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Abstract

This paper discusses a special class of mathematical programs with equilibrium constraints. At
first, by using a generalized complementarity function, the discussed problem is transformed into
a family of general nonlinear optimization problems containing additional variable x Further-
more, combining the idea of penalty function, an auxiliary problem with inequality constraints is
presented. And then, by providing explicit searching direction, we establish a new conjugate pro-
jection gradient method for optimization with nonlinear complementarity constraints. Under
some suitable conditions, the proposed method is proved to possess global and superlinear con-
vergence rate.
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1. Introduction

Mathematical programs with equilibrium constraints (MPEC) include the bilevel programming problem as its
special case and have extensive applications in practical areas such as traffic control, engineering design, and
economic modeling. So many scholars are interested in this kind of problems and make great achievements, (see

[1]-[10]).
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In this paper, we consider an important subclass of MPEC problem, which is called mathematical program
with nonlinear complementarity constraints (MPCC):

min  f(x,y)
st. g(xy)<0, (1.1)
0<G(xy)Ly=0

where f:R™™ >R, g =(gl,gz,m,gp)T R™™ - R", G=(G,,G,.---,G,) :R™™ —R" are all continuously
differential functions, (x,y,w)eR™™". G(x,y)Ly denotes orthogonality of the vectors y and G(x,y),
: T
ie, y'G(xy)=0.

In order to eliminate the complementary constraints, which can not satisfy the standard constraint qualifica-
tion [11], we introduce the generalized nonlinear complementary function

#(a,b,p)=a+b—ya’>+b*+2u, (a,b, u) e R*x[0,).

Obviously, the following practical results about function ¢ hold:
« if ¢(ab,0)=0 and a=b,then

p, - 2#(200) o 94(3DO) ey g
da b (1.2)
p, - 22(800) _ p _99(ab0) ;o
da ob
#(a,b,u)=0,u>0<a>0b>0,ab=p. (1.3)

By means of the function ¢, problem (1.1) is transformed equivalently into the following standard nonlinear
optimization problem

min  f(x,y)
st g;(xYy)<0, jel, 2{12,,p},

c;(xy,w)=w, -G, (x,y)=0, jel, {12, m}, (1.4)
¢(yj’wj’l[’l): , Jely,
1-e”=0.

Similar to [12], we define the following penalty function
0, (X, y,w, 1) = f(x, y)—02(¢(yj,wj,y)+0j (x, y,w))+c(e" —1),
j=

where ¢>0 is a penalty parameter. Therefore, our approach consists of solving an auxiliary inequality con-
strained problem which is defined by

min 6, (X, y,w, x)
st g;(xy)<0, jel,

¢, (X% y,w)<0, jel,, (1.5)
¢(yj,wj,y)£0, jel,,
1-e“ <0.

2. Preliminaries and Algorithm

For the sake of simplicity, we denote
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2=(xy,W), s=(xy), t=(y.w), t; =(y;,w;),
dz = (dx, dy,dw), ds=(dx,dy),

XO={Z|gj(s)£O,jell,OsG(x,y)J_yZO},
X, ={(z.)|g;(5)<0,je1,,¢;(2) <0, je I, 4(t; 4) <0, jel,1-¢ <0},

gj(xly)! i=jjel,
= (2.10) = ¢j(xy,w), i=j+p,jel, (2.1)
T g(t,u), i=jepemjel,

1-e”, i=p+m+m+1.

T={12-, p+2m+1},
h=h(z,u)=Vr(z,u), H =H,(z,u)=V?r(z, 1), i €T,
| (Z,,u):{i eT|ri(Z,,u):0}, JO(Z,,u):{i e Il|l‘i(z,,u):O}.
Throughout this paper, the following basic assumptions are assumed.
H 2.1. The feasible set of (1.1) is nonempty, i.e., X, #¢.
H 2.2. The functions f,g;,G;(jel,) aretwice continuously differentiable.
H2.3. V(z,u)eX,, thevectors {h (z,u),iedy(z,£)U(T\I,)} are linearly independent.
The following definition and proposition can be refereed to in [13].
Definition 2.1. Suppose that z" = (x*, y*,w*) e X, satisfies the so-called nondegeneracy condition:

(y?'Gj(X*'V*))i(O’O), jel,. (2.2)

If there exists multipliers (z*,u*,;/*) e RP™2™ such that

vf (s*)+Vg(S*)ﬂf+VG(X*,y*)u*+{Ongy*=0, (2.3)
0<-g(s") LA =20; uj=0, if G;(s7)>0; »;=0, if y; >0 (2.4)

hold, then s” issaidtobea K —T pointof (1.1).
Proposition 2.1. Suppose that z" =(x",y",w")e X, satisfies the so-called nondegeneracy condition (2.2),
then (s*,[,u*,y*) isa K-T pointof (1.1) if and only if (s*,l*,u*,v*) satisfies

wAE)) (vals)] (2SN oLy (o
Vyf(s*) + Vyg(s*) A+ VyG(s*) u+ WV =0, |, (2.5)

0m><l Omxl _Em Y* OmX1
0<-g(s") L2 >0, (2.6)

where

. {j/J/WJ if W’;:Gj(s*)>0, e

V=V det)eR" - uly, ify; >0
] I ] !

Y” :diag(y;, je |2) and W™ =diag(w; :Gj(s*), jel,).
Proposition 2.2. (1) s is a feasible point of (1.1) if and only if (z,.) with w=G(s), x=0 is a feasible
point of (1.4).
(2) s" isa K-T pointof (1) ifandonly if (z', ) with w :Ggs*), =0 isa K—T pointof (1.4).
Proof. (1) According to the property of function ¢, the conclusion follows immediately from (1.3).
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(2) Suppose that s™ is a K—T point of (1.1). If set w' =G(s") and s =0, then, from (1), we see
z*,ol is a feasible point of (1.4). While, it follows from proposition 2.1 that there exists vector ([,u*,v*)
such that (2.5) and (2.6) hold. Define

v ), ify;>0, m .
0* :(0;, J S IZ) (S Rm, O* = yJ*Vi/Da (tj*) I yi ” l* :_ZMOT (28)
WjVJ/Db (ti)’ ify; =0, =R

So, it is not difficult to prove that (z*,ﬂ*,u*,ﬁ*,z*) satisfies the K —T system of (1.4), according to (1.3),
(2.5) and (2.6).
Conversely, if (z°,4.) isa KT pointof (1.4), then it follows that

=65 =0 and 4(c.0)=0(¢))=0,

which shows that s is a feasible point of (1.1). Suppose (I‘,u*,\T,z*)e RP2™ jsa K-T multiplier cor-
responding to (Z*,,uk) of (1.4). Define v" as follows:

D, (tj)\7j/yJ if y;>0;

“=(vi,jel,)eR™ V| =
SRRV e ity -0

(2.9)

Then, it is easy to see, from (1.2) and the K -T system of (4) at (Z*,y*), that s” with the multiplier
l*,u*,v*) satisfies (2.5) and (2.6). Therefore, we assert s* isa K —T point of (1.1) according to proposi-
tion 2.1.
Now, we present the definition of multiplier function associated with e -active set [14].
Definition 2.2. A continuous function p(z, ): R™*™ — RP*?™ s said to a multiplier function, if (z'.u")
satisfies the K —T system of (1.5) with corresponding multipliers p(z*,/[).
Firstly, for a given point (Zk,,uk), by using the pivoting operation, we obtain an approximate active
3 =3(2" 1)
Algorithm A:
Step 1. For the current point (z*, 44, )< X, and parameter Q(Zk,yk):(gi (Zk,,uk),i eT) eRP?™ Set | =0,
6|(kauk):60 ,
T .
Step 2. If det(A(zk,,uk) A(Zk,/lk))ZEkJ, let 3, =3, A =A(2u).1(z 1) =1, stop; otherwise,

goto Step 3, where

Jk_,(zk,,uk):{ie Il|—ek_,‘gi(zk,yk)‘ﬁl’i(zk,yk)SO},

(2.10)
Al :{hi (Zk,yk),i eJ U(T\ |1)}'
1
Step3. I=1+1, ¢, =G go back to Step 2.
Lemma 2.1. For any iteration index k, algorithm A terminates in finite iteration.
For the current point (Zk,yk) and e -active set J, , compute
F(2m)=(n(2 ) el =3, UML) A= A2 ) = (h (2 ) T e Ly ). (2.11)
Now we give some notations and the explicit search direction in this paper.
- -1 _ ~
Q :Q(Zk’:uk>:(A;er1Ak) AB, B = P(Zk’ﬂk): Be' (Envoma — AQc)- (2.12)
=x Zk,,u =-Q Zk,y Vo, zk,y ,
(2" u) -2 )v0, (2" ) s

d(l; :(dzg’d:ug):do(zkl,uk):_kagck (Zk,,uk)—i-QkTVk.

()
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_r k _k
VE=V (2 4)= (Vi iel,), V¢ ={ﬁ?,(z ) Zk ng (2.14)
=7 (| e+ F (2" + 2+ ). " =(d2" g ) =l (2.15)
po=-V8, (2.1 di, d =¢|QJ e, o =(az",qu ) = p (dg +d5) (2.16)

1+ 2|eT7rk

where e=(1,---,1)" R,
According to the above analysis, the algorithm for the solution of the problem (1.1) can be stated as follows.
Algorithm B:
Step 0. Given a starting point (', 44 ) e X,, and an initial symmetric positive definite matrix B, € R(n+2medp(n+2md)

Choose parameters &, 0,0, &, €(0,1),a € (O%) r€(2,3),6,>2,6,>0,6,>0,¢, >0,k =1.

Step 1. By means of Algorithm A, compute J, =J(z%, s ), A = A(z*, 1) and F(z",4,).
Step 2. Compute dg according to (2.13). If df =0, stop; otherwise, compute d* according to (2.14). If

Vo, (2.4, di < min{—g”dg ® et "} 2.17)
goto Step 3; otherwise, goto Step 4.
Step 3. Let 1=1.
@) If
.
0, (2 +2d2", y + Ad ) <0, (2, 1)+ @AV O, (2 1) 5, (2.18)
ri(zk+ﬂdzk,/1k+d/1k)§0,ieT. (2.19)

Set 4, =4, goto Step 5.
(2) Let A= %A .if 1<o, goto Step 4; otherwise, repeat (1).

Step 4. Obtain feasible descent direction g* from (2.16), and compute S, the first number g in the sequence

11
1,—,—,---+ satisfyin
{ * } ying

0, (2 + oz u + P ) <0, (2, s ) + 0V 0, (218, ) (2.20)
ri(zk+ﬁqzk,,uk+,quk)s0,ieT. (2.21)
Let d*=q" 4 =4,.
\4i (s")
Step 5. Define ﬁk:—(AkTAk)flAkT Os | E(Zk,,uk):max{—ﬁik“eT\I1}+51 and set
0

Al ). ) .

Ce» otherwise.
and (zk*l,yMR =(z“,uk)+ﬁﬂkdk . Obtain B,,, by updating the positive definite matrix B, using some quasi-

Newton formulas, and set k = k + 1. Go back to Step 1.
In the remainder of this section, we give some results to show that Algorithm B is correctly stated.
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Lemma 2.2. (1) If df #0, then we have

Ck

Ve, (2, df <0, V@Ck(zk,,uk)qus—%pkz<0, (2.23)

h(2m) di <0, h(zu) g <0iel (2 u). (2.24)
(2) If the sequence {zk, ,uk} is bounded, then there exists a constant ¢, >0 such that
ve, (zk,yk)T q“ <c, ||q"||2. (2.25)
Proof. (1) If d #0, then
Vo, (2.m) di =-v0, (2 1) RV, (25 )~ (7*) V*

=~(RVe, (2 ) B(RVE, () - X () + Tt <0

nik <0 ;i >0

1
Vo, (2. ) o =50, (2] (0 +8) =1 [pﬁujgpo

In view of ATdf =V*, we get (hik)ng <0iiel (zk,yk).Since

Tk _ Tk K\ _ kK Py _Pk2
A =P (05 4z )= {V 1+z|eTﬁk|eJS1+z|eTﬁk|e’

so we have

_ 2
(h)" o SW’M& el (2 m)- (2.26)

(2) Note that the boundedness of sequence {Zk,/,[k} and B, positive definite, we know that di,d are
bounded. By (2.16), there exists constant ¢ >0 such that p, > é||q"|| . Thus, there exists constant ¢, >0 such
that

veo. (z¢ T« < 1 2 . k|2
ck(z Huk) q —_Epk —_Co”q ” '

So, the claim holds.

According to Lemma 2.2 and the continuity of functions o, (zk,,uk) and ri(zk,,uk),i €T, the following
result is true.

Lemma 2.3. Algorithm B is well defined.

3. Global Convergence

In this section, we consider the global convergence of the algorithm B. Firstly, we show that s* is an exact sta-
tionary point of (1.1) if the Algorithm B terminates at the current iteration point (Zk,yk ) .

Lemma 3.1. (1) (Zk,yk> isa K — T point of (1.5) if and only if d =0.

(2)If (2*,4,) isa K-T pointof (L5), then (z*,z, ) with x4 =0 isaK—T pointof (1.4).

Proof. (1) If (Zk,yk) is a K — T point of (1.5), then from the definition of index set J,, we know the K— T
multiplier corresponding to constraints about index 1,\J, is 0. Thus, there exists vector y =(y,iel,) such
that

VO, (2 )+ Ax=0, =20, zir (2,14 ) =0, i e L. (3.1)

Note that matrix A, is full of column rank, and B, positive definite. Thus we have (AjBk’lAk)fl exists.

()
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Furthermore, it follows from (3.1) that

7=-(ABIA) ATBVO, (2.1)=-QVE, (2 4= 7"

By (2.14) and (3.1), we have

V¥=0,BV0, (2, 14,)- B AQVE, (2, 14 )=0,RVE, (2", 1) =0,

so dg =0.
On the other hand, it is easy to verify that

RA =0,RBR =R, QA =E,
It follows from dJ =0 that
0=Aldy =V*, RV0, (2", 1,)=0.
From the positive definiteness of B, and (2.12), (2.13) and (2.14), we have
VO, (2 m )+ Ax* =0, 7 20, 7 (2, 14 ) =0, i e L,

which implies that Zk,yk> isa K-T pointof (1.5).
(2) In view of the definition of 6, (z, ), we obtain from (3.2) that

vf (sk)
Ona  [-C X h+ > 7fhf =0,
0 i(T\lp) iely

7k >0, ﬂikri(zk,,uk):o, iel,.

Since the vectors {hik e Lk} are linearly independent, we have

Vi (s*)
”tk :_(AkTAk)ilAkT Orna G Z he |,
0 ie(T\Iy)

b =ik +c, Y (AA) AThE.

ie(T\ly)
Thus, we deduce

T =7 46, ie(T\1).

In view of the definition of penalty parameter c,, from (3.4), we have
m = A+, 26,>0, ie(T\I).

Combining with (3.2) and (3.5), it holds that

6(z 4 )=0,ie(T\1,), 1 =0.

(3.2)

(3.3)

(34)

(3.5)

(3.6)

Let 7*=(z,ieT), where 7' =z ieL,, 7 =0,iel\J,. From (3.3) and (3.6), we can easily see that

(2", ., 7*) isaK—T point pair of (1.4).

Theorem 3.1. Suppose the nondegeneracy condition holds at z*. If (Zk,,uk) is a K — T point of (1.4), then
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s“ isa K- T point of (1.1).
Proof. According to the K — T system of (1.4) and the relationship of index i and j in (2.1), we see that

e =0,w5 =G (s*), 4(tf)=0,jel,. (3.7)

Then, combining with Proposition 2.1 and Proposition 2.2, we can conclude that s* isa K — T point of (1.1).
In the sequel, it is assumed that the Algorithm B generates an infinite sequence {(Zk,ﬂk )} . The following
further assumption about {(Zk.ﬂk )} is required in subsequent discussions.

H 3.1. (1) The sequence {(Zk,ﬂk)} is bounded.
(2) The accumulation point (z", .. ) of infinite sequence {(Zk,ﬂk) satisfies (2.2).

From H 3.1 and the fact that there are only finitely many choices for sets J, < I,, we may assume that there
exists a subsequence K, such that

¥ >7",B, »B.,J, =J,keK, (3.8)
where J is a constant set. Correspondingly, the following results hold:
A > A,Q ->Q,R>P,df >d;,q" >q" keK,k >,

Lemma 3.2. Suppose (Zk,/_lk)—)(z*”u*), then for k e K large enough, we have

(1) there exists a constant € >0 suchthat ¢, >€.

(2) there exists a constant ¢>0 suchthat ¢, =c.

Proof. (1) suppose, by contradiction, that there exists an index set K'< K such that € 0(k eK' k- oo).
Let J. =J,,.For keK’ large enough, from Algorithm A, we have

A

dEt(AT J{(U(T\I1))<26k,lkl _Ek,l‘gi(zkwuk )‘sn(zk,ﬂk)go, ied,. (3.9)

UMW)

Since there are only finite possible subsets of 1,, there must be an infinite subset K" e K’ such that for any
ke K" J; =J". Thus, it follows from (3.9) that

det(AJT'U(Tul)

ri(z*,,u*)zo, ield,
which contradicts the condition H 2.3.

(2) Suppose by contradiction, there exists a subsequence {ki} such that ¢, > Cki_l(i =1, 2) then from the
definition of c, , we have

A

J'U(T\|1)) <2¢,; —0,keK" k—x,

(3.10)

E(Zk:ﬂk)>cki4 (i=12-),

c, > o,k > .

(3.11)

From the finite selectivity of J, , we can suppose without loss of generality that J, =J (i =1, 2) . By (),
we can see that E(Zki,,ukl is bounded, i.e., E(zkl,ykl)<c*(i=1,2,...) for some c’. Let M be such an
integer that ¢, , >c”(i>M), then we have

a contradiction, and the result is proved.
Lemma 3.3. Suppose that (z*, s, ) — (2", 1) (k €K), and (zk*l,ykﬂ?]:(zk,ykﬁikdk (k e K) which is
generated by Step 4 and Step 5. If (Z*,,u*) isnota K-T pointof(1.5), then we have

N NN .
1) VHC(Z ,,u*) q <0, hi(z ,,u*) q ,|e|(z ,,u*),

(2 B zp.=inf{B . keK}>0keK.

Proof. (1) Suppose B, —B.,d; —>dg,q“ >q",keK. Since (z°,..) isnota K-T of (15), so we have

d, =0 and
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Vﬁc(z*,M)Td;<0,V¢9c(z*,y*)Tq*<0,
* T *
hi(z ,,u*) q <0,ie|(z ,,u*).
Therefore, for k € K large enough, we obtain

—p, S%V@c<z*,/,l*)T d, <0,

c

vec(zk,ﬂk)qusvéa (z7.) d; <0, (3.12)
h(2, ) 0 <0iel(Z ).
(2) For (2.20), denote
a0, (2 + paz, u + Baw, ) -0, (2 ) - 0BV 6, (2 1) "
= (1-0) AV, (2,1 ) 0" +0(B).

From (3.12), for ke K large enoughand g >0 small enough, it holds that s<0.

For (2.21), when ieT\1(z", ), the fact zk,,uk)—> (2", ), . (z*,M)< 0,k e K and the continuity of r
imply that (4.5) holds. When i< 1(z", ), it holds that r,(z", )=0. From (3.12), for ke K  large enough
and >0 small enough, we have

.
ri(zk +ﬁqzk,ﬂk +,BQﬂk): fi (Zk’ﬂk)"‘ﬂhi (Zk'/uk) q“ +0(ﬁ)
< ph (2, ) o +0(B) <0,
According to the analysis above, the result is true.
Lemma 3.4. Algorithm B generates infinite sequence {(Zk,ﬂk )} whose any accumulation points (Z*,,uk)
are K-T points of (1.1).

Proof. Suppose that {(Zk.ﬂk )} —>(z*,pa),k e K. From (2.17), (2.18), (2.20) and Lemma 2.2, we know that
0, (Zk,yk )r is a descent sequence. While, for k € K,k — oo, itis obvious that 6, (2", 44, ) > 6, (2", s1.). S0

Gc(zk,yk)ﬁﬁc(z*,;z*),kaw. (3.13)

Now we consider the following two cases:
(1) Suppose there exists an infinite subset K, < K such that

(Zkﬂl/ukﬁ):(zkwuk)_'_lkdk'
which is obtained by Step 3 and Step 5. In view of 4, >0,k e K, in Step 3, it follows from (2.17) and (2.18)
that
lim

keKy

6, (Zk”,#m)—@ (zk,uk )) < Lierlplalvec (zk,uk )T dg < ll(ierlpl(—asfudg

%)<0

Obvious, d§ — 0,k — K,.Again, di —d,,keK,sowehave d,=0. Imitating the proof of Lemma 3.1, it
iseasytoseethat (z°,.) isa K-T pointof(1.5).

(2) Assume the iteration (2", sy, ,) = (2", 44, )+ 4,d*, vk e K is generated by Step 4 and Step 5. Suppose by
contradiction that (Z*,,u*) isnota K-T pointof (1.5). Then, from (3.12) and Lemma 3.3, we have

0=1im(6, (2 paes) - 0(2" 14.)) < imuBV 0, (2, 1) o S%uﬁ*vec(z*,;g)T q <0,

which is a contradiction. Thus, the claim holds.
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Theorem 3.2. The K-T point (Z*,,u,? of (1.5) must be the one of (1.4), where 4. =0.
Proof. If (z*,#k) isa K—T pointof (1.5), then there exists multiplier 7~ such that

Vi (s")
0, —C. h' + 7 h =0,
OXl ie%l) ie(JUZ(T:\Il)) (3.14)

7 20,mn (2, ) =0,ie JU(T\1,).

Set
vi(s")
A=(n]icau(T\L)) 7 =—(ATA) AT| 0,
0
Obvious, ﬁfu(wl) = Ty - While, from (3.14) we get
vf(s")
. -1 «
Togruy =—(ATA) AT 04, |-c Xh
ie(T\Iy)
0
ie.
. " 1T
Taurvy) = Faumuy) H0 % )(A*TA*) AThy.
ie(T\ly
Thereby,

m =7 +C, ie(T\1). (3.15)
According to the definition of c., it is clear that
T =7 +6.26,>0, ie(T\1). (3.16)
In addition, combining with (3.2) (3.16), we obtain
(2, 4)=0,ie(T\1,), =0, (3.17)

Let 7" =(z,ieT), where 7 =z,icJU(T\I,),7 =0,iel\J. It follows from (3.14) and (3.17) that
(z,0,7") isa K-T point pair of (L4).

Theorem 3.3. Suppose (2.2) holds at z". If (z*,o) isa K-T point of (1.4), then s" isa K-T point
of (1.2).

Proof. According to Theorem 3.2 and (2.1), Proposition 2.1 and Proposition 2.2 imply s~ isa K-T point
of (1.1).

4. Superlinear Convergence

Now we discuss the convergence rate of the Algorithm B, and prove that the sequence (zk, ﬂk) generated by
the Algorithm B is one-step superlinearly convergent. For this purpose, we add some stronger regularity as-
sumptions.

H 4.1. The bounded sequence {(Zk,,uk) possesses an accumulation point Z*,[Ltk), at which second-order
sufficiency condition and strict complementary slackness hold, where ¢~ :(gi*,i eT) is the corresponding

multiplier of (2", 4.).
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Lemma 4.1. Under H 2.1-H 4.2, we have that

lim 24 - 2| =0, lim (g4 = 44) = 0.

k—o0
Proof. For (zk*l,ykﬂ) = (Zk,yk )+Akdk generated by Step 3 and Step 5, from (2.17) and (2.18), it holds that

%

6, (2 + 402" 1, + A0 ) <6, (2 1 )+ ad V0, (24 ) s <6,(2, 1) + 0 o

While, for (2", z4,,)= (2", 14,)+ 4d* generated by Step 4 and Step 5, from (2.17), (2.20) and Lemma 2.2,
we have

6, (2 + 402" 1, + 2011 ) < 0, (2 1 )+ 02V 6, (2 11, ) i <0, (2 1 )~ coa o[

So

o, (Zk“, ,um) <0, (Zk s My )—AK ”d k"2 min {COU, af"dk 5072} , VK.

Passing to the limit k — o0 and from (3.13), we obtain

lim 2, d*|" min {Cou,at:”d"

k—o0

&0-2} -0
Thereby

R k+ k R
il =] -0, (s -0
Theorem 4.1. The entire sequence (z*,,) convergesto (z,0),ie., (z°,4,)—(z,0).k > .
In order to obtain the superlinear convergence rate, we make the following assumption.

H4.2. B, — B.,k >, B. positive definite.

Lemma 4.2. If H 2.1-H 4.2 hold, then we get that

(1) fork large enough, L, =1(z",u)=1..

(2) limdg =0, limz* =(¢ e U(T V).

Proof. (1) On one hand, by Lemma 3.2, for k large enough, there exists a constant € >0 such that
€ <¢, <1 in Algorithm A. It follows from H 4.1 and the fact g(zk,,uk)—>§* that, for k large enough,
l.cL,.

On the other hand, we assert that L, c I... Otherwise, there exists some index t and infinite subset K such that

tel \L., rt(z*,O)<O, rt(zk,yk)Z—ek_lk

w2 )| 2 = (2 ) vk K

Let ke K,k —> o0, then
0>|}(Z*,O)Z—‘ﬂt(2*,0)‘ :_é/t*’ é/t* >0.

It is a contradiction with the complementary slackness condition, which shows that L, c I.,i.e., L =1..
(2) According to (z*,4,)—(z",0) and B, —B., the fact L =1I. implies dj —dg, 7" >z k >o0.
Again, since (z*,o) isa K-T pointof (1.5), imitating the proof of Lemma 3.1, we get that

do =0, VO, (2", 1t)+Ax =0, 7 =0, 7 >0, iel.

*

So the uniqueness of K —T multiplier shows lim,_ z*=¢".
Lemma 4.3. Under H 2.1-H 4.2, for k large enough, d¢ with the corresponding multiplier

Kk Tp-1a 1! K . . . .
(' =r +(Ak B, Ak) F(z ,,uk) isa K-T point of the following quadratic program

()
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min V6, (Zk,yk)T d +ldTBkd
2 (4.1)
T
s.t. ri(zk,,uk)+(hik) d=0, iel.
Proof. Suppose that (d,g) isa K-T pointpair of (4.1). From (2.12), (2.14) and (4.1), it holds that
-1
d =_kaec(Zkhuk)_QJF(Zk’:uk)’ §=n" +(A<TBIZ1A1<) F(Zk7#k)=§k-

In addition, for k large enough, z¥>0,iel. holds from fact lim,  z*=¢" and strict complementarity
condition. While, from the definition of V', it holds that dj =-RV@, (2", 4, )-QIF (2", )=d . So the
claim holds.

Lemma 4.4. (1) For k large enough, there exist constants b, >0 such that

> gsnlF(zm)] Ve (2m) di < -bjd] (42)

ielU(T\ly)

(2) d“=dX+d* obtained by (2.15) satisfies
Jor ~Jesl. Jax]~ofjei[") .3
Proof. (1) Since (2*,4,)— (2", 4.), and for k large enough, L, = 1., itis easy to see
F(zk,yk)—>(ri(z*,y*),i e I*):O, 5750, koo (4.4)
Obviously, for k large enough, ¢&* > 0,i € I... Thereby, there exists a constant 7 >0 such that

;gikﬁk :_Eé,ik|ﬁk| S_U“F(Zk-#k)”-

In addition, from Lemma 4.3, we see

VO, (2 1)+ Bds + ALK =0, F(z 1)+ Alds =0. (4.5)
So
Vo, (2, ) df =—(d) B.dk —(ATd) ¢ =—(at)" B 3 .
<ol -n|F (2, m )| <o[as] -
(2) Since
ri(zk+dz('§,yk+dy§):ri(zk)+(hik)ng+O(||d(',‘||2), viel.,
we know

“F(z"+dz('§,,uk+dy§)”=0("dg"2).

From 7e(2,3),Q, - Q. and the boundedness of Q., it follows that

Jo [~ o] Je]-o(Jex )
So, the result is true.

In order to obtain the superlinear convergence rate, we make another assumption.
H 4.3. The sequence of symmetric matrices {Bk} satisfies

()
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R (B~ VAL (2 )l

=o(j&s]) =

R (B.-V?L(2,0,¢7))ds

=ofJac]):

where

1

|:_>k = En+2m+1_Ak(A1;rA<)7 Aj’
VZL(Zk!Nk:é'k)zvzeck (Zkaﬂk)+zgikHik!
iel«
VeL(2',0,¢7)=V?0,(2°,0)+ Y ST H;.
ieT
Lemma 4.5. For k large enough, Algorithm B is not implemented on Step 4, and

A=1, (Zk+l,yk+l):(zk,yk)+ldk

holds in Step 3.
Proof. Accordingto d¢ —0 and Lemma 4.4, we have

-] wo.(e ) 6=l

which shows (2.17) hold. Now we prove that, the arc search (2.19) and (2.18) eventually accept unit step, i.e.,
A, =1, for k large enough.

Firstly, for (2.19), when ieT\I., the fact that dg —0,z* 2", 4 —0,1(2",0)<0 and the continuity of
r, imply

(z+dz", g +d g ) <0
when i e l., using Taylor expansion, we get

r (2" +dzg+dzlk,yk+dy('§+dyl")

ri(zk +dzf, p, ery(‘J‘)Jrhi (zk +dzf, p, +dy§)T df +O(||d1k||z) 4.7)

(2 daf, Al )+ (24, )| +o(||dg||3).
Again, from
Adf =—[ds | e= F (2" +dzg, s +d ),
we see
h (2 a) df =—[ad] —n (2 + dz m +dasf), el
Thus, (4.7) yields
ri(zk+dzk,,uk+dyk):—||dg||r+O(||d(‘)‘||3). 428)

In view of 7€(2,3), (2.19) obviously holds when 4, =1.
Secondly, we prove that, for k large enough, (2.18) holds for 4, =1. Denote

¢=9€k(zk+/1de,yk+/1d,uk)—6’ck(zk,,uk)—aV6’ck(Zk,,uk)Td(',‘,
koo kL LT o2 koo\T 4k koo\T 4k k|2 (49)
-vo, (2u) &+ (¢}) V0, (. m) &} -ave, (2 m,) d0+(||do|| )

From (4.5), we have
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ve, (m) d ==(0)) Vo, () 0t - X () @ +offai ).
iel«
Also, by (4.8), it holds that
s () a2 (ad) R () ofJod ) =] +ofJei ). e
So
_zgik (hik )T d“= _Zéwikrik +%(dg )T (ZgikHik]dg +0(||d(l1(||2)-
iel« ielx il
Thus, (4.6) yields
o=(a-1)(ds) Bkd§+%(d(’;)TV2L(zk,yk <) +Z 1-a)¢i, +o(||dk||)

<(a-1)(d¥) B.d¢ +%(d§)T (VL(2*, 4. )- B, )dy -(1-a)q“|:(zk,yk)“+o(||dg||2).
Denote P.=E,,,~A(ATA) AT then B, —P. Set
di =Pl +y, y=A(ATA) ATdl. (4.10)
Clearly,
y=A(ATA) (A -A) d+A(ATA) " ATdE
=o(Jds[)-A (A7A)"F (2.1
while, from (2) and (10), it holds that

Iyl1=0(Jox ). I =o(fee )+ O [F (2. )])-

So
o<b{a= () Py ) (VL o)) ([ (2 o j )
o a3 JJesl s ofJec|) -yl 2 ) o (2 ) <

which implies the theorem hold.

According to Lemma 4.3, Lemma 4.4 and Lemma 4.5, combining with Theorem 12.3.3 in [15], the following
state holds.

Theorem 4.2. The Algorithm B is superlinearly convergent, i.e.,

Mz

By means of perturbed technique and generalized complementarity function, we, using implicit smoothing
strategy, equivalently transform the original problem into a family of general optimization problems. Based on
the idea of penalty function, the discussed problem is transformed an associated problem with only inequality
constraints containing parameter. And then, by providing explicit searching direction, a new variable metric

()

Zk+1 —7

/uk+1

"-z

Hy

5. Conclusion
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gradient projection method for MPCC is established. The smoothing factor x regarded as a variable ensures
that we can obtain an exact stationary point of original problem once the algorithm terminates in finite iteration.
What’s more, the proposed algorithm adjusts penalty parameter automatically. Under some mild conditions, the
global convergence is obtained as well as the superlinear convergence rate.
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