 7. 

In summary, from Propositions 6 and 7, it is optimal in the chain to cooperate with such a firm whose 
bargaining power is close to his own for a firm if its innovation-desirability-index is higher, otherwise with such 
a firm whose bargaining power is lower to its own. 

Based on the results summarized in Table 5, we can get the following interesting result. 
Proposition 8. 1) , ,CN CS CM

i i ix x x i s m> = = , CN CS CMD D D> = , and CN CS CM
sc sc scπ π π> = . 

2) If 
160
17

H< < , CM CN CS
m m mπ π π> >  and CS CN CM

s s sπ π π> > ; otherwise CN CM CS
m m mπ π π≥ >  and  

CN CS CM
s s sπ π π≥ > .  
Suppose both firms coordinate their innovation investments in the first stage. Then, the proposition tells us 

that each firm invests identically in innovation and the chain achieves the same demand and chain profit whether 
the supplier or the manufacturer is the leader in the second stage. However, each firm earns higher profit as the 
leader than as the follower in the second stage. Moreover, each firm’s profit in the symmetric chain power is 
between those as the leader and as the follower when H is not high ( 16 17H < ), otherwise the highest one. 

The cut-off points of investment of the supplier and the manufacturer is not existed in Part 1) of Proposition 8, 
which is different to Part 2) of Proposition 7 and Proposition 6. Why? From Table 5, for the supplier,  

( )2

36
9 8

CN
sx D
H b H

∂
=

∂ −
, 

( )2

24
8 6

CS
sx D
H b H

∂
=

∂ −
. It is obvious that ,0 9 8

CN CS
s sx x

H
H H

∂ ∂
> < <

∂ ∂
. From Table 1, for the 

supplier, 
( )2

18
9 4

NN
sx D
H b H

∂
=

∂ −
, 

( )2

16
8 3

NS
sx D
H b H

∂
=

∂ −
. It is obvious that ( )6,0 12 5 2

47

NS NN
s sx x

H
H H

∂ ∂
> < < −

∂ ∂
 

and ( )6, 12 5 2 9 8
47

NS NN
s sx x

H
H H

∂ ∂
< − < <

∂ ∂
. 

The cut-off points of profit of the supplier and the manufacturer is 0.9H ≈  in Part 2) of Proposition 8, but 
0.5H ≈  in Part 2) of Proposition 6 and Part 3) of Proposition 7. Why are the cut-off points obviously large in 

Cooperative Innovation than in Non-Cooperative Innovation and Sequential Innovation? The investments of 
innovation are always , ,CN CS CM

i i ix x x i s m> = =  no matter which H is, so the output can compensate the 
investment only when H is large enough. 

In summary, it is optimal for a firm to cooperate with such a firm whose bargaining power is close to its own 
in the chain if the innovation-desirability-index is higher, otherwise with such a firm whose bargaining power is 
lower to its own. 

5. Conclusions 
In this paper, we have studied a supply chain where two firms first cooperate to invest on reducing component 
cost according to different modes and then compete for price according to different market powers. In the first 
stage (cooperative innovation stage), we consider the sequence of the investment decisions and the objective of 
the decision makers. In the second stage (price competition stage), we consider the sequence of the price 
decisions as three market powers of competition. 

In the interaction between cooperative mode and market power, we focus on the firms’ choice of thr 
cooperative mode and the impact of market power on the firms’ decision. Our main findings are as follows. First, 
both the supplier and the manufacturer make more profits under mode M or S than under mode N given three 
structures of any market power. And, we show that the firms are easy to achieve cooperative innovation under 
symmetrical power market structure than under asymmetrical power market structure. Second, it is optimal for a 
firm in the chain to cooperate with such a firm whose market power is close to his own if the innovation- 
desirability-index is higher, otherwise with such a firm whose market power is lower to his own. Several 
research directions can follow from this study. First, we have not considered uncertainty in this framework. It 
would be interesting to consider the effects of demand uncertainty upon firms’ behavior. Second, it is worth 
studying firm behavior when the cost of the component information is asymmetric. Third, we have adopted the 
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linear demand function, and it would be useful to examine whether the insights continue to hold for more 
general demand functions. Finally, it is also interesting to consider what will happen with competitive suppliers 
or competitive manufacturers. 
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6. Appendix  
6.1. Tables of Equilibria 
Table 1. The optimal decisions and corresponding profits in modes NS, NM and NN.                                           
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Table 2. Equilibrium results of the models SS and MS.                                                             
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Table 3. Equilibrium results of the models SM and MM.                                                             
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Table 4. Equilibrium results of the models SN and MN.                                                             

 SN MN 

sx  ( )( )2

18
9 2 18

s

m s

H D
b H H− −

 ( )
( )( )2

2 9 2

9 2 18
s s

s m

H H D

b H H

−

− −
 

mx  
( )

( )( )2

2 9 2

9 2 18
m m

m s

H H D

b H H

−

− −
 

( )( )2

18
9 2 18

m

s m

H D
b H H− −

 

D  
( )

( )2

3 9 2
9 2 18

m

m s

H D
H H
−

− −
 ( )

( )2

3 9 2
9 2 18

s

s m

H D
H H
−

− −
 

mπ  
( )

( )( )
3 2

22

9 2

9 2 18
m

m s

H D

b H H

−

− −
 

( )( )
2

2

9
9 2 18s m

D
b H H− −

 

sπ  ( )( )
2

2

9
9 2 18m s

D
b H H− −

 ( )
( )( )

3 2

22

9 2

9 2 18
s

s m

H D

b H H

−

− −
 

scπ  
( )( )( )

( )( )

2 2

22

2 9 9 2 81

9 2 18

m m s

m s

H H H D

b H H

− − −

− −
 

( )( )( )
( )( )

2 2

22

2 9 9 2 81

9 2 18

s s m

s m

H H H D

b H H

− − −

− −
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Table 5. Equilibrium results for the modes CS, CM and CN.                                                              

 CS CM CN 

sx  ( )
3

8 3 3
s

m s

H D
b H H− −

 
( )

23
8 3 3

s

m s

H D
b H H− −

 
( )

4
9 4 4

s

m s

H D
b H H− −

 

mx  ( )
3

8 3 3
m

m s

H D
b H H− −

 
( )

3
8 3 3

m

m s

H D
b H H− −

 
( )

4
9 4 4

m

m s

H D
b H H− −

 

D  
2

8 3 3s m

D
H H− −

 2
8 3 3s m

D
H H− −

 3
9 4 4s m

D
H H− −

 

mπ  
( )
( )

2

2

8 9
2 8 3 3

m

s m

H D
b H H

−

− −
 ( )

( )

2

2

16 9
2 8 3 3

m

s m

H D
b H H

−

− −
 ( )

( )

2

2

9 8
9 4 4

m

m s

H D
b H H

−

− −
 

sπ  
( )
( )

2

2

16 9
2 8 3 3

s

s m

H D
b H H

−

− −
 ( )

( )

2

2

8 9
2 8 3 3

s

s m

H D
b H H

−

− −
 ( )

( )

2

2

9 8
9 4 4

s

m s

H D
b H H

−

− −
 

scπ  ( )
23

2 8 3 3s m

D
b H H− −

 
( )

23
2 8 3 3s m

D
b H H− −

 
( )

22
9 4 4m s

D
b H H− −

 

6.2. Proofs of Propositions  
The equilibrium under mode NS. We use backward induction to solve it. For any given ,s mx x  and w, we can 
easily get the optimal retail price for the manufacturer in the last stage as follows:   

( ) ( )0| , .
2

mNS
s m

D b c w
p w x x

b
+ +

=  

Substituting it into sπ , we get the optimal wholesale price by maximizing sπ :   

( ) ( ) ( )0, , .
2

s m s mNS NS
s m s m

D b c c x x
w x x w x x

b
+ − − −

= =  

Thus, ( )| ,NS
s mp w x x  can be rewritten as a function of ,s mx x  as follows   

( ) ( )03
, .

4
s m s mNS

s m
D b c c x x

p x x
b

+ + − −
=  

Substituting both ( ),NS
s mp x x  and ( ),NS

s mw x x  above into sπ  and mπ , we get   

( ) 2
0 21 ,

16 2
s m s m

m m m

D b c c x x
k x

b
π

 − + − − = −  

( ) 2
0 21 .

8 2
s m s m

s s s

D b c c x x
k x

b
π

 − + − − = −  

By solving simultaneously the maximization problems ( )max ,
s

s s mx
x xπ  and ( )max ,

m
m s mx

x xπ , we get the 
equilibrium innovation investment outputs:   

( ) ( )0 02
, .

8 2 8 2
s m s m m sNS NS

m s
m s s m m s s m

k D bc bc k D bc bc
x x

k k bk bk k k bk bk
− − − −

= =
− − − −

 

Denote 0 , , ,m s i iD D bc bc H b k i s m= − − = = . We simplify NS
mx  and NS

sx  as   
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( ) ( )
2, .

8 2 8 2
NS NSm s
m s

m s m s

H D H Dx x
b H H b H H

= =
− − − −

 

Therefore, the wholesale price, retail price, demand and profits of each member in equilibrium can be 
obtained. All are listed in column NS of Table 1. 

The equilibria under other modes can be obtained similarly, and listed in Tables 1-5, respectively. 

6.2.1. Proof of Proposition 1 
We take T S=  as an example to prove the results. The proof for the other T is similar and omitted here. First 
we prove { }min , , ,SS MS NS

i i ix x x i s m> =  via the following results 1) to 4) from Table 1 and Table 2. 

1) ( ) ( )
( )2

8 2 8

8 16

SS
s m mm

NS
m m s

H H Hx
x H H

− − −
=

− −
. Then, SS NS

m mx x>  since  

( ) ( ) ( )28 2 8 8 16 2 0s m m m s s mH H H H H H H− − − − − + = > . 

2) ( )
( )2

2 8 2

4 2

MS
s mm

NS
m s m

H Hx
x H H

− −
=

− −
. Then, MS NS

m mx x>  since  

( ) ( )( ) ( )22 8 2 4 2 4 0s m s m s sH H H H H H− − − − − = − >  for 90
4m sH H< + < . 

3) ( )
( )2

8 8 2

8 16

SS
s ms

NS
s m s

H Hx
x H H

− −
=

− −
. So SS NS

s sx x>  due to ( ) ( ) ( )28 8 2 8 16 8 0s m m s m mH H H H H H− − − − + = − >   

for 90
4m sH H< + < . 

4) ( ) ( )
( )( )2

4 8 2

2 4 2

MS
s s ms

NS
s s m

H H Hx
x H H

− − −
=

− −
. So MS NS

s sx x>  due to  

( ) ( ) ( )( )24 8 2 2 4 2 0s s m s m m sH H H H H H H− − − − − − = > . 
Next, we prove { }min , , ,SS MS NS

i i i i s mπ π π> =  via the following results 1) to 4) from Table 1 and Table 2. 

1) ( ) ( )
( )( )

2 2

22

8 2 8

8 16

SS
s m mm

NS
m

m s

H H H

H H

π
π

− − −
=

− −
. So, SS NS

m mπ π>  due to  

( ) ( ) ( )28 2 8 8 16 2 0s m m m s s mH H H H H H H− − − − − − = > . 

2) ( )
( ) ( )

2

2

8 8 2

8 2 8 16

SS
s ms

NS
s s m s

H H

H H H
π
π

− −
=

− − −
. So, SS NS

s sπ π>  due to  

( ) ( ) ( )2 2 28 8 2 8 2 8 16 2 0s m s m s s mH H H H H H H− − − − − − = > . 

3) 
( )

( )( ) ( )

2

2

2 8 2

4 2 8

MS
s mm

NS
m s m m

H H

H H H

π
π

− −
=

− − −
. So MS NS

m mπ π>  since  

( ) ( )( ) ( )2 2 22 8 2 4 2 8 0s m s m m s mH H H H H H H− − − − − − = > . 

4) ( ) ( )
( )( )

2 2

22

4 8 2
.

4 4 2

MS
s s ms

NS
s

s m

H H H

H H

π
π

− − −
=

− −
 So MS NS

m mπ π>  since  

( ) ( ) ( )( )24 8 2 2 4 2 0s s m s m s mbH H H H H H H− − − − − − = > . 
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Finally, it is apparent that { }min ,MS SS NS
sc sc scπ π π> . This completes the proof. 

6.2.2. Proof of Proposition 2 
We take T S=  as an example to prove the proposition. 

1) From Proposition 1, { }min ,SS MS NS
i i ix x x> , and so , ,rS NS

i ix x i s m> = . From Table 2 and Table 5,  

( )( )
( )

23 8 16
.

16 8 3 3

CS m ss
SS

s ms

H Hx
H Hx

− −
=

− −
 Then, CS SS

s sx x>  due to  

( )( ) ( )2 23 8 16 16 8 3 3 64 3 0m s s m mH H H H H− − − − − = + > . Again, 
( )( )

( ) ( )

23 4 2
.

4 8 3 3

CS s ss
MS

s s ms

H Hx
H H Hx

− −
=

− − −
 It is  

obvious that ( )( ) ( ) ( ) ( ) ( )23 4 2 4 8 3 3 4 4 3 2 0s m s s m s m sH H H H H H H H− − − − − − = − + − >  for  
9
4m sH H+ < . As a result, CS rS NS

s s sx x x> > . 

From Table 2 and Table 5, 
( )( )

( ) ( )

23 8 16
.

8 8 3 3

CS m sm
SS

m s mm

H Hx
H H Hx

− −
=

− − −
 Then, CS SS

m mx x>  if and only if  

( )( ) ( ) ( )23 8 16 8 8 3 3 128 24 16 3 0.m s m s m s m m sH H H H H H H H H− − − − − − = − − − >  Note 9
4sH ≤  and  

9
4mH ≤ , due to 9

4m sH H+ < . Since 128 24 16 3s m m sH H H H− − −  is strictly decreasing in ,m sH H ,  

9 9 9 9128 24 16 3 128 24 16 3 0.
4 4 4 4s m m sH H H H− − − > − × − × − × × >  So, CS SS

m mx x> . Again we have  

( )( )
( )

23 4 2
.

2 8 3 3

CS s mm
MS

s mm

H Hx
H Hx

− −
=

− −
 Then, CS MS

m mx x>  if and only if  

( )( ) ( )2 23 4 2 2 8 3 3 3 18 32 0s m s m s sH H H H H H− − − − − = − + >  due to 218 4 3 32 60 0− × × = − < . Hence,  
CS rS NS
m m mx x x> > . 

2) From Table 2 and Table 5, 
( )( )

( ) ( )

22

2 2

8 16
.

8 3 3 8

CS m ss
SS
s s m m

H H

H H H

− −Φ
=

Φ − − −
 So CS SS

s sΦ ≥ Φ  since  

( ) ( ) ( ) ( ) ( )28 16 8 3 3 8 2 8 8 3 0m s s m m m m s mH H H H H H H H H− − − − − − = − + − > . Again from Table 2 and  

Table 5, 
( )( )

( ) ( )

22

2 2

4 4 2
.

8 3 3 4

CS s ms
MS
s s m s

H H

H H H

− −Φ
=

Φ − − −
 Then, CS MS

s sΦ ≥ Φ  due to  

( )( ) ( ) ( ) ( ) ( )22 4 2 8 3 3 4 4 8 3 0s m s m s s m m sbH bH H H H H H H H− − − − − − = − + − > . 

Next, from Table 1 and Table 2, ( ) ( )
( )( )

2 2

22

4 8 2
.

4 4 2

MS
s s ms

NS
s

s m

H H H

H H

− − −Φ
=

Φ − −
 So, MS NS

s sΦ ≥ Φ  due to  

( ) ( ) ( )( )24 8 2 2 4 2 0s s m s m s mH H H H H H H− − − − − − = > . Again from Table 1 and Table 2,  

( ) ( )
( )( )

2 2

22

8 8 2

8 16

SS
m s ms

NS
s

m s

H H H

H H

− − −Φ
=

Φ − −
, and SS NS

s sΦ ≥ Φ  due to 

( ) ( ) ( )28 8 2 8 16 0m s m m s s mbH H H H H H H− − − − − − = > . As a result, CS rS NS
s s sΦ > Φ > Φ . 

3) From Proposition 1, { }min ,SS MS NS
i i iπ π π> , ,i s m= , and so rS NS

sc scπ π> . 
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From Table 2 and Table 5, 
( )( )

( ) ( )( ) ( )

22

2

3 8 16
.

24 8 256 8 3 3

CS m ssc
SS
sc m m s m s

H H

H H H H H

π
π

− −
=

− − − − −
 It is obvious that 

CS SS
sc scπ π>  if and only if 

( )( ) ( ) ( )( ) ( )
( ) ( ) ( )

22 2

1 2

3 8 16 24 8 256 8 3 3

: 288 3 0

m s m m s m s

m m s m m s

H H H H H H H

H r H H r H H H

− − − − − − − −

= + + − >
, where  

( ) 2
1 1088 512 32m m mr H H H= − +  and ( ) 3 2

2 512 256 3 24m m m mr H H H H= − − + . It suffices to show ( )1 0mr H >  

and ( )2 0mr H > . Now, ( )1 64 512 0m mr H H′ = − <  for 9
4mH < , and so ( )1 mr H  is strictly decreasing in  

90,
4mH  ∈ 

 
. Thus, ( )1 1

9 0
4mr H r  > > 

 
 for 90,

4mH  ∈ 
 

. Moreover, ( ) 2
2 9 48 256m m mr H H H′ = − + −  and  

( )2 18 48 0m mr H H′′ = − + > . So, ( )2 mr H′  is strictly increasing in 90,
4mH  ∈ 

 
. Then,  

( )2 2
9 3097 0
4 16mr H r  ′ ′< = − < 

 
 for 90,

4mH  ∈ 
 

. Thus, ( )2 mr H  is strictly decreasing in 90,
4mH  ∈ 

 
, and so 

( )2 2
9 0
4mr H r  > > 

 
 for 90,

4mH  ∈ 
 

. 

Again from Table 2 and Table 5, 
( )( )

( ) ( )( ) ( )

22

2

3 4 2
.

6 4 4 8 3 3

CS s msc
MS
sc s s m m s

H H

H H H H H

π
π

− −
=

− − − − −
 It is obvious that  

CS MS
sc scπ π>  if and only if  

( )( ) ( ) ( )( ) ( ) ( ) ( )
22 2 2

33 4 2 6 4 4 8 3 3 2 4 0s m s s m m s s s m sH H H H H H H H H H r H− − − − − − − − = − + > ,  w h e r e  

( ) 3 2
3 128 108 3 30s s s sr H H H H= − − + . Now, ( ) 2

3 9 60 108s s sr H H H′ = − + −  and ( )3 18 60 0s sr H H′′ = − + > . So,  

( )3 sr H′  is strictly increasing in 90,
4sH  ∈ 

 
. Then, ( )3 3

9 297 0
4 16sr H r  ′ ′< = − < 

 
 for 90,

4mH  ∈ 
 

, and so 

( )3 sr H  is strictly decreasing in 90,
4sH  ∈ 

 
. Therefore, ( )3 3

9 173 0
4 64sr H r  > = > 

 
 for 90,

4sH  ∈ 
 

. This  

completes the proof. 

6.2.3. Proof of Proposition 3 
We take T N=  as an example to prove the proposition. From Table 1 and Table 5, it is obvious that 

CN NN
s sπ π>  if and only if ( ) ( ) ( ) ( )2 29 8 9 2 2 9 2 9 4 4 0s s m s s mH H H H H H− − − − − − − > , or equivalently,  

( ) ( ) ( ) ( ) ( )222 2 5 3 8 0.m s m s m s m s m sH H H H H H H H H Hδ δ− + + − + + − >  Denote by  

( ) ( ) ( ) ( ) ( ) ( )222 2 5 3 8m s m s m s m s m sH H H H H H H H H Hϕ δ δ δ= − + + − + + − . Then, the two roots of  
equation ( ) 0ϕ δ =  are, respectively,   

( ) ( )
1,2

3 5 3
.

2
s m m s

s m
m s

H H H H
H H

H H
δ

− ± −
= +

−
 

If 2s mH H> , then ( )ϕ δ  is downward opening, and 1 0δ <  and 2 0δ < . Thus, ( ) 0ϕ δ <  if 0δ > , and 
so CV NV

s sπ π< . Otherwise if 2s mH H< , ( )ϕ δ  is upward opening. So,  

( ) ( ) ( )2
3 5 3

4 0
2

s m m s
s m s m

m s

H H H H
H H H H

H H
δ

− − −
= + = − + <

−
. Now,  

( ) ( ) ( )1
3 5 3

.
2 2

s m m s s m
s m s m

m s m s

H H H H H HH H H H
H H H H

δ
− + − −

= + = +
− −

 So, if 2m s mH H H< < , then 1 0δ >  and  

1δ δ> . That is, if *Vδ δ>  then ( ) 0ϕ δ > , and if m sH H≥  then 1 0δ < . 
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As a result, if s mH H≤ , or 2m s mH H H< <  and *Vδ δ> , we then have CN NN
s sπ π> . This completes the 

proof. 

6.2.4. Proof of Proposition 4 
The proofs of (i) and (ii) are identical. 

(i) From Table 2, 
( )( )

( ) ( )( )
2

2

16 4 2

4 8 16

SS
s
MS
s

H Hx
x H H H

− −
=

− − −
. It is apparent that SS MS

s sx x>  if and only if  

( )( ) ( ) ( )( ) ( )2 2
316 4 2 4 8 16 0H H H H H Hg H− − − − − − = > , where ( ) 2

3 20 32g H H H= − +  with  

( )3 2 20g H H′ = − . Obviously, ( )3g H  is strictly decreasing in 90,
8

H  ∈ 
 

, due to ( )3 0g H′ < . Now,  

3
9 689 0
8 64

g   = > 
 

, so ( )3 3
9 0
8

g H g  > > 
 

. 

Again from Table 2, 
( )( )

( ) ( )( )
2

2

2 8 16

8 4 2

MS
m
SS
m

H Hx
x H H H

− −
=

− − −
. Then MS SS

m mx x>  is equivalent to  

( )( ) ( ) ( )( ) ( )2 2 22 8 16 8 4 2 16 32 0,H H H H H H H H− − − − − − = − + >  

which is true since 2 20 32 0H H− + > . 
From Table 2,  

( ) ( )( )
( )( )

( ) ( )
( )( )

3 2 2

2 22

4 8 16 4 8

8 4 216 4 2

MS MS
s
SS SS
s

H H H H HD
D H HH H

π
π

− − − − −
= =

− −− −
 

Then, MS SS
s sπ π>  since ( ) ( ) ( )( ) ( )2 2 24 8 8 4 2 8 0H H H H H H− − − − − = − >  and 1

MS

SS
D
D

> . 

Again from Table 2, 
( ) ( )( )

( )( )

3 2

22

8 4 2

2 8 16

SS
m
N
m

H H H

H H

π
π

− − −
=

− −
. Then, SS MS

m mπ π>  is equivalent to  

( ) ( )( ) ( )( ) ( )
23 2 2 2

58 4 2 2 8 16 0,H H H H H H g H− − − − − − = >  

where ( ) 3 2
5 32 320 512 0g H H H H= − + − + > . Now, ( ) 2

5 3 64 320g H H H′ = − + −  and ( )5 6 64g H H′′ = − + .  

( )5g H′  is strictly increasing in 90,
8

H  ∈ 
 

 due to ( )5 0g H′′ > . Since 5
9 16115
8 64

g  ′ = − 
 

,  

( )5 5
9 0
8

g H g  ′ ′< < 
 

 for 90,
8

H  ∈ 
 

. Then ( )5g H  is strictly decreasing in 90,
8

H  ∈ 
 

. Hence, due to  

5
9 97831 0
8 512

g   = > 
 

, ( )5 5
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

From Table 2, 
( ) ( )( )
( ) ( )( )

2

2

4 8 16

2 8 4 2

MS

SS

H H HD
D H H H

− − −
=

− − −
. Then, MS SSD D>  due to  

( ) ( )( ) ( ) ( )( )2 2 34 8 16 2 8 4 2 0H H H H H H H− − − − − − − = > . 

Again from Table 2, 
( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

22 2

22 2

6 4 4 8 16

24 8 256 4 2

MS
sc
SS
sc

H H H H H

H H H H H

π
π

− − − − −
=

− − − − −
. Then, MS SS

sc scπ π>  if and only if  
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( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )
( ) ( )

2 22 2 2 2

2
4

6 4 4 8 16 24 8 256 4 2

2 8 3 0,

H H H H H H H H H H

H H g H

− − − − − − − − − − −

= − >
 

where ( ) 3 2
4 3 72 384 512g H H H H= − + − + . Now, ( ) 2

4 9 144 384g H H H′ = − + −  and  

( ) 2
4 18 144g H H′′ = − + . ( )4g H′  is strictly increasing in 90,

8
H  ∈ 

 
 due to ( )4 0g H′′ > . Now,  

4
9 14937
8 64

g  ′ = − 
 

, so ( )4 4
9 0
8

g H g  ′ ′< < 
 

 for 90,
8

H  ∈ 
 

. Then ( )4g H  is strictly decreasing in 

90,
8

H  ∈ 
 

. Since 4
9 25603071 0
8 131072

g   = > 
 

, ( )4 4
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. This completes the proof. 

6.2.5. Proof of Proposition 5 

From Table 4, 9 1
9 2

SN MN
s m
MN SN
s m

x x
Hx x

= = >
−

. Furthermore, ( )
( )( )

3

2

9 2

9 9 2 18

MN SN
s m
SN MN
s m

H

H H
π π
π π

−
= =

− −
. It is apparent that  

MN SN
s sπ π>  and SN MN

m mπ π>  if and only if ( ) ( )( ) ( )3 29 2 9 9 2 18 18 9 0,H H H H H− − − − = − >  which is true  

due to 9
8

H < . 

From Table 4, it is obvious that SN MND D=  and SN MN
sc scπ π= . This completes the proof. 

6.2.6. Proof of Proposition 6 

1) From Table 1, 2 1
NS NM
s m
NM NS
s m

x x
x x

= = > , so NS NM
s sx x>  and NM NS

m mx x> . Similarly,  

( )2 8 3
1

9 4

NN NN
s m
NM NS
s m

Hx x
Hx x

−
= = >

−
, so NN NM

s sx x>  and NN NS
m mx x> . Again from Table 1, 8 3

9 4

NN NN
s m
NS NM
s m

x x H
Hx x

−
= =

−
.  

When 1H > , NN NS
s sx x>  and NN NM

m mx x> , and so NN NS NM
s s sx x x≥ > ; Otherwise, NN NM NS

m m mx x x≥ > . 

2) From Table 1, ( )2 8 2
1

8

NM NS
m s
NS NM
m s

H
H

π π
π π

−
= = >

−
, so NM NS

m mπ π>  and NS NM
s sπ π> . 

Similarly from Table 1, we have  

( ) ( )
( ) ( ) ( )

2

2

2 9 2 8 3 24 5 .
2 88 9 4

NN NN NN
m s sc
NS NM NM
m s sc

H H H
HH H

π π π
π π π

− − −
= = =

−− −
 

1
NN NN
m s
NS NM
m s

π π
π π

= >  due to 
( )

24 5 1
2 8

H
H

−
>

−
 for 90,

8
H  ∈ 

 
. 

Again from Table 1, ( ) ( )
( ) ( )

2

2

9 2 8 3
8 2 9 4

NN NN
m s
NM NN
m s

H H
H H

π π
π π

− −
= =

− −
. Then NN NM

m mπ π>  and NN NN
s sπ π>  are equivalent  

to  

( ) ( ) ( ) ( ) ( )2 2 3 2
2 : 9 2 8 3 8 2 9 4 14 95 178 72 0.g H H H H H H H H= − − − − − = − + − >  

Now, ( ) 2
2 42 190 178g H H H′ = − +  and ( )2 84 190g H H′′ = − . So, ( )2g H′  is strictly decreasing in  

90,
8

H  ∈ 
 

, due to ( )2 0g H′′ < . Since 2
9 557 0
8 32

g  ′ = > 
 

, ( )2 2
9 0
8

g H g  ′ ′> > 
 

 for 90,
8

H  ∈ 
 

. Then 

( )2g H  is strictly increasing in 90,
8

H  ∈ 
 

. Hence, due to ( )2 0 72 0g = − < , 2
9 7155 0
8 256

g   = > 
 

, and so 
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there is an unique 1
90,
8

H  ∈ 
 

 such that ( )2 0g H >  for 1H H>  but ( )2 0g H <  for 1H H< . We get an  

approximate solution 1 0.555925H ≈  by solving a cubic equation. This completes the proof. 

6.2.7. Proof of Proposition 7 

1.a) and 3.a) From Table 2 and Table 3, 
( )( )
( )

2

2

8 4 2
.

8 16

SS SS
s s
SM SM
s s

H Hx
x H H

π
π

− −
= =

− −
 It is apparent that SS SM

s sx x>  and  

SS SM
s sπ π>  i f  and only i f  ( ) ( )( ) ( )( )2 2 2

6 8 4 2 8 16 7 48 64 0.g H H H H H H H− − − − − = − + >  Since  

( )6 14 48 0g H H′ = − < , ( )6g H  is strictly decreasing in 90,
8

H  ∈ 
 

. Now, 6
9 1207
8 64

g   = 
 

, so  

( )6 6
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

From Table 3 and Table 4, 
( )( )

( )

2

2

9 4 2

9 2 18

SN SC
s s
SM SM
s s

H Hx
x H H

π
π

− −
= =

− −
. It is apparent that SN SM

s sx x>  and SN SM
s sπ π>   

if and only if ( ) ( )( ) ( )( )2 2 2
7 9 4 2 9 2 18 5 36 63 0g H H H H H H H− − − − − = − + > . Since  

( )7 10 36 0g H H′ = − < , ( )7g H  is strictly decreasing in 90,
8

H  ∈ 
 

. Now, 7
9 1845
8 64

g   = 
 

, so  

( )7 7
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

From Table 2 and Table 4, 
( )( )
( )( )

2

2

9 8 16

8 9 2 18

SN SN
s s
SS SS
s s

H Hx
x H H

π
π

− −
= =

− −
. Then, SN SS

s sx x>  and SN SS
s sπ π>  if and  

only if ( ) ( )( ) ( )( )2 2 2
8 9 8 16 8 9 2 18 23 144 72 0.g H H H H H H H− − − − − = − + − >  Since  

( )8 46 144 0g H H′ = − + > , ( )8g H  is strictly increasing in 90,
8

H  ∈ 
 

. Now, 8
9 3897 0
8 64

g   = > 
 

 and  

( )8 0 72 0g = − < , so ( )8 0g H ≥  for 
( )6 12 7 2 9

23 8
H

−
≤ <  otherwise ( )8 0g H < . 

1.b) From Table 2 and Table 3, 
( ) ( )( )
( ) ( )( )

2

2

4 8 16

8 4 2

SM
m
SS
m

H H Hx
x H H H

− − −
=

− − −
. Then, SM SS

m mx x>  due to  

( ) ( )( ) ( ) ( )( ) ( )2 2 24 8 16 8 4 2 2 8 3 0.H H H H H H H− − − − − − − = − >  

From Table 2 and Table 4, 
( ) ( )( )
( ) ( )( )

2

2

2 9 2 8 16

8 9 2 18

SN
m
SS
m

H H Hx
x H H H

− − −
=

− − −
. So, SN SS

m mx x>  if and only if  

( ) ( ) ( )( ) ( ) ( )( )2 2 2
9 2 9 2 8 16 8 9 2 18 60 319 504 0.g H H H H H H H H H− − − − − − − = − + >  Since  

( )9 120 319 0g H H′ = − < , ( )9g H  is strictly decreasing in 90,
8

H  ∈ 
 

. Now, 9
9 3537
8 16

g   = 
 

, so 

( )9 9
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

From Table 3 and Table 4, 
( ) ( )( )
( ) ( )( )

2

2

2 9 2 4 2

4 9 2 18

SN
m
SM
m

H H Hx
x H H H

− − −
=

− − −
. So, SN SM

m mx x>  if and only if  

( ) ( ) ( )( ) ( ) ( )( )2 2 2
10 2 9 2 4 2 4 9 2 18 12 53 36 0g H H H H H H H H H− − − − − − − = − + − > . Since  
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( )10 24 53 0g H H′ = − + > , ( )10g H  is strictly increasing in 90,
8

H  ∈ 
 

. Now, 10
9 135 0
8 16

g   = > 
 

,  

( )10 0 36 0g = − < , so ( )10 0g H ≥  for 53 1081 9
24 8

H−
≤ <  otherwise ( )10 0g H < . 

2) From Table 2 and Table 3, SM MSD D= , if m sH H H= = . From Propositions 4, SM SSD D> . From  

Table 3 and Table 4, 
( ) ( )( )
( ) ( )( )

2

2

3 9 2 4 2

4 9 2 18

SN

SM

H H HD
D H H H

− − −
=

− − −
. It is apparent that SN SMD D>  if and only if  

( ) ( )( ) ( ) ( )( ) ( ) ( )2 2 23 9 2 4 2 4 9 2 18 3 2 11 36 0H H H H H H H H H− − − − − − − = − − + > . This is equivalent to  

( ) 2
11 : 2 11 36 0g H H H= − + > . Since ( )11 4 11 0g H H′ = − < , ( )11g H  is strictly decreasing in 90,

8
H  ∈ 

 
. 

Now, 11
9 12555
8 256

g   = 
 

, so ( )11 11
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

From Table 2 and Table 3, SM MS
sc scπ π= , if m sH H H= = . From Propositions 4, SM SS

sc scπ π> . From Table 3 
and Table 4,  

( ) ( )( ) ( )( )
( ) ( )( ) ( )( )

22 2

22 2

4 9 9 2 81 4 2
.

6 4 4 9 2 18

SN
sc
SM
sc

H H H H H

H H H H H

π
π

− − − − −
=

− − − − −
 

It suffices to show  

( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )2 22 2 2 24 9 9 2 81 4 2 6 4 4 9 2 18 0H H H H H H H H H H− − − − − − − − − − − > , which is  

equivalent to ( ) 2 3 4 5 6
12 : 116640 144828 51858 1673 4624 884 48 0g H H H H H H H= − + + − + − > . Now,   

( ) 2 3 4 5
12 144828 103716 5019 18496 4420 288 ,g H H H H H H′ = − + + − + −  

( ) 2 3 4
12 103716 10038 55488 17680 1440 ,g H H H H H′′ = + − + −  

( ) ( )3 2 3
12 10038 110976 53040 5760 ,g H H H H= − + −  

( ) ( )4 2
12 110976 106080 17280 ,g H H H= − + −  

( ) ( )5
12 106080 34560 0.g H H= − >  

( ) ( )4
12g H  is strictly increasing in 90,

8
H  ∈ 

 
. Now, ( )4

12
9 13506
8

g   = − 
 

, ( ) ( )3
12g H  is strictly decreasing in  

90,
8

H  ∈ 
 

 due to ( ) ( ) ( )4 4
12 12

9 0
8

g H g  < < 
 

 for 90,
8

H  ∈ 
 

. Since ( )3
12

9 111765 0
8 2

g   = − < 
 

 and  

( ) ( )3
12 0 10038 0g = − > , there is an unique * 90,

8
H  ∈ 

 
 such that ( ) ( )3

12 0g H ≤  for *9
8

H H> ≥  otherwise  

( ) ( )3
12 0g H > . That is, ( )12g H′′  is strictly decreasing in *9

8
H H> ≥ , but strictly increasing in *0 H H< < . So 

( )12g H′′  is a unimodal function. Now, 12
9 8658999 0
8 128

g  ′′ = > 
 

 and ( )12 0 103716 0g′′ = > , so ( )12 0g H′′ > . 

That is, ( )12g H′  is strictly increasing in 90,
8

H  ∈ 
 

. Due to 12
9 2660445
8 64

g  ′ = − 
 

, ( )12 12
9 0
8

g H g  ′ ′< < 
 

 

for 90,
8

H  ∈ 
 

. That is, ( )12g H  is strictly decreasing in 90,
8

H  ∈ 
 

. Now, 12
9 259068375
8 16384

g   = 
 

, so 
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( )12 12
9 0
8

g H g  > > 
 

 for 90,
8

H  ∈ 
 

. 

3.b) From Table 2 and Table 3,  

( ) ( )( )
( ) ( )( )
( ) ( )( )

( )( )
( )( )
( )

( )( )
( )

23 2

23 2

3 2 2

2 32

2

3

4 8 16

8 4 2

4 8 16 16 8 16

816 4 2

16 8 16
.

8

SM
m
SS
m

MS
s
SS
s

H H H

H H H

H H H H H

HH H

H H

H

π
π

π
π

− − −
=

− − −

− − − − −
=

−− −

− −
=

−

 

It is apparent that 
( )( )
( )

2

3

16 8 16
1

8

H H

H

− −
>

−
 if and only if  

( ) ( )( ) ( )2 3 3 2
13 : 16 8 16 8 8 320 512 0g H H H H H H H= − − − − = − − + > .  S ince  ( ) 2

13 3 16 320g H H H′ = − −   

and ( )13 6 16 0g H H′′ = − < . ( )13g H′  is strictly decreasing in 90,
8

H  ∈ 
 

. Now, ( )13 0 320 0g′ = − < , so 

( )13g H  is strictly decreasing in 90,
8

H  ∈ 
 

 due to ( ) ( )13 13 0 0g H g′ ′< <  for 90,
8

H  ∈ 
 

. Due to  

13
9 73369 0
8 512

g   = > 
 

, ( ) 3
13 13

9 0
8

g H g  > > 
 

 for 
90,
8

H  ∈ 
 

. 

From Table 2 and Table 4, 
( ) ( )( )
( ) ( )( )

23 2

23 2

2 9 2 8 16
.

8 9 2 18

SN
m
SS
m

H H H

H H H

π
π

− − −
=

− − −
 Then, SN SS

m mπ π>  if and only if  

( ) ( ) ( )( ) ( ) ( )( )2 23 2 3 2
14 : 2 9 2 8 16 8 9 2 18 0g H H H H H H H= − − − > − − − > . Now,   

( ) 2 3 4 5
14 4214592 5767632 3124029 770456 81120 2544 ,g H H H H H H′ = − + − + − +  

( ) 2 3 4
14 5767632 6248058 2311368 324480 12720 ,g H H H H H′′ = − + − +  

( ) ( )3 2 3
14 6248058 4622736 973440 50880 ,g H H H H= − + − +  

( ) ( )4 2
14 4622736 1946880 152640 ,g H H H= − +  

( ) ( )5
14 1946880 305280 0.g H H= − + <  

So, ( ) ( )4
14g H  is strictly decreasing in 

90,
8

H  ∈ 
 

. Now, ( ) ( ) ( )4 4
14 14

9 2625681 0
8

g H g  > = > 
 

, ( ) ( )3
14g H  is 

strictly increasing in 90,
8

H  ∈ 
 

. Then, ( ) ( ) ( )3 3
14 14

9 17656365 0
8 8

g H g  < = − < 
 

, ( )14g H′′  is strictly decreasing 

in 90,
8

H  ∈ 
 

. So, ( )14 14
9 312899355 0
8 256

g H g  ′′ ′′> = > 
 

 for 90,
8

H  ∈ 
 

. That is, ( )14g H′  is strictly  

increasing in 
90,
8

H  ∈ 
 

. Thus, ( )14 14
9 0
8

g H g  ′ ′< < 
 

, and so ( )14g H  is strictly decreasing in 90,
8

H  ∈ 
 

. 

Therefore, ( )14 14
9 10440210933 0
8 32768

g H g  > = > 
 

 for 90,
8

H  ∈ 
 

. 



S. J. Wang, F. F. Liu 
 

 
196 

From Table 3 and Table 4, 
( ) ( )( )
( ) ( )( )

23 2

23 2

2 9 2 4 2
.

4 9 2 18

SN
m
SM
m

H H H

H H H

π
π

− − −
=

− − −
 It is apparent that SN SM

m mπ π>  if and  

only if ( ) ( ) ( )( ) ( ) ( )( )2 23 2 3 2
15 : 2 9 2 4 2 4 9 2 18 0g H H H H H H H= − − − − − − − > . Now,   

( ) 2 3 4 5
15 159408 335880 238731 74984 10560 528 ,g H H H H H H′ = − + − + −  

( ) 2 3 4
15 335880 477462 224952 42240 2640 ,g H H H H H′′ = − + − + −  

( ) ( )3 2 3
15 477462 449904 126720 10560 ,g H H H H= − + −  

( ) ( )4 2
15 449904 253440 31680 ,g H H H= − + −  

( ) ( )5
15 253440 63360 0.g H H= − >  

So, ( ) ( )4
15g H  is strictly increasing in 90,

8
H  ∈ 

 
. This implies that ( ) ( ) ( )4 4

15 15
9 204879 0
8

g H g  < = − < 
 

 and 

so ( ) ( )3
15g H  is strictly decreasing in 90,

8
H  ∈ 

 
. This together with ( )3

15
9 933315 0
8 8

g   = > 
 

 implies that 

( )15g H′′  is strictly increasing in 90,
8

H  ∈ 
 

. Now, 15
9 7046757
8 256

g  ′′ = − 
 

, so ( )15g H′  is strictly decreasing in 

90,
8

H  ∈ 
 

. Since 15
9 14569065 0
8 2048

g  ′ = − < 
 

 and ( )15 0 159408 0g′ = > , there is an unique 0
90,
8

H  ∈ 
 

 such 

that ( )15 0g H′ ≤  for 0
9
8

H H> ≥  but otherwise ( )15 0g H′ > . That is, ( )15g H  is strictly decreasing in 

0
9
8

H H> ≥ , but strictly increasing in 00 H H< < . Now, 15
9 230455125
8 32768

g   = 
 

, so  

( ) ( )15 0 15 15
9 0
8

g H g H g  ≥ > > 
 

 for 0
9,
8

H H ∈ 
 

. Moreover, ( )15 0 46656 0g = − < . There is an unique 

( )2 00,H H∈  such that ( )15 0g H ≥  for 2
9
8

H H> ≥  but ( )15 < 0g H  otherwise. We get an approximate  

solution 2 0.502293H ≈  by solving a six order equation. This completes the proof. 

6.2. 8. Proof of Proposition 8 
1) From Table 5, it is obvious that CS CM

s sx x= , CM CS
m mx x= , CS CMD D= , CM CM

sc scπ π= , and  
( )
( )

4 8 6
1

3 9 8

CN CV
s m
CM CM
s m

Hx x
Hx x

−
= = >

−
, ( )

( )
3 8 6

1
2 9 8

CN

CM

HD
HD

−
= >

−
, and ( )

( )
4 8 6

1
3 9 8

CN
sc
CM
sc

H
H

π
π

−
= >

−
. 

2) From Table 5, 16 9 1,
8 9

CM CS
m s
CS CM
m s

H
H

π π
π π

−
= = >

−
 and ( )

( ) ( )

22 8 6
9 8 8 9

CN CN
m s
CS CM
m s

H
H H

π π
π π

−
= =

− −
. It is apparent that  

CN CS
m mπ π>  and CN CM

s sπ π>  if and only if ( ) ( ) ( )22 8 6 9 8 8 9 56 47 0H H H H− − − − = − > , which is true due  

to 9
8

H < . 

Again from Table 5, ( )
( ) ( )

22 8 6
1

9 8 16 9

CN CN
m s
CM CS
m s

H
H H

π π
π π

−
= = >

− −
 since  

( ) ( ) ( )22 8 6 9 8 16 9 16 17 0H H H H− − − − = − + > . This completes the proof.  

6.3. Necessity of Condition (SOC) for the Existence of Equilibria 
The SOC of mode N under different market power: 
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1) About the equilibrium of mode (NS), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So, it 
is necessary to require  

2 2 2

2 2
4 80 4 0, 0 8 0.

4 8
s s m m

s m
s m

b k b kH H
x x
π π∂ − ∂ −

= < ⇔ − > = < ⇔ − >
∂ ∂

 

At the same time, 8 2 0s mH H− − >  is required to ensure , 0NS NS
s mx x ≥ . All the three conditions are ensured 

by 8 2 0s mH H− − > . 
2) In mode (NM), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So, it is necessary to require  

2 2 2

2 2
8 40 8 0, 0 4 0.

8 4
s s m m

s m
s m

b k b kH H
x x
π π∂ − ∂ −

= < ⇔ − > = < ⇔ − >
∂ ∂

 

At the same time, 8 2 0s mH H− − >  is required to ensure , 0NM NM
s mx x ≥ . All the three conditions are 

ensured by 8 2 0s mH H− − > . 
3) In mode (NN), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So, it is necessary to require  

2 2 2

2 2
2 9 2 90 9 2 0, 0 9 2 0.

9 9
s s m m

s m
s m

b k b kH H
x x
π π∂ − ∂ −

= < ⇔ − > = < ⇔ − >
∂ ∂

 

At the same time, 9 2 2 0s mH H− − >  is required to ensure , 0NN NN
s mx x ≥ . All the three conditions are 

ensured by 9 2 2 0s mH H− − > . 
The SOC of mode S and M under different market power: 
4) In mode (SS), when the efforts of the supplier are observed by the manufacturer, the profit ( ),m s mx xπ  is 

a quadratic function of sx  and mx . So it is necessary to require  
2 2

2
8 0 8 0.

8

SS
m m

m
m

b k H
x
π∂ −

= < ⇔ − >
∂

 

Then, the profit ( ),s s mx xπ  is a quadratic function of sx  and mx . So it is necessary to require  

( )
( )

( )
22 22

2
2 22

16 8
0 8 16 0.

8

SS
m m ss

m s
s m

bk k b k
H H

x k b

π − −∂
= < ⇔ − − >

∂ −
 

Both of the two conditions are ensured by ( )28 16m sH H− >  and 8 mH> . 
5) In mode (MS), when the efforts of the manufacturer are observed by the supplier, the profit ( ),s s mx xπ  is 

a quadratic function of sx  and mx . So it is necessary to requir  
2

2
4 0 4 0.

4

MS
s s

s
s

b k H
x
π∂ −

= < ⇔ − >
∂

 

Then, the profit ( ),m s mx xπ  is a quadratic function of sx  and mx . So it is necessary to require  

( )
( )

( )
22 22

2
2 2

2 4
0 4 2 0.

4

MS
s s sm

s m
m s

b k k b k
H H

x k b
π − −∂

= < ⇔ − − >
∂ −

 

Both of the two conditions are ensured by ( )24 2s mH H− >  and 4 SH> . 
6) In mode (SM), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So it is necessary to requir  

2 2

2
4 0 4 0

4

SM
m m

m
m

b k H
x
π∂ −

= < ⇔ − >
∂

 

and   

( )
( )

( )
22 22

2
2 22

2 4
0 4 2 0.

4

SM
m m ss

m s
s m

bk k b k
H H

x k b

π − −∂
= < ⇔ − − >

∂ −
 

7) In mode (MM), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So it is necessary to require  
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2

2
8 0 8 0

8

MM
s s

s
s

b k H
x
π∂ −

= < ⇔ − >
∂

 

and   

( )
( )

( )
22 22

2
2 2

16 8
0 8 16 0.

8

MM
s s sm

s m
m s

b k k b k
H H

x k b
π − −∂

= < ⇔ − − >
∂ −

 

8) In mode (SN), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So it is necessary to require  
2 2

2
2 9 0 9 2 0.

9

SN
m m

m
m

b k H
x
π∂ −

= < ⇔ − >
∂

 

and   

( )
( )

( )
22 22

2
2 22

18 9 2
0 9 18 0.

9 2

SN
m m ss

m s
s m

bk k b k
H H

x k b

π − −∂
= < ⇔ − − >

∂ −
 

9) In mode (MN), the profit ( ),i s mx xπ  is a quadratic function of sx  and mx . So it is necessary to require  
2

2
2 9 0 9 2 0

9

MN
s s

s
s

b k H
x
π∂ −

= < ⇔ − >
∂

 

and   

( )
( )

( )
22 22

2
2 2

18 9 2
0 9 2 18 0.

9 2

MN
s s sm

s m
m s

b k k b k
H H

x k b
π − −∂

= < ⇔ − − >
∂ −

 

The SOC of mode C under different market power: 
10) In mode (CM, CS), the profit ( ) ( ) ( ), , ,sc s m s s m m s mx x x x x xπ π π= +  is a quadratic function of sx  and 

mx . Then, we require the negativity of the Hessian matrix of ( ),sc s mx xπ  with respect to sx  and mx . This is 
equivalent to, after some algebraic computations, that   

2 2 2

2 2
3 8 3 80, 0.

8 8

CS CS
sc s sc m

s m

b k b k
x x
π π∂ − ∂ −

= < = <
∂ ∂

 

2 2

2 2

22 2

2

3 8 3
8 3 38 8 0 8 3 3 0.

83 83
8 8

CS CS
sc sc s

s ms m s m s
s mCS CS

msc sc

m s m

b k b
x xx k k bk b k H H

b kb
x x x

π π

π π

∂ ∂ −
∂ ∂∂ − −

= = > ⇔ − − >
−∂ ∂

∂ ∂ ∂

 

That is, 3 8,3 8s mH H< < , and 8 3 3s mH H> + , all of which are ensured by 8 3 3s mH H> + . 
11) In mode (CN), the profit ( ) ( ) ( ), , ,sc s m s s m m s mx x x x x xπ π π= +  is a quadratic function of sx  and mx . 

Then, we require the negativity of the Hessian matrix of ( ),sc s mx xπ  with respect to sx  and mx . This is 
equivalent to, after some algebraic computations, that   

2 2 2

2 2
4 9 4 90, 0.

9 9

CN CN
sc s sc m

s m

b k b k
x x
π π∂ − ∂ −

= < = <
∂ ∂

 

2 2

2 2

22 2

2

6 9 4
9 4 49 9 0 9 4 4 0.

94 94
9 9

CN CN
sc sc s

s ms m s m s
s mCN CN

msc sc

m s m

b k b
x xx k k bk b k H H

b kb
x x x

π π

π π

∂ ∂ −
∂ ∂∂ − −

= = > ⇔ − − >
−∂ ∂

∂ ∂ ∂

 

That is, 4 9, 4 9s mH H< < , and 9 4 4s mH H> + , all of which are ensured by 9 4 4s mH H> + . 
It is apparent that the second order conditions above are always true whenever 9 4 4s mH H> + . If s mH H= ,  

9
8

H> . 
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