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Abstract 
This tutorial review is dedicated to the work of the outstanding Egyptian theoretical physicist and 
engineering scientist Prof. Mohamed El Naschie. Every physics student knows the well-known Ein-
stein’s mass-energy equation, E mc2= , but unfortunately for physics, few know El Naschie’s 
modification, ( )E O mc= 2 22 , and El Naschie’s dark energy equation ( ) ( )E D mc2 21 22=  al-
though this new insight has truly far reaching implications. This paper gives a short tutorial re-
view of El Naschie’s fractal-Cantorian space-time as well as dark energy. Emphasis is put on the 
fundamental concept of Cantor set, fractal dimensions, zero set, empty set, and Casimir effect. 
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1. Introduction 
Modern theoretical physics has a truly fascinating and marvellous story to tell and teach everyone, particularly 
physics students, regarding its logical structure and development [1] [2]. We could start the story with Newton’s 
smooth three-dimensional space although to make a long story short, it is advisable to start with relativity [1] [2]. 
Einstein’s theory of relativity, which he designed in a smooth four dimensional space-time, was the first major 
modern revolution in theoretical physics since Newton and Maxwell [1]. Not only that but the work of Einstein 
was positioned somehow in many respects between relativity and the next revolution, namely quantum mechan-
ics. This is so despite Einstein’s reluctance to embrace quantum entanglement [3] and the fundamental changes 
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in our philosophy which this new theory implies [4] [5]. These fascinating aspects of Einstein’s work and the 
implication of El Naschie’s extension [6] are the subject of the present tutorial. In addition, we included many 
important references for work related to El Naschie’s E-infinity theory. 

2. Einstein’s Mass-Energy Equation and Beyond  
Einstein’s well-known iconic equation of relativity relating total energy to mass and the speed of light is given 
by  

2E mc=                                       (1) 
It was derived for a photon. It does not model the energy of our real world. Einstein’s theory was established 

on the assumption of absolute smooth 3 + 1 dimensional space-time. However, space and time are not at all 
smooth. To demonstrate the discontinuity of space-time [7], we consider a TV screen (see Figure 1) that is 
smooth at any ordinary observable scales. However, when the scale becomes smaller and smaller, until to a very 
small one, the surface reveals an unsmooth face consisting of many arrayed pixels with fractal dimensions larger 
than 2, the dimension fluctuation is of great importance to understand El Naschie’s fractal space-time, which 
will be explained in details in the forthcoming sections. Time is also discontinuous when it is extremely small. A 
film gives 24 or more slips per second. This gives a continuous movement (see Figure 2). However, in the case 
of 20 or less slips per second, the movement becomes discontinuous. 

Now as we mentioned earlier on, Einstein’s mass-energy equation is derived under the assumption of absolute 
smooth space-time. In reality space-time is intrinsically discontinuous when it tends to a quantum scale [6] and a  

 

    
Figure 1. The “smooth” TV screen is not smooth at small scales. The idea of presenting this fact in this form is 
due to Prof. Lee Smolin and Prof. Ji-Huan He.                                                        

 

   
Figure 2. “Continuous” movement in a film consists of millions of discontinuous flashes of statical single photos. 
The idea of this figure is due to Prof. Ji-Huan He.                                                       
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Hilbert cube can excellently model the actual fractal space-time [8]. When space-time becomes discontinuous at 
very high resolution corresponding to very small scales, Newton-Leibniz calculus ceases to be valid and fractal 
theory must be adopted to describe all phenomena. According to El Naschie’s E-infinity theory [6], space-time 
is a random Cantor set with Hausdorff dimension of ( 5 1) / 2φ = −  instead of ln2/ln3. (See Figure 3). 

When we construct a Cantor set, whether deterministic or random, we end up with two Cantor sets, the zero 
set and the empty set, the former consists of infinite points, and the latter is the left of the unit interval [9], see 
Figure 3. These two Cantor sets are extremely important for understanding El Naschie’s theory [10]. The zero 
set represents the quantum particle and its Hausdorff dimension is the golden mean, ( )5 1 2φ = − . The empty 
set models the quantum wave but it also models quantum space-time itself [11], its Hausdorff dimension is 

21 φ φ− = . 
We consider an extremely large plan with discontinuous boundary at an extremely small scale, see Figure 4.  
The average Hausdorff dimension of the plan given in Figure 4 is 

ln 41 2 0.2618
ln 3

+ = +                                        (2) 

 

 
Figure 3. The construction of a deterministic Cantor set with Hausdorff dimensions of ln2/ 
ln3. When uniform randomness is added, the Hausdorff dimension is slightly reduced to 

( )5 1 2φ = − . In both cases the measure, i.e. length is zero.                             

 

 
Figure 4. Fractal boundary with fractal dimensions of ln4/ln3. Dark energy, which is a hy-
pothetical form of energy that permeates all of space and tends to accelerate the expansion 
of the universe, is hidden on the universe’s fractal boundary. According to E-infinity theory, 
Prof. El Naschie revealed that dark energy currently accounts for about 95.5% of the total 
mass-energy of the universe and is hidden at the universe’s fractal boundary as per Dvo-
retzky’s theorem.                                                              
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where 0.2618 is the fluctuation of plan dimensions. The fluctuation dimensions for our space-time at quantum 
scale is 3 0.236φ =  , where ( )5 1 2φ = −  [6]. 

The average Hausdorff dimension of our space-time is [6]  

3
4 3

1 14 4 4.23614 14
4

D φ
φ

= + = + = =
+

+
+

                           (3) 

The general El Naschie’s dimensional form is [6]  
( )1 .n

nD φ− −=                                           (4) 

For our real n = 4 space-time, Equation (4) gives Equation (3). 
The fractal explanation of Equation (3) is given in Figure 5 [8] and looks like a Russian doll with self-simi- 

larity in all scales.  
It is instructive to relate in a visually impressive way how the dimensionality of space progressed from New-

ton to El Naschie via Einstein following a proposal by Prof. Ji-Juan He: 
33 1

Newton
Einstein
El Naschie

Dimensions φ= + +

                                (5) 

Similarly the five dimensional Kaluza-Klein space-time [12] and Witten’s fractal M-theory [13] [14] can be 
represented as follows: 

34 1
5-dimensional Kaluza- Klein spacetime

El Naschie's modification

Dimensions φ= + +
                    (6) 

511
Witten's M- theory

El Naschie & Ji- Huan He's modification

Dimensions φ= +
                   (7) 

Further more El Naschie was able to show that Einstein’s iconic E = mc2 is in fact the sum of two basically 
quantum parts [15]-[23], namely that of the quantum particle energy  

( ) 2 22E O mc=                                         (8) 

and that of the quantum wave energy  

( ) ( )2 21 22E D mc=                                      (9) 

 

    
Figure 5. El Naschie-Ji-Huan He fractal space-time model with self-similarity [8].             
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so that Einstein, without realizing, did indeed hit the nail on its head, quantumly speaking [24]. For an easily 
understandable explanation of these facts, we consider the 5 dimensional Kaluza-Klein space-time [7] [12]. 
When it tends to quantum scale, the average Hausdorff dimension of fractal Kaluza-Klein space-time is 35 φ+ . 
Consider a quasi-Hausdorff hyper volume of the 5 dimensional Kaluza-Klein space-time, which consists of the 
zero set of quantum particles, and the empty set of quantum waves [7]-[10].  

The quantum particles are not occupied within a 1 × 1 × 1 × 1 × 1 hyper volume but a φ φ φ φ φ× × × ×  fractal 
hyper volume. That means that the quantum particles have energy equal to [7]-[10]  

2 5 21 1lim
1 1 1 1 1 2 2v c

E mv mcφ φ φ φ φ
φ

→

× × × ×
= =

× × × ×
                           (10) 

This is El Naschie’s meantime equation [11] predicting that 95.4915028% of the energy in the cosmos is the 
missing hypothetical dark energy. El Naschie’s theory combines Newton’s mechanics with quantum mechanics. 
A mini-symposium on dark energy in 4th international symposium on nonlinear dynamics was held in Shanghai, 
China on October 30, 2012, for celebrating El Naschie’s greatest finding, see Figure 6. 

We recall first Einstein’s relativistic mass equation, which is given by 

0
2

2

=
1

mm
v
c

−

                                     (11) 

In the above equation, the velocity v relates to that of the photon. Now we consider a photon moving in x-di- 
rection, while a particle moves on a 2 dimensional plane with same projection velocities in x- and y-directions, 
that is the velocity in x-direction is 2v . Similarly in N-dimensional world, the mass equation can be mod-
ified to  

2
0

0 22

2

1= 1
2

1

m vm m
N cv N

c

 
≈ + 

 −

                             (12) 

and its energy can be approximately written in the form 

21lim
2v c

E mv
N→

 =  
 

                                     (13) 

Using Mitten’s 11 dimensional M-theory [13], we have N = 11, and  

21
22

E mc=                                         (14) 

 

 
Figure 6. El Naschie’s photo appearing in a historical conference poster with Cantor set, the symbolic golden 
mean and the fractal Hibert cube space-time model. (Kind permission of Prof. El Naschie and Prof. He).           
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Using fractal M-theory [13] [14], 511N φ= + , we have 

( )
5

2 2
5

1
22 11

E mc mcφ
φ

= =
+

                                (15) 

which is exactly the same as El Naschie’s equation, Equation (10). We believe that El Naschie’s theory gives a 
bridge joining our visible world with the invisible quantum world, as illustrated in Figure 7(a). which was pro-
posed for the first time by Prof. Ji-Huan He. 

It is fair to say that only a few would place the field of deterministic chaos and fractals as the next mile stone 
or revolution after quantum mechanics. However, the work of G. Cantor and his transfinite theory are by far the 
most fundamental mathematics which quantum physics requires and this fact at long last becomes known via the 
work of the pioneer of nonlinear dynamics, chaos and fractals, notably Lorenz, Ruelle, Feigenbaum, Mandelbrot, 
Takens, York and El Naschie to mention only a few [25]-[30]. However apart of the immensely important work 
of L. Hardy [3], the quantum mechanics connection to chaos and fractals was another intensive effort which 
took much longer to bear fruit due to the genius of people like R. Feynman and the dedicated efforts of numer-
ous scientists, particularly the quantum chaos pioneers Chirikov, Casati, Ford, Gutzwiller and Berry as well as 
the fractal space-time pioneers Ord and Nottale in addition to El Naschie’s E-infinity Cantorian space-time 
theory [6]. Stripped to the bare core, nonlinear dynamics is about the discovery of Cantor sets for mechanics so 
we are justified in asking what do fractals bring to physics in general and quantum mechanics in particular? 
Without going into the discussion of why we will restrict our explanation to a specific fundamental fractal, 
namely random Cantor set [6] for which, by a well-known theorem, the Hausdorff dimension is the most irra-
tional number ( )5 1 2φ = −  [6] we will look next at one of the most important aspects of quantum mechanics, 

 

 
(a) 

     
(b) 

Figure 7. From Newton and Einstein to El Naschie. The transfinite corrections of E-Infinity theory are 
nothing else but quantum entanglement corrections of the Hardy type. The probability of quantum entan-
glement is experimentally found to be 9.017%, exactly as El Naschie’s and L. Hardy’s theoretical prediction 
which is 5 9.0169945%φ = . (Kind permission of Prof. El Naschie and Prof. He).                                 
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namely the Heisenberg uncertainty principle [31]. Now this principle precludes the use of one of the most po-
werful tools of mechanics, namely the phase space method of analysing dynamics and stability of mechanical 
sets [1] [32]. Needless to say the method proposed by Wiegner to overcome this limitation is not anywhere as 
widely used as the Hilbert space approach or as the path integral method [32]. That is where Cantor sets come to 
the rescue. With a Cantor set phase space, i.e. a “point-less” phase space with non-standard points, there is no 
problem to do quantum calculations without violating the uncertainty principles [31] [32]. El Naschie did similar 
things in the past in real space-time and he integrated Hilbert space into the E-infinity larger picture [33]. From 
here we can then point in a systematic way to the undreamed of possibilities of chaotic fractals and random 
Cantor set to tackle quantum physics starting from a comprehensive picture up to an exact solution [34]-[36]. 
This brings us to the next important point in the present discussion, namely Hardy’s quantum entanglement. 
Hardy was seeking an exact solution to a basic particles entanglement [3]. Using orthodox quantum mechanics 
in ket and bra formalism of Dirac he found the quantum probability for entanglement of two quantum particles 
to be about 9 percent [3]. However what he really did not suspect was what Prof. D. Mermin published a little 
later showing that this 9 percent was an exact value equal to φ  to the power of five [37]. That was probably the 
first exact result linking without a trace of a doubt the random Cantor set with quantum mechanics and the fun-
damental dimensional function of von Neumann-Connes continuous and noncommutative geometry [38] of 
which Penrose fractal tiling [1] is a generic space mimicking E-infinity theory [6]. Remembering that Penrose 
tiling depends crucially upon a golden mean proportionality, we see that the hunch that this golden mean is fun-
damental is far more than a hunch as, as we will see in the present work, it is a fact discussed on numerous pre-
vious occasions [39]-[44]. Maybe it is at this point that we should stress the marvel hidden in a golden mean 
based number system and E-infinity is indeed embedded in a golden mean binary constituting de facto a golden 
mean computer rivalling even a transfinite version of Turing’s machine without hardware save for a modern 
pocket calculator on the side to perform the elementary manipulation of the adding, multiplying and dividing the 
golden mean and its power [42] [45]. Having solved the measure technical computational problem as well as the 
fundamental contradiction between the discrete and the continuous by building a method which unites both op-
posed concepts into a transfinite discretum which has the cardinality of the continuum, we realize that we have 
not only a much better understanding of the vacuum fluctuation but we found a handle on it which can be used 
to the extent of building mini fractal universes in the laboratory from which we can extract clean energy in the 
form of a Casimir energy reactor [46]. Before that however we show that ordinary energy is identical to Casimir 
energy and that the cosmological dark energy is the complimentary energy of the Casimir energy. For an in-
structive simple and exact picture of quantum space-time, the reader is invited to examine Figure 2 of Ref. [34]. 
How this all fits together is the subject of the coming sections. 

3. Building Elements of E-Infinity Diagrams 
The main two elements or building blocks of E-infinity diagrams are the zero set and the empty set [7]. From 
these irreducibly simple set theoretical elements we can virtually build an entire space-time and more. For a 
Cantor set as illustrated in Figure 3, the fractal dimensions of the zero set for infinite “points” are ln2/ln3, while 
the fractal dimensions of the empty set is 1 − ln2/ln3. For a random Cantor set, we have [11]. 
a) The zero set ( )D H φ=   
b) The empty set ( ) 21D H φ φ= − =  
where D(H) is the Hausdorff dimensions and ( )5 1 2φ = − . From the above we obtain the latent Casimir 
space-time set representing the latent topological energy of space-time as the difference of φ  and 2φ  in 
symbolic diagram (see Figure 7(a)) reflecting the essence of the famous Casimir experiment with two un-
charged but perfecting conducting plates [47]. 

From the diagrams of Figure 8 we can generalize to two limiting cases (see Figure 8 and Figure 9). 
1) When the distance between the two plates of Figure 8 tends to real zero, this is then the totally empty set 

φ(−∞) = zero. In the surrounding space we have a non-empty set with the average latent pressure everywhere 
equal 3φ  while the average space-time density is basically the fractal five dimensional average 35 φ+  in-
stead of 5 dimensional Kaluza-Klein space-time. Consequently the density of the latent Casimir pressure is 
simply ( )3 35φ φ+ . This is exactly equal 5 2φ , which is our well known ordinary measurable energy of 
the cosmos and in astounding agreement with cosmic measurements and observation [32]. The immediate 
rather profound conclusion is that the measured real energy density of the cosmos is nothing more but nothing 
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Figure 8. Symbolic representation of the E-infinity Casimir diagram for nano scales. The 
difference between φ  and 2φ  gives the latent space-time topological pressure 3φ . The 
inverse of 3φ  on the other hand is the average Hausdorff dimension of space-time 34 φ+ .  

 

 
Figure 9. Symbolic representation of the E-infinity Casimir diagram for Hubble scales. The 
boundary of the holographic boundary of the universe is one sided Möbius-like so that we 
have no outside. In other words, the outside is the totally empty set. This is the mathemati-
cal definition of the philosophical concept of non-existence or nothingness.                    

 
less than the Casimir latent energy of space-time and at this scale it is not related in any way to the Riemann 
curvature of space-time but to the chaotic fractality of space-time in full agreement with our picture which 
we adopted based on Feynman’s conjecture that gravity is similar to van der Waals fluctuation of micro 
space-time frequently termed Feynman-El Naschie van der Waals quantum gravity conjecture [6] [39]. 

2) Now, we look at the other extreme where the distance between the Casimir plates is equal to the diameter of 
our universe as shown schematically in Figure 2. The repulsive Casimir-like pressure is in this case equal 

35 φ+  minus the latent Casimir topologic pressure 3φ  which is working in the opposite direction so that the 
net repulsive topological pressure pushing the boundary of the universe outwardly is given by ( )3 35 5φ φ+ − = . 
Therefore the density of this repulsive topological pressure is ( )35 5 φ+ . This happens to be equal to 

( )3 31 5φ φ − +   which means it is simply identical to what we calculated for the dark energy of the cos-
mos 25 2φ . We recall that 25 2φ  was interpreted as the energy of the pre-quantum wave, i.e. the energy 
of the empty set albeit in five dimensional Kaluza-Klein space [48]. The corresponding diagram is shown in 
Figure 2. 

4. E-Infinity Hierarchy for Quantum Space-Time 
We start from our exact picture of quantum space-time [35]. This picture consists of three concentric circles, see 
Figure 10. When a Cantor set as illustrated in Figure 3 continue dividing ad infinitum, only “points” for the ze-
ro set are obtained, each point has zero dimensions, but each point can still be divided with fractal dimension: 

( )0 1
0D φ φ− −= =                                        (16) 



L. Marek-Crnjac 
 

 
589 

 
Figure 10. The quantum space-time E-infinity hierarchy [34]-[36]. 
(Kind permission of Prof. El Naschie).                           

 
The first is the zero set of the quantum pre-particle (0; φ). The boundary of the points in the zero set has a 

negative dimension, −1 [49]. To show this we consider a square with 2 dimensions, its boundary is a line with 1 
dimension. The boundary of a line is two points with zero dimension, so it is easy to be concluded that the 
boundary of a point has a negative one dimension [49]. By Equation (3), the Hausdorff dimensions for n = −1 
reads 

( )1 1 2
1D φ φ− − −
− = =                                      (17) 

Around this pre-particle we have a topological surface representing the empty set pre-quantum wave (–1; 
2φ ). The boundary of negative one the empty set has dimensions of negative two dimensions, and Hausdorff 

dimensions for n = −2 are 
( )2 1 3

2D φ φ− − −
− = =                                     (18) 

Finally, we have the third layer which happens to be an expectation value ( )32;φ  representing the average 
value of an infinite number of empty sets constituting the pre-quantum space-time. 

Now, φ, 2φ  and 3φ  are not only Hausdorff dimensions but they can also be understood as a topological 
frequency or critical parameters of corresponding limit cycles. Therefore we can use the well-known comparison 
theorem of eigenvalue due to Dunkerley formula, which is a well-known approximation for the fundamental 
frequency of vibration of certain elastic structures, and figure the combined critical value or joint Hausdorff di-
mension as follows: 

2 3

1 1 1 1
p φ φ φ
= + +                                      (19) 

Consequently we have 

( )( )
2 3 3

5
6 6 5

1 1 12 2 11 22 k
p

φ φ φ φ
φ

φ φ φ
+ + +

= = = = + = +                      (20) 

where 5φ  is Hardy’s quantum entanglement, 511 φ+  is the dimension of Witten’s fractal M-theory and 
( )3 31k φ φ= −  [6] [31] [34]-[36]. This is a remarkable result on more than one count. On the first count we 

found the density of ordinary measurable energy to be obviously equal p and to be at the same time the energy 
density of the latent Casimir energy of the cosmos [34]-[36] 

( ) 1 1 95.5%
22

E O
p k

= = ≈
+

                              (21) 
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5. The E-Infinity Casimir-Dark Energy Diagram for Topological Interactions  
in Cantorian Space-Time 

Similar to the quasi probability of Wigner’s quantum mechanics in phase space [32], our topological probability 
approach to quantum mechanics as enshrined in E-infinity [31] [34]-[36] represents an alternative extremely 
simple fourth formulation for quantum mechanics which is not directly connected to Hilbert space, path integral 
nor the density matrix approach [32]. Naturally it bears a resemblance to all the afore mentioned formulations 
but is by no means identical and in fact it adds a few new points to our understanding of the deep mathematical 
structure of orthodox quantum mechanics hiding behind complex numbers and analytical continuation [1] [6]. 

The internal logic of our approach rivals that of Weyl-Wigner quantum mechanics in phase space and its log-
ical underpinning by Groenewold and Moyal [32]. For instance as we enter into the negative dimensions regime 
and find that the Hausdorff dimension nφ  is getting increasingly small, it is clear that this means the “Cantor 
set” is becoming thinner and tending to real nothingness or the absolute empty set [6]. The situation is thus par-
alleling the density of the density matrix. Similarly when we are summing in E-infinity theory over all dimen-
sions to reach our expectation Hausdorff dimension of the core of E-infinity space-time ( ) 34n

cd φ= +  then we 
are using essentially a similar mathematical concept as that of Feynman path integral but exchanging “paths” for 
“dimensions” [1]. We could go on describing our approach but could never explain it as good as by treating a 
fundamental example and nothing could be better and more fundamental than looking at the Casimir effect and 
dark energy from the perspective of our E-infinity topological probability quantum field theory [6]. 

6. The Mageuijo-Smolin Quantum Gravity [43] 
To obtain E(O) from E(D) and vice versa we have the following transformation [43] 

( )
3 3

3

fractal part 1 solid part1 95.5%
solid part 5 5 fractal part1

5

E Dφ φ
φ

= → + → = = =
+

                 (22)

 
( )3 3

3

solid part 5 5 1 fractal part1 4.5%5fractal part solid part1
E O

φ φ
φ

= → + → = = =
+

                   (23) 

The same applies to a fractal de Sitter universe [1] [50] 

( ) ( )3 35 solid part 5 fractal partD φ φ= + = = + = .                         (24)
 That means ordinary energy is 

3

3

fractal part
total 5

φ
φ

=
+

                                    (25) 

and dark energy is 

3

solid part 5
total 5 φ

=
+

                                     (26) 

7. The Advantage of being Transfinite Cantorian for Quantum Mechanics 
Let us start with Heisenberg’s uncertainty [1] [31]. In E-infinity space-time [6] there is no ordinary points. It is 
exactly as in von Neumann’s space [6] which he describes in jest as “pointless”. Consequently in Cantorian 
space-time this fundamental principle is taken care of automatically ab initio. In fact writing 3φ  as (φ ) ( 2φ ) 
reveals that neither φ  as a quasi-coordinate nor 2φ  as its derivative are fixed numbers which can be written 
in decimal expansion in a finite way nor the quasi phase space spanned byφ  and 2φ . The same is true for the 
product 3φ  which is ambiguous in a fundamental way because φ  could be seen as a distance or a mean veloc-
ity while 2φ  could be interpreted as acceleration or mean velocity squared. However, for the union of the two 
sets, the zero set φ  and the empty set 2φ  we have the remarkable collapse in a simple integer [38] [45] 

( ) ( )20.618033989 0.3819660 oneφ φ= + = =                         (27) 
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It would be a mistake to think this result is trivial. However, written in symbolic form ( )5 1 2φ = −  and 

( )22 4 5 1φ = +  this is of course trivial computation but not when written in the chaotic decimal expansion. In  

other words E-infinity transfinite Cantorian quantum mechanics has at its disposal and in a natural way, a trans-
finite golden computer [42] [45] with a real efficiency which borders on the surreal because simple finite arith-
metic operations can handle uncountably infinite numbers and find at the end a neat compact answer [45]. In 
fact nothing can attest to this coincidentia oppositorum like that first rate orderly character of the continued frac-
tion expansion of φ , namely [25]-[30] 

1 0.6183398911 11
1

φ = →
+

+
+

                              (28) 

or 

1 1 1 1 ... ,φ = + + +                                    (29) 

when compared to its totally chaotic decimal expansion [25]-[30] 
0.618033989φ =                                      (30) 

and find on the top of that a well-known fact, namely that φ  is the Hausdorff dimension of a random triadic 
Cantor set. 

8. The Disadvantage of Being Transfinite Cantorian-Quantum Theory 
At the risk of appearing facetious, we would like to seriously propose that in no minor measure a draw back of 
E-infinity Cantorian space-time theory is that it is excessively simple. A theory should be simple but not exces-
sively so. Being excessively simple puts a theory at risk of being called trivial as an easy shot by members of the 
“voluntary opposition”. In his early days working in applied mechanics, the author was in awe vis-à-vis the 
work of a great scholar Prof. Cliff Truesdell who coined the word rational mechanics [51] [52]. The competence 
of Truesdell is beyond any doubt. However, his mathematical vanity was equally beyond doubt. He was able to 
smooth anything mathematically to the point that the author felt he was facing a superman of mechanical science. 
This is what impressed Prof. El Naschie as a naïve young post graduate student until he grew out of it with the 
help of real engineering scientists like W.T. Köiter, J.M.T. Thompson, J. Croll, S. Nemat Nasser and A.W. 
Walker to mention only a few [51] [52]. There is science and there is selling science within science politics and 
the part related to funding is more frequently than not unrelated to science and depends on salesmanship and 
media more than on logic. The problem with E-infinity is that it fulfills the criteria, which says that maximal 
accuracy is attained in the ideal limit at maximal simplicity. When simplicity is interpreted wrongly as triviality, 
then it is tragic. We could find nothing better to close this section with than the wise words of a Socrates of 
modern science, Prof. J.A. Wheeler [53] in his classic book “Information, Physics, Quantum: The Search for 
Links” where he wrote “Surely some day we can believe, we will grasp the central idea of it all as so simple, so 
beautiful, so compelling that we will say to each other, ‘Oh, how could it have been otherwise!’. How could we 
all have been so blind so long!”. 

9. The VAK and Quantum Phase Space from the View Point of E-Infinity 
In the following, we show a simple deep connection between a few fundamental aspects of E-infinity and Weyl- 
Wigner theory [54]. 
a) If we take φ  to mean a coordinate then 2φ  is the quasi derivative and φ - 2φ  becomes a phase space with 

( )( )2 3φ φ φ=  being simply a cell of this phase space. 

b) Seen that way, then ( )( )( )( )2 5φ φ φ φ φ=  of Hardy may be recognized as the unit cell of 3D Cantorian- 
quantum phase space. 
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c) Since the VAK is a Hamiltonian “strange” attractors conjectured by Rene Thom to represent the equilibrium 
states of quantum mechanics [3] [55], we see how the VAK, E-infinity and Wigner quantum phase quasi 
probability are intimately connected. We could proceed further to black hole information [1] and the Hawk-
ing and Beckenstein theory [1] but space limitation will not permit that. 

10. El Naschie’s Recent Work on the Black Hole Information Paradox [66]-[69] 
In very recent work El Naschie used the entire mathematical machinery of E-infinity theory [55]-[73] to re-at- 
tack the nagging information paradox of black holes from new view point [64]-[69]. It would be intuitively rea-
sonable to suppose that in the case of black holes with high dimensionality, i.e. extra dimensions, the horizon i.e. 
the hyper quasi surface of the black hole horizon will also be of higher dimensionality. Therefore it would seem 
to follow that the information that resides only on the surface will be, so to speak, diluted because the Bekens-
tein limit is supposed to remain the same. In other words the net effect is that the information density will de-
crease or so it would seem initially [64].  

In the present work we show that due to the well-known theorem on measure concentration the above conclu-
sion is fallacious [64]. The said theorem due to the legendary Ukrainian-Israeli mathematician and past time 
President of the famous Weizmann Institute, I. Dvoretzky leads to the definite conclusion that in sufficiently 
high dimensional spaces such as our quantum space-time, about 96% of the volume resides on the surface or 
very near to it while a near to only 4% remains in the deceptive bulk. An almost identical result may be obtained 
using E-infinity theory [55]-[73] with regard to energy where the 96% energy residing on the surface is identi-
fied with the supposedly missing so called dark energy. Noting the well know connection between information, 
entropy and thus thermodynamics and energy we see that our conclusion has an indirect actual cosmic mea-
surement and observational justification, in fact, confirmation. In addition, we note parenthetically that the Be-
kenstein wonderful result upon which we are basing ourselves still needs an extension to a fractal version by 
means of which the reduction in the information density will also be excluded. It is thought that in this form the 
Bekenstein real limit on information will become topological and measure theoretical universality which dispels 
the black hole information paradox in an unheard of simplicity conserving the most important feature of the 
theory of Hawking on the one side and ‘tHooft-Susskind on the other without violating any fundamental laws of 
physics. In the present analysis we will follow two converging roads to show the counterintuitive results of 
measure concentration due to very high dimensionality. We start first by Dvoretzky’s theorem [64] then we do 
the same using the wave-particle duality of E-infinity theory. 

10.1. Dvoretzky’s Theorem 
The moral which we can learn, in fact relearn from this theorem is a well-known wisdom from many counterin-
tuitive results of geometry in higher dimensions, namely that we should in general never generalize an obvious 
conclusion from a low dimensional space to a higher one. For instance on a flat two dimensional space any two 
lines will intersect in a point unless they are parallel. However, the spectacular failure of this simple obvious re-
sult in three dimensional space is embarrassingly clear. Now let us start with a Euclidean ball [64] [65] 

2

1
: 1 .

n
n n

iB x R x = ∈ ≤ 
 

∑                                       (31) 

Working in the usual way to find the volume of this n dimensional ball we arrive via gamma function and 
Stirling formula to [64] [65] 

2π
n

n
eV .

n
 

≅   
 

                                         (32) 

That means for V = 1 the radius is a very large one equal approximately to 

.
2π
n

e
                                             (33) 

Now, we proceed to the distribution of the mass, i.e. how the “volume” of this ball is distributed. To do that, 
we estimate first the (n − 1) volume of a slice through the centre of the unit ball. Since the radius of the ball is 
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( )1 n
nr V=                                            (34) 

then the volume of the slice (n − 1) dimensional ball is given by [64] [65] 

( )( )
( )1

1
1 1

n n
n

n n
n

nV r V
V

−

−
− −

 
=  

 
                                  (35) 

Using the Stirling formula again we find that the slice has the volume e  for very large n. The next question 
is what is the (n − 1) dimensional volume of a parallel slice? The slice at distance x from the centre is an (n − 1) 
dimensional ball with radius 2 2r x−  so that the volume of the smaller slice is given approximately by  

( ) ( )
( )12

1 2

1smaller slice .
n n

n
xV e

r

−

−

 −
≅  

 
                             (36) 

Since r is approximately  

2π
nr

e
≅                                           (37) 

one finds  

( ) ( ) ( )2
1 smaller slice exp π .nV e ex− ≅ −                             (38) 

That means we obtain “mass” distribution that is almost Gaussian, with variance which surprisingly does not 
depend upon n: 

1 .
2π

var
e

≅                                          (39) 

That way we conclude the following remarkable result, namely that almost all the “volume” stays within a 
flab of fixed width and our result announced in the introduction of the present paper follows that about 96% of 
the “mass”, i.e. the volume lies in the slab [64] 

1 1: .
2 2

n
ix R x ∈ − ≤ ≤ 

 
                                    (40) 

That means 96% is concentrated near the subspace (n − 1) which may be regarded as the hyper surface of an n 
dimensional black hole. This is a clear failure of our low dimensional intuition to anticipate what happens in 
high dimensional cases. 

10.2. E-infinity Particle-Wave Duality 
In E-infinity theory, the pre-quantum particle as well as the pre-quantum wave follows from the fundamental 
equation fixing the invariants of the noncommutative E-infinity space-time [38] 

( ),D a b a bφ= +                                       (41) 

where ,a b Z−∈  and ( )5 1 2φ = − . Setting a = b = 0 one finds the absolutely empty set D = 0. By contrast 
for a = 0 and b = 1 one finds the zero set ( )E O φ=  which models the particle while its cobordism, i.e. the sur-
face is nothing but the empty set [34] 

21D φ φ= − =                                        (42) 
which models the quantum wave. Transferring this result to Kaluza-Klein “quantum” space-time we note that 
the “inner” volume must be correlated, i.e. intersectional which is appropriate for a volume and leads to [70] 

( ) 5V O φ=                                          (43) 

where D(Kaluza-Klein) = 5. The outer surface, i.e. the quantum wave on the other hand is additive and non- 
correlated so that the union operation is what leads to the volume  

( ) 25V D φ=                                          (44) 
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A typical volume representative for both would be clearly the arithmetic mean 
5 25 1

2
φ φ+

=                                          (45) 

In turn looking at the above as energy density we see that [70] 

( ) ( )5 2V O E Oφ= =                                    (46) 

for m = c = 1 while 

( ) ( )25 2V D E Dφ= =                                   (47) 

In other words E(O) is our familiar ordinary measureable energy density of the quantum particle  

( ) ( )5 2 22 22.E O mc mcφ= ≈                               (48) 

while E(D) is our dark energy density of the quantum wave which we cannot measure [12]-[17] 

( ) ( ) ( )2 2 25 2 21 22E D mc mcφ= ≈                            (49) 

Adding both together we obtain the celebrated result [70] 

( ) ( ) ( ) 2Einstein .E E O E D E mc= + = =                          (50) 

Now remembering that energy and information are directly related via entropy, the preceding result is con-
firmation of what we obtained earlier on using Dvoretzky’s theorem, namely that 96% of the information is 
drawn to the surface higher dimensionality rather than “diluted” by it. Needless to say, the preceding results re-
main valid for a rotating Kerr black hole [71]. 

11. Conclusions 
We presented in this relatively short trivial review a general theory for quantum space-time and zero point 
energy fluctuation based on E-infinity and related mathematical concepts. The main results and conclusions may 
be summarized in the following rather important points: 
1) El Naschie’s E-infinity theory is a pointless self-referential geometrical-topological space-time theory re-

lated to von Neumann-Connes’ noncommutative geometry of Penrose fractal tiling universe. 
2) Casimir energy and ordinary energy density of the cosmos are not only identical conceptually but identical 

numerically. 
3) Casimir energy and cosmic dark energy are complimentary in the most strict mathematical and physical 

meaning. 
4) The difference between Casimir energy and dark energy is a difference of boundary condition where the 

boundary of the holographic boundary of the universe is a one-sided Möbius-like manifold (see Figure 2 of 
Ref. [56]). 

5) Using a heap of space filling fractal nano spheres, we can build in principle a mini universe and use it as an 
energy reactor (see Figure 1 of Ref. [57]). 

6) The main conclusion is a natural consequence of mirror symmetry and Witten’s T-duality (see Figures 2-4 of 
Ref. [58]) in addition to Dvoretzky’s theorem, which explains why energy is concentrated at the edge of the 
universe similar to electrical charge of a Faraday cage and information of a black hole. 

7) The famous Einstein equation E = mc2 is in fact the sum of two quantum relativity parts E(O) = mc2/22 of 
the quantum particle and E(D) = mc2 (21/22) of the quantum wave. In particular, E(O) is 4.5% of the total E 
and is the measured ordinary energy density of the cosmos while E(D) is 95.5% of the total E and represents 
the dark energy and dark matter density of the cosmos [70]. 

8) The formal logic proposed by M.S. El Naschie is the only ingredient missing from Hawking’s theory and 
that of ‘tHooft and Susskind [66]-[69]. This is the case because as explained by El Naschie formal logic, i.e. 
self referentiality and Gödel theorem implies self-similar pointless geometry [66]-[69] [74]-[76]. In turn, this 
solves the puzzling density of information in a black hole and the rest is only connected to measure concen-
tration due to Dvoretzky’s theorem [64] [65] [74]-[76]. 
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