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Abstract

With the help of the method that combines the first kind of elliptic equation with the function
transformation, some Kkinds of new composite solutions of a kind of coupled Schrédinger equation
are constructed. First, a kind of function transformation is presented, and then the problem of
solving solutions of a kind of coupled Schrédinger equation can be changed to the problem of
solving solutions of the first kind of elliptic equation. Then, with the help of the conclusions of the
Backlund transformation and so on of the first kind of elliptic equation, the new infinite sequence
composite solutions of a kind of coupled Schrédinger equation are constructed. These solutions
are consisting of two-soliton solutions and two-period solutions and so on.
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1. Introduction

In many researches of the physical problems such as the high frequency movement of plasma, nonlinear optical,
nonlinear dissipative system and fluid mechanics and so on, the Schrédinger type equations always appear.
Many methods to solving solutions of these nonlinear evolution equations are presented [1]-[9]. Such as, liter-
ature [1] [2] separately used the expand hyperbolic function method and the hyperbolic function type auxiliary
equation method, obtained hyperbolic function type and trigonometric function type one-soliton solutions of
Zakharov equation. Literature [3] used projection Riccati equation, obtaining hyperbolic function type one-
soliton solutions of the nonlinear coupled Schrddinger-KdV equation. Literature [4] used Jacobi elliptic function
expansion method, constructed new solutions of Davey-Stewartson equation. Literature [5] used the first kind of
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elliptic equation, constructed new solutions of Gross-Pilaevskii (G-P) equation. Literature [9] used auxiliary
equation method, constructed new solutions of the following kind of Schrédinger equation.

iut—,BuXX+Kv+(|u|2+a|v|2)u =0, 1)
iv, — Bv,, +Ku +(|v|2+a|u|2)v=0. )

Here, o is the relative cross-phase modulation coefficient and o >0, and K is the linear coupling coefficient
accounting for possible twist of the fibre in the case where u(x,t) and v(x,t) represent orthogonal linear
polarizations or elliptic deformation of the fibres cross-section if u(x,t) and v(x,t) correspond to circular
polarizations.

Literature [1]-[9] obtained new finite one-soliton solutions of Schrdédinger equation. Based on the auxiliary
equation method [10]-[24], the paper constructs the new infinite sequence composite exact solutions of a kind of
coupled Schrédinger equation.

iU, —aUu,, +a2v+oc3(oc4|u|2 +a5|v|2)u 0, (3)

Vi = BV + U + By (134 |V|2 +fs |U|2)V =0. @)

Here o and g, (l=j=12,-.5) arearbitrary constants.

First, a kind of function transformation is presented, and then the problem of solving solutions of a kind of
coupled Schrddinger equation can be changed to the problem of solving solutions of the first kind of elliptic
equation. Then, with the help of the conclusions of the Béacklund transformation and so on of the first kind of
elliptic equation, the new infinite sequence composite solutions of a kind of coupled Schrédinger equation are
constructed. These solutions are new composite solutions consisting of two-soliton solutions, two-period solu-
tions and the solutions composed of soliton solutions and period solutions composed in pairs by Riemann 6
function, Jacobi elliptic function, hyperbolic function and trigonometric function.

2. The Relative Conclusions of the First Kind of Elliptic Equation

Then we put forward the Backlund transformation and so on new conclusions of the first kind of elliptic
equation [21] (5).

 (dz(&)Y
(zf(g)) {%} =a+b22(§)+cz4(§)_ (5)
Here a, b and ¢ are constants.

2.1. The Solutions of the First Kind of Elliptic Equation

Case 1. The Riemann & function type new solutions of first kind of elliptic equation [22]
When a=6;(0)67(0),b=6;(0)-6,(0),c=-67(0)6?(0), the first kind of elliptic equation (5) has the
following solutions.

2(£)=08) ©

Here 9[g*j(z,r)=Z:fwexp{(n+gj(nir(n+gj+2(z+82JH, [gj is a bivector, n is an integer.
& B &

and, 0,(2) o[ 1) (z:0).0. ()= o g Jise). 0, (2)=0[ g Jtie) 0n(2) - o)

Case 2. The Jacobi elliptic function type new solutions of the first kind of elliptic equation
According to the periodic of Jacobi elliptic function, many kinds of new solutions of the first kind of elliptic
equation can be obtained, here we list some kinds of new solutions [21].

@)
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When a= Azgz,b:—(1+ k2),92 c= k;’?z the first kind of elliptic Equation (5) has the following solutions.
2(&)=Asn(9&,k), ()
Z(g)z{Asn(&f,k), (4p-1)K(k)<9&<(4p+3)K(k) peZ, @®)
-A other.
A 95 <(4p+1)K(k),
2(£)=1Asn(9¢,k), (4p+1)K(k)<I&E<(4p+3)K(k), 9)
-A, (4p+3)K(k)< 9 peZ.

1

i 2 o=l
f"m ’ I°\/(1—x2)(1—|<2x2
are constants.

Case 3. The other new solutions of the first kind of elliptic equation
When b*—4ac =0 the first kind of elliptic Equation (5) has the following solutions.

dx,0<k <1. Zis the assemblage of integer. A, $

Here K (k)=

Vb (b
z(é)zﬁtan(ﬁg] (b>0,c>0),

_ ﬁ[ﬁ exp(@é)}
x/z[l—exp(x/%rfﬂ

(b<0,c>0).

2.2. The Bicklund Transformation of the First Kind of Elliptic Equation

If z,,(£) is the solution that not a constant of the first kind of elliptic Equation (5), then z, (&) is also the
solution of Equation (5).

a[—bl T (b2 —4ac)|2 —2C|Z§_1(§)}
c[zal i[ibl +(b* - 4ac)1? } 25_1(5)}

Here a, b and c are the coefficients of first kind of elliptic Equation (5). | is an arbitrary constant not equal to
zero.

If znfl(cf) is the solution that not a constant of the first kind of elliptic Equation (5), then the following
z,(£) is also the solution of Equation (5).

(n=1,2,-). (12)

Z, (5):

22 (&) :%[—b +2c22,(&)F 2\/52{]71(5)] (b2 —4ac=0,n=12,- ) (13)
c
Here a, b and are c the coefficients of first kind of elliptic Equation (5).

2.3. The Relative Conclusions of the Special First Kind of Elliptic Equation
When a=0 Egquation (5) can be changed to Equation (15).

() =y(S). (14)
(v(€)) {%ﬁ] = 4by* () +40y* (¢). (15)

By the following transformation, Equation (15) can be changed to Riccati equation (17).



Y.L.Naetal

y(§)=[2._ﬁx—;((gj - 5
%‘f)ﬂ'(@:g(xzm_b) == ()

3. The Relative Conclusions of Riccati Equation

Then we put forward the relative conclusions of Riccati equation [23] [24] (18).

()

0 =@’ (&) =3, +by® (&) +c, @ (&). (18)

3.1. The Solutions of Riccati Equation

Riccati Equation (18) has the following normal solutions.

@0(5):—2—“ + o2 - 4a,c, tanh[ (\/Taoco.f) |

()=~ | B~y con (B 4]

@0(5):2—;{— \/mtan[ (V-2 +4agc, .»;) (b2 — 4ayc, <0), (21)
@0(5):—%{b0+\/mcot[2( —bZ + 4ayc, 5)

0

(b3 —4ayc, >0), (19)

(b - 4ayc, >0), (20)

(b3 —4ayc, <0), (22)

_23(d, +dy¢) 2 g
D, ()= bod, +d, (2 0,2) (0} —4ayc, =0), (23)
1
®o(§)=-dl+cg (8 =b, =0), (24)

Here d,,d, are arbitrary constants not equal to zero.

3.2. The Bicklund Transformation of Riccati Equation

If ®,,(&) is the solution of Riccati Equation (18), then the following @, (&) is also the solution of Riccati
Equation (18).

o 2aggco + zangoCanl(é:) + Moq)ﬁfl(ég) _
I g o () rang) RS @)

Here

aoco( gbg +agb,m +2a,gc, +2a0 +b \/aoco aom +q ( §—4a0c0)—2aog(bom+2a0f)]
M, = +a’gh,c, Faimc, +a,A,
M, =c, [;aogboco +amc, +A],

2
A= \/(aogboco —agmco) —4ajgct (gc, +,f ) .

f,g and m are arbitrary constants not equal to zero. a,,b, and c, are coefficients of Riccati Equation (18).
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4. The New Infinite Sequence Composite Solutions of a Kind of Coupled
Schrodinger Equation

4.1. A Kind of Coupled Schrodinger Equation and the First Kind of Elliptic Equation

By the following function transformation (26) (27), the problem of solving solutions of a kind of coupled
Schrédinger Equation (3) (4) can be changed to the problem of solving solutions of two first kind of elliptic

equation.
1 . 1 .
u(x,t):E[P(§)+Q(n)]exp(|(5x+7xt)):E[P(/lx+vt)+Q(yx+a)t)]exp(|(5x+yt)). (26)
:—[P (n) Jexp(i(5x+ 1) ):%[P(ix+vt)—Q(yx+a)t)]exp(i(5x+7t)). (27)
Here A,u,v,®,6 and y are constants to be determined, and /1¢y,v¢a).
When B =, f=a,a,=LPls o 3PP 5 _3p 5 u=—2" w=#v, substituting functi
dl 1P =0, 0y = 253 ' Ps 4 ) ) g function
o, a, " 2a0 5 2000

transformation (26) and (27) into a kind of coupled Schrodinger Equation (3) (4) yields the following nonlinear
ordinary differential equations.

d*P (&)

G =P()- B (ay 45" 1 )P(£)+ AP (6) (28)
dzfn(z") ~ ' ()= (5" - 1)n) - B8R ()| (29)
The Equations (28) and (29) integrate once then we obtain
(dz—f)T:(P'(f))Z:ZO 46152(a2+,8152 y)P (§)+2ﬂl5v—zzﬂ3ﬂ4p4(§), (30)
[dﬁ—ff)] =(Q'(n)" =24, +%1fz(—az + 8" ~7)Q° (n)+%zf3ﬁ4o“ ()- (31)

Here d, and d, are arbitrary constants.

4.2. The New Composite Solutions of a Kind of Coupled Schréodinger Equation

By the following superposition formula we obtain the new infinite sequence composite solutions of a kind of
coupled Schrodinger Equation (3) (4).

X t):%[Pm (£)+Q, () Jexp(i(ox+yt)) = ;[ (Ax+vt)+Q, (ux+at) Jexp(i(ox+7t)).  (32)

vmn(x,t):%[Pm(f) (n)]exp(i(ox+ 1)) = [P (Ax+vt)=Q, (ux+at) Jexp(i(sx+t)). (33)

Here P,(&) and Q,(#) are determined by (30) and (31).

With the help of the relative conclusions the paper part two and part three put forward, we obtain the new
infinite sequence solutions of the first kind of elliptic Equation (30) (31). Substituting these solutions separately
into Formula (32) (33) yields the new infinite sequence composite solutions of a kind of coupled Schrédinger
equation. These solutions are consisting of new solutions composed in pairs by Riemann & function, Jacobi
elliptic function, hyperbolic function and trigonometric function.

When d,d, = 0, construct the new infinite sequence composite solutions.

When d,d, =0, by the following superposition formula, construct the new infinite sequence composite two-
period solutions consisting of Riemann & function, Jacobi elliptic function of a kind of coupled Schrédinger

equation.
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PI'TI

Po(g)z%,azwo,b

1
do = 0% (0

(€)=
|

a[—bw (b2—4ac)I2—20IPnf_1(5)} 7

’ (m=1,2,---),

c 2a|i[tbm/(bz_4ac)I2}Pr§_1(r§)}

5152 _2B5°BiBs

2
14

(0‘2 + 6% - ) (34)

2

£)
,(£)
)6;
26°B, 3,

2 (0),ay =2 [0 (0) 0% (0)] - (A5 ~7), o=~

45,6°

— Y 92(0)62(0).

a[—bl:u (b2—4ac)lz—2cIP,§71(§)J ’
C[Zali[in (b® —4ac)I® }P;,l(g)}

Py (£)=Asn(9¢ k), a= A%92 b =—(1+K?) 8 c=

P, (&)= , (m=12,--),
k?9?

A?

vk*9?

2N BB,

(35)
Ve (1+ k2)92

dozlAzgz,af— >
2 48,6

_(,5152_7)!ﬁ1:_

1

{ a[—bl$,/(b2—4ac)lz—2cIQn2_1(77)} ’

e 2ali[+bl (b? - 4ac)1? }Qf_l(n)}

(n=1,2,---),

Qu () =21 62 (0)62 (0).b = (6¢ (0) + ¢ (0)).c = 62 (0) 62 (0), (36)

2 Z
1 2 4

7(024(0)+4934(0))+(ﬁ 7). = T _ 92 (0)2(0).

a[—bl 7/(b* —4ac)® —ZCIQL(U)} E
Q. ()= . (n=12,),
C[Zal i[ibl +(b? —4ac)1? }Qﬁ_l(n)}
Q, (7) = Asn(8n.k),a= A28% b =—(1+k2)92,c _ szz?z ’ (37)
w?k2 9
26°N° B,

®° (1+ k2)32
4,6°

2d, = A2 oty = — +(85%-7).8,=
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Case 1. The new composite two-period solutions composed by two Riemann & functions.

Substituting the solutions obtained by superposition Formula (34) (36) together into Formula (32) (33) yields
the new infinite sequence composite two-period solutions composed by two Riemann & functions of a kind of
coupled Schradinger equation.

Case 2. The new composite two-period solutions composed by Riemann & functions and Jacobi elliptic
function.

Substituting the solutions obtained by superposition Formula (34) (37) (or (35) (36)) together into Formula
(32) (33) yields the new infinite sequence composite two-period solutions composed by Riemann ¢ functions
and Jacobi elliptic function of a kind of coupled Schrddinger equation.

Case 3. The new composite two-period solutions composed by two Jacobi elliptic functions.

Substituting the solutions obtained by superposition Formula (35) (37) together into Formula (32) (33) yields
the new infinite sequence composite two-period solutions composed by two Jacobi elliptic functions of a kind of
coupled Schrédinger equation.

When d, and d, are not all equal to zero, construct the new infinite sequence composite solutions.

When d,=0,d,#0 or d,#0,d,=0 we can obtain the following new infinite sequence composite
solutions of a kind of coupled Schrddinger equation (not given here because of the space).

Case 1. The new infinite sequence composite solutions composed by Riemann & function type period
solution and exponential function soliton solution.

Case 2. The new infinite sequence composite solutions composed by Jacobi elliptic function period solution
and exponential function soliton solution.

Case 3. The new infinite sequence composite two-soliton solutions composed by two exponential functions.

Case 4. The new infinite sequence composite solutions composed by exponential function type soliton
solution and trigonometric function period solution.

Case 5. The new infinite sequence composite two-period solutions composed by Riemann & function period
solution and trigonometric function period solution.

Case 6. The new infinite sequence composite two-period solutions composed by Jacobi elliptic function
period solution and trigonometric function period solution.

Case 7. The new infinite sequence composite two- period solutions composed by two trigonometric functions.

When d, =0,d, =0, construct the new infinite sequence composite solutions.

Substituting the solutions obtained by the following superposition formula into Formula (32) (33) yields the
new infinite sequence composite solutions of a kind of coupled Schrédinger equation.

b-x7($)
_ " Mm\S) =12...
)=o) (M)
=_2a§gc0+2:aL3mc0xm_1(§)+ MoX5, ()
X (§)=% M, F 2a5¢, X, (£)+ M2, (&) (38)
xo(g)z——\'_:oq’tanh( /—aocog),co =%,a0=—%b (a0c0<0),
2d0:a:O,b:4ﬁ1252(a2+ﬂ152—7),c=w-
% 14
b-x%(&)
P - "m\5) =12,--),
_ 2a5qc, + ZangOmel(f) +MoXs s (é:)
% (£)=% M, F 2a5¢, fx, 4 (&) + Mx2, (&) (39)
Xo(f)Z—V?%ta“( /aocof)lco:%:aﬁ—%b (aoco>0),
2d0:a:O,b:4ﬂ1252(a2+ﬂ152—7),c=w-
|4
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b—Xz(n)
Qn - n\1J n=12,---),
(7) 2Jex, (n) ( )
X ( ) _2a§'gc0+2a3mcoxn71(77)+Mox§4(77)
" M, ¥ Zagco X4 (77) + szﬁ_l(ﬂ)

(40)
A/ —8,C 1 1
X (1) =~ COO : tanh( _aocoﬂ)vco :Evao :_Eb (8¢, <0),
2 2
24, =a=0b="2" (-, 1 po*-7) 0= L PP,
b—Xz(n)
Q(n)=—rF"% (n=12--),
X ( ): _ 2aggco + 2""(3>n']coxn71(77)'F Moxﬁ—l(ﬂ)
n M, F 2ac, X, (7)+ M,x2, () @1
A/ 8oC 1 1
Xo(n)=%tan( 2C1),Co = 8 == (ag >0),
2 2
20, —a=0,p= 222 (~a,+B5%-7).c _ 2O B,
w w

Here A= [aim’cZ —4aSgce (gc, +a,T), Mo =8 (28,06, +2a ), M, =Fajme, +ayA ,
M, =c, [iaémco + A] . f,g and m are arbitrary constants not equal to zero.

Case 1. The new infinite sequence composite two-soliton solutions composed by two exponential functions.

Substituting the solutions obtained by superposition formula (38),(40) together into formula (32),(33) yields
the new infinite sequence composite two-soliton solutions composed by two exponential functions of a kind of
coupled Schradinger equation.

Case 2. The new infinite sequence composite solutions composed by exponential function type soliton
solution and trigonometric function period solution.

Substituting the solutions obtained by superposition Formula (38) (41) (or (39),(40)) together into Formula
(32) (33) yields the new infinite sequence composite solutions composed by exponential function type soliton
solution and trigonometric function period solution of a kind of coupled Schrédinger equation.

Case 3. The new infinite sequence composite two-period solutions composed by two trigonometric functions.

Substituting the solutions obtained by superposition Formula (39) (41) together into Formula (32) (33) yields
the new infinite sequence composite two-period solutions composed by two trigonometric functions of a kind of
coupled Schrodinger equation.

5. Conclusions

Constructing the multiple-soliton solution of nonlinear evolution equation is a very important research of soliton
theory. Auxiliary equation method has obtained many achievements in soliton theory. Such as: Literature [1]-[9]
use auxiliary equation method and so on methods, obtained new finite one-soliton solutions consisting of expo-
nential function, trigonometric function and rational function of Schrédinger equation.

Based on the achievements the auxiliary equation method has obtained, the paper constructs many kinds of
new infinite sequence composite solutions of a kind of coupled Schrédinger Equation (3) (4). These solutions
are new infinite sequence composite solutions composed in pairs by Riemann @ function, Jacobi elliptic func-
tion, hyperbolic function and trigonometric function.

When o, =g =0a,=0,=K,a,=p8,=1a,=p,=1a,=f =0c, akind of coupled Schrédinger Equation
(3) (4) can be changed to Schrodinger Equation (1) (2). And when o =3 the coefficients of Equation (1) (2)

By 36,

O =
3 a3

meet the conditionthat g =, f, =a,,a, =

, s =3, , So, according to the relative conclusions
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that have been already obtained of a kind of coupled Schrédinger Equation (3) (4), we can construct the new
infinite sequence composite solutions of Schrédinger Equation (1) (2).
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