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Abstract

As far as the problem of intuitionistic fuzzy cluster analysis is concerned, this paper proposes a
new formula of similarity degree with attribute weight of each index. We conduct a fuzzy cluster
analysis based on the new intuitionistic fuzzy similarity matrix, which is constructed via this new
weighted similarity degree method and can be transformed into a fuzzy similarity matrix. Moreo-
ver, an example is given to demonstrate the feasibility and validity of this method.
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1. Introduction

The fuzzy set theory has been widely used in various fields of modern society since it proposed by Zadeh [1] in
the 1960s. The main idea of this theory is the extension from the characteristic function taking the value of 0 or
1 to the membership function which can take any value from the closed interval [0,1]. However, in the increa-
singly complex socio-economic environment, there are different degrees of hesitation on comprehension and
cognition, which can’t make a valid judgment. Therefore, the traditional fuzzy set cannot be used to completely
describe all the information in such problems. Atanassov [2] expands Zadeh’s fuzzy set theory with the concept
of intuitionistic fuzzy set (IFS), which is characterized by a membership function, a hon-membership function
and a hesitation function [3]. Since IFS can describe the uncertainty and the essence of fuzzy, it has been widely
concerned and applied. The research on the application of intuitionistic fuzzy sets are mainly focused on the
fields of multi-attribute decision making [4] [5] and pattern recognition [6] [7]. Many scholars have applied IFS
to the cluster analysis, which generates the research of intuitionistic fuzzy cluster analysis (IFCA). At present,
the research on the IFCA is still not perfect. In IFCA, the core of this problem is to obtain the proximity degree
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of two intuitionistic fuzzy vectors, which is the similarity degree in IFS. With the different forms, this paper
discusses the problem of structuring similarity degree. Zhang [8] proposes an intuitionistic fuzzy similarity de-
gree with an intuitionistic fuzzy number (IFN) and obtains the results by constructing intuitionistic fuzzy simi-
larity matrix (IFSM), intuitionistic fuzzy equivalent matrix (IFEM) and A-cutting matrix of IFEM, while the si-
milarity degree is not easy to calculate. Chen [9] proposes an intuitionistic fuzzy clustering method based on set
valued statistics, and the similarity degree is represented by an IFN. The method is also complex in calculation.
This paper constructs a new similarity degree that is based on the distance of the membership degree, non-
membership degree and hesitation degree. Then, considering the risk factors [10], the matrix is transformed from
the IFSM with membership degree and non-membership degree to fuzzy similarity matrix with only member-
ship degree. The advantage of this method is that the calculation is simple and it is easily operated. The attribute
weights of each index are considered, which make the formula more scientific and reasonable. The correctness
of the method is proved in theory, and the validity is demonstrated by an example.

2. Intuitionistic Fuzzy Set Theory
Definition 1 [3]. An IFS is an object having the following form:

A={<X,,uA(X),VA(X)>|XE X}
which is characterized by a membership function:
ta i X —>[0,1], xe X - p,(x)e[0,1]
and a non-membership function:
vai X >[01], xe X 5> v,(x)e[01]’
with the condition:
0< p,(X)+va(x)<1,forall xeX,

where , (x) and v, (x) are called a membership degree and a non-membership degree of x in A.
Moreover, for each IFS A in X, if

7a(X)=1= s (X)=va(x), forall xe X
then 7z, (x) is called an hesitation degree of x to A. Obviously,
0<7z,(x)<1,forall xeX .
In particular, if
7a(X)=1= 1, (X)—v,(x)=0, forall xeX

then A reduces to Zadeh’s fuzzy set. Thus, fuzzy sets are the special cases of IFSs.
a=(u,,v,) iscalled an intuitionistic fuzzy number(IFN), where

M, e[O,l], v, e[O,l], O<uy,+v, <1,

Let © be the set of all IFNs. Obviously, a =(1,0) isthe largest IFN, and ™ =(0,1) is the smallest IFN.
The physical interpretation of o =(4,,v,)=(0.5,0.3) is “the vote for resolution is 5 in favor, 3 against and 2
abstentions”.

Atanassov proposed the inclusion relationship of two IFSs [3].

Let A1={<X,/1A1(X),VA1(X)>‘X€X} and AZ={<x,qu(x),vA2(x)>‘x<; X} be two IFSs, then:

(1) AcA ifandonlyif xeX, u, (X)<u, (x) and v, (x)2v, (x);
(2) A=A, ifandonlyif xeX, u, (X)=u, (x) and v, (x)=v, (x).

Definition 2 [3]. Let Z =(z )m _ beamatrix with mxn_orders, if z;(1<i<m<1<j<n) isan IFN, then

Z is called intuitionistic fuzzy matrix (IFM).
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Definition 3 [8]. If Z |s an IFM and satisfies the following conditions:
(1) Reflexivity: z; =(1,0 | 21,
(2) Symmetry: z; = zJI , |e, “X-J uxu W =V (i=12,- ) then Z is called intuitionistic fuzzy similar-
ity matrix (IFSM).
Definition 4 [9]. Let $:Q° —®,where Q bethesetofall IFNsonX,and A eQ(i=12,,n).
9( satisfies the following conditions:

A)
1) 9(A,A) isalFN;
(2 $(A.A)=(10) ifandonlyif A=A,;

B I(AA)=9(AA);
@1 Ach CA,tien 9(A,A)<I(AA) ad 5(A,A)CH(A.A).
Then, 9(A.A) i scalled thesimilarity degree of IFSs.

3. Fuzzy Clustering Analysis Based on IFSM

'~m

is an attribute set. The A= (aij )m _ is called intuitionistic fuzzy decision-making matrix, where a; = (,uij ,vij)

In the problem of multi-attribute decision making, S ={S,,S,,---,S,} isascheme set,and P={R,P,--,P,}

is the attribute value of scheme S; in the attribute P;. Weight reflects the important degree of each index in
the evaluation results, so it is very important to give proper weight for each index in the rationality of the evalu-

n
ation results. Let @ ={@,@,,--,,},) ®; =1,0<w; <1 be the attribute weight set of each evaluation index.
j=L

The attribute values of scheme A, and scheme A, respectively, are

Ap :((ﬂpl’vpl)'<ﬂp2'vp2)""’(fupn’vpn)) and Ap :(('upl’vpl)’(luPZ’VpZ)"”’(/upnlvpn))'
For convenience, the membership degree distance and non-membership degree distance between A, and

n y2 n y2
A, are denoted as dl(Ap'A\q):[zle (ﬂpj_ﬂqj)zj and dz(Avah):(Z;‘"j (vpj—vqj)zj . Let
J= j=

Hy, =1-max(d,,d,), v,, =min(d,,d,)

Theorem 1. Let A, and A, be two IFSs, then 9(A,, A,)= (.7, ) = (1-max(d,,d, ), min(d,,d,)) is
called the IFSD between A, and A,

Proof: According to the 4 conditions in Definition 4, the process of this proof are as follows:

(1) Since u,; €[0,1], 4, €[0,1], we have (ypj — Uy )26[0,1], and since Zn:a)j =10<w; <1, we get
j=L

12
n 2

(Zl:wi ('upj _'qu) J <[0,1].
=
Hence, we have d, [0,1]. Similarly, we get d, [0,1].
Thus, 1-max(d,,d,)e[0,1] and min(d,,d,)e[0,1],ie., ze[01],Ve[0,1].
Since f,, +v,, =1-max(d,,d,)+min(d,,d,)<[0,1].
Therefore, S(Ap,Aq) is an IFN.

(2) When A, =A,,wehave d,=d,=0.
Therefore, we get 9(A,, A,)=(10).

n 2 2
(3) Since dl(Aq'Ap):[ij('qu_/um)] :dl(AP’Al) and d2<A\J'AP):d2(Ap'AJ)'
Thus, we have 9(A,, A)=9(A, A,).
@I A cA A then puy<py<p;(j=12--,n) and v, >v, >v,,(j=12,n).

P =

n 2 Y v
And since dl(Ap,A)z[Z_le(upj—#,,—)j , dl(Ap’Al>:[Z_le (:upj_luQi)J and

O,
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n 2 Y2
dl(Aq,A):(éwj(ﬂqj_#rj)] .So, we have d,(A,,A)xd, (A, A) d(A A)2d(A.A)

Similarly, we can obtain dZ(Ap,A)Z dZ(Ap,Aq),dz(Ap, A)z dz('%, A).
Thus,

ax(dl(Ap’Ar)’d2<Ap’Ar))2 max(dl(Ap’Ah)’dZ(Ap’Aq))
ax(d, (A, A )0, (A, A )= max(d, (A A ).d, (A, A)),

1-max(d, (A, A ), d, (A, A )) <1-max(d, (A, A, )0, (A, A,)
1-max(d, (A, A ).d, (A, A ) <1-max(d; (A, A ).d, (A A ),

and
min (c (Ay. A ). d (A, A )= min(d; (A;, A, ). da (A, A )
min (d AM ADA)) in(d, (A, A ).d; (A A)).

Hence, we have 1, <.V, 2V, and p, <, vV, 2V,

Thus, we can get $(A,, A )< 9(A,,A,) and 9(Ap,/s»)c9(Aq A).

To sum up, the proof is completed.

Therefore, the intuitionistic fuzzy similarity degree between two schemes can be obtained by the Theorem 1,
which can get the IFSM Z =(z,)  of the m schemes. Thereinto, z, = S(A )= (,u”, 7;) is an IFN.
(The subscript of the three formulas are modified) (Combine the content of section 3 Wlth section 2). As an IFN
is composed with membership degree, non-membership degree and hesitation degree. The hesitation degree is
considered to be a part of the membership degree and non-membership degree, that is
7o (X)=ap, (X)+(1—a)v, (x). Thus, the similarity degree can be transformed from an IFN to fuzzy number,
that is

fy = + B(1- 1, - ;) 1)

there into, S e[0,1] is a risk factor. Therefore, the IFSM can be transformed into a fuzzy similarity matrix
F _(f ) . We can conduct clustering analysis with this fuzzy similarity matrix through the method of
A-cutting matrlx

4. Empirical Analysis

In this paper, we select a case from Literature [8], which is that a car market wants to classify the five kinds of
different vehicles A, (j=1,2---,5). Each vehicle has six factors as the evaluating terms, which contained fuel
consumption (G,), friction (G,), price (G,), comfort (G,), design (G,) and safety (Gg). The each car’s
characteristic information is represented by an IFN, as shown in Table 1.

Table 1. Characteristic information for each car.

Gy G, Gs Gs Gs Gs

As (03,05) (06,0.1) (0.4,0.3) (0.8,0.1) (0.1,0.6) (05,0.4)
A; (0.6,0.3) (05,0.2) (0.6,0.1) (0.7,0.1) (0.3,0.6) (0.4,0.3)
As (0.4,0.4) (0.8,0.1) (05,0.1) (06,0.2) (0.4,0.5) (03,02)
As (0.2,0.4) (0.4,0.1) (0.9,0.0) (0.8,0.1) (02,05) (0.7,0.1)
As (0.5,0.2) (0.3,0.6) (0.6,0.3) (0.7,0.1) (06,0.2) (05,0.3)
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4.1. Constructing Intuitionistic Fuzzy Similarity Matrix

In the problem of multi-attribute decision making, the evaluation results are impacted by each attribute index on
different extent, so it is necessary to give a reasonable weight coefficient for each index. The weights of the six
evaluation factors are obtained via the intuitionistic fuzzy entropy calculating the weights’ method proposed by
Szmidt Eulalia [11]. The weight of each index is
w, =0.102, w, =0.189, @, =0.189, w, =0.259, @, =0.155,; =0.106.

By the formula of Theorem 1, we can get a five orders IFSM with five different vehicles between each pair of
similarity degree:

(1L0)  (0.830.12) (0.80,0.13) (0.750.17) (0.71,0.26
(0.830.12)  (10)  (0.83,0.09) (0.780.10) (0.75,0.15
Z=(z),,=|(0.80013) (0.830.09)  (10)  (0.69007) (0.720.25

(0.75,0.17) (0.78,0.10) (0.69,0.07)  (1,0)  (0.71,0.24
(0.71,0.26) (0.75,0.15) (0.72,0.25) (0.71,0.24)  (1,0)

) 5 5 12 5 12
z; =(1-max(d,,d,),min(d,,d,)) and dy :(kZa)k(yik — 1y j 1y :(Za)k (vic=vi) j :
=1

5
k=1

, there into,

~— — — —

4.2. Fuzzy Clustering Analysis Based on IFSM

In order to make the IFCA more convenient, the value of similarity degree is transformed from IFN to fuzzy
numbervia Equation (1): f; = z; +,6(1—/7ij —17“) , Which can make the IFCA turn into fuzzy clustering analy-
sis. Let B =0.5 be the risk factor, the new similarity degree is made of 50% hesitation degree and 50% mem-
bership degree. We will get the fuzzy similarity matrix that is calculated by equation:
1 086 084 0.79 0.73

086 1 0.87 084 0.80
fy = iy +0.5(1— iz, —v; ) . The fuzzy similarity matrix is: F=(f,) =|0.84 087 1 081 074/,

079 084 081 1 074

0.73 080 0.74 074 1

The results of the fuzzy clustering analysis through maximal tree method are shown in Figure 1.

The results of clustering analysis are as follows:

Cutting off r, <0.87, 5 different cars are divided into 5 categories, and the clustering result is:
{AL{AL{A} {A} {A}; Cutting off r; <0.86, the clustering resultis: {A},{A,,A;},{A,}.,{A}; Cutting
off r, <0.81, the clustering result is: {A,A,, A}, {A,},{A}: Cutting off r; <0.80, the clustering result is:
{A A, A, A} {A}; Cutting off r; <0.80, the clustering resultis: {A, A, A, A, A}

From the above results, it is clear that the clustering method proposed in this paper and the literature [10] are
based on the intuitionistic fuzzy similarity formula, and the clustering results are represented for intuitionistic
fuzzy similarity matrix. Although there are some differences in the corresponding values, the trend of elements
in the matrix is same. The final clustering results are roughly the same as that of the literature [10], which shows
that the new similarity degree is effective. But the method proposed in this paper is more comprehensive and
reasonable than the method in literature [8], and it is simpler and easier to operate than the method in literature
[10].

0.86 0.87

® ® ®

0.80

Figure 1. The maximum tree cluster map.
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4.3. Evaluation

To sum up, we can see that the new similarity degree proposed in this paper is correct and effective, and it has
the following advantages:

(1) With the form of IFN, the information of the data is fully extracted:;

(2) Taking into account the weight of the index attribute, the calculation results are more reasonable;

(3) The new similarity degree takes into account the membership degree and the non-membership degree, and
it fully extracts the information provided by the intuitionistic fuzzy numbers;

(4) Computational process is simple and easy to operate.

5. Conclusion

This paper proposes a new method to compute intuitionistic fuzzy similarity degree. The formula is not only
considered with the weight of each index attribute but also expressed by an IFN. It makes the information fully
extracted. Meanwhile, the computational process is simple and convenient. Considering the risk factor, we ob-
tain IFSM through the new similarity degree. Then, the IFSM is converted to a fuzzy similarity matrix. Finally,
we get the result of cluster analysis through the method of maximum tree. In this paper, we prove the correctness
of the new similarity degree and illustrate the validity and rationality of the method with an example. This me-
thod extends the research space of the intuitionistic fuzzy similarity degree.
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