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Abstract

The purpose of this paper is to introduce and investigate new unification of unified family of
Apostol-type polynomials and numbers based on results given in [1] [2]. Also, we derive some
properties for these polynomials and obtain some relationships between the Jacobi polynomials,
Laguerre polynomials, Hermite polynomials, Stirling numbers and some other types of genera-
lized polynomials.
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1. Introduction

The generalized Bernoulli polynomials Bg")(x) of order a € C and the generalized Euler polynomials are
defined by (see [3]):

() o= 00 (<mr =) »

and

t N ) ( @._
(e‘ +1J Z(:)En (|t| <m1*=1), (1.2)
where C denotes the set of complex numbers.

Recently, Luo and Srivastava [4] mtroduced the generalized Apostol-Bernoulli polynomials B( (x;4) and
the generalized Apostol-Euler polynomials E (x l) as follows.
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Definition 1.1. (Luo and Srivastava [4]) The generalized Apostol-Bernoulli polynomials Br(f‘) (x;4) of order
a € C are defined by the generating function

t Y G (v
(Ae‘—lj ¢ };B” (X’/l)n!

(Jt| < 2z when 4 =1 |t| < [log 4|, when 4 = 1;,1° :=1). (1.3)

Definition 1.2. (Luo [5]) The generalized Apostol-Euler polynomials E()(x; 1) of order aeC are de-
fined by the generating function

t ) . & t"
[ﬁewlj e = 2B (62

n=0 nl

(|t| <mwhen A=1 t| < |Iog(—/1)|,when A#11% = 1). (1.4)

Natalini and Bernardini [6] defined the new generalization of Bernoulli polynomials in the following defini-
tion.

Definition 1.3. The generalized Bernoulli polynomials BL”"” (x), meN, are defined, in a suitable neigh-
bourhood of t=0 by means of generating function

m  xt n

—— e SR (19
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Recently, Tremblay et al. [7] investigated a new class of generalized Apostol-Bernoulli polynomial as
follows.

Definition 1.4. The generalized Apostol-Bernoulli polynomials BL™ "] (x;4) oforder ¢€C, meN, are
defined, in a suitable neighbourhood of t=0 by means of generating function

a

tm

m lt|

oS (x; /1) (1.6)
Ae' - =0 '

iz 1!

Also, Sirvastava et al. [1] introduced a new interesting class of Apostol-Bernoulli polynomials that are closely
related to the new class that we present in this paper. They investigated the following form.

Definition 1.5. Let a,b,ce R* (a # b) and neN,. Then the generalized Bernoulli polynomials
%f]“) (x;/l;a,b,c) of order a € C are defined by the following generating function:

n

t Y kBl (o g v
(ﬂb‘—a‘) c _g%n (x,/l,a,b,c)n!

it

This sequel to the work by Sirvastava et al. [2] introduced and investigated a similar generalization of the
family of Euler polynomials defined as follows.

Definition 1.6. Let a,b,c e R* (a # b) and n e N,. Then the generalized Euler polynomials Qi(n‘”) (x;4;a,b, c)
of order a € C are defined by the following generating function

t ’ Xt _ < (@) (- 9q- ﬂ
[—Ab‘+a‘j c nzzo@” (x,l,a,b,c)n!

o)

<|log 2|;1% = 1] 1.7

<|log(-4)[;1* = ] (1.8)



B. S. El-Desouky, R. S. Gomaa

It is easy to see that setting a=1 and b=c=e in (1.8) would lead to Apostol-Euler polynomials defined
by (1.4). The case where a =1 has been studied by Luo et al. [8].

In Section 2, we introduce the new extension of unified family of Apostol-type polynomials and numbers that
are defined in [9]. Also, we determine relations between some results given in [1] [3] [7] [10] [11] and our re-
sults. Moreover, we introduce some new identities for polynomials defined in [9]. In Section 3, we give some
basic properties of the new unification of Apostol-type polynomials and numbers. Finally in Section 4, we in-
troduce some relationships between the new unification of Apostol-type polynomials and other known polyno-
mials.

2. Unification of Multiparameter Apostol-Type Polynomials and Numbers

Definition 2.1. Let a,b,ceR" (a;t b), neN, and meN. Then the new unification of Apostol-type poly-
nomials MLm’l"](x;k;a,b,c;a_zr) are defined, in a suitable neighbourhood of t=0 by means of generating
function

trkm 2rm(1—k) n

CXt

-1 m-1¢/
T
i o 0!

i=0

[m-1.r] _

a, :iMmel,r](X,k’aJ)’C’ar)t_
r n=0 n!

o =

where keNg;reC;a, =(ay o, ;) is asequence of complex numbers.
Remark 2.1. If we set x=0 in (2.1), then we obtain the new unification of multiparameter Apostol-type
numbers, as

=

<2nwhen m=1and ¢, =1; <|log(e; )| when m =1and &; #1;V i :0,1,~~-,r—1], (2.1)

MI" T (0;k;a,b,c;@, ) = MI" T (k;a,b,c; @, ). 22
The generating function in (2.1) gives many types of polynomials as special cases, for example, see Table 1.
Remark 2.2. From NO. 13 in Table 1 and ([9], Table 1), we can obtain the polynomials and the numbers
given in [12]-[16].
3. Some Basic Properties for the Polynomial MLm_l’r] (x;k;a,b,c;a,)

Theorem 3.1. Let a,b,ceR*(a#b) and xeR.Then

MI™ (x4 yikiab,cd, ) = i(?jx"' (Inc)™ M{™*(y;k;a,b,c;, ). (3.2)
1=0
[m-1r] . L=\ [m-1r] .,.a b .=
M"Y (x+r1;k;a,b,c;a, ) =M, x,k,E,E,c,ozr . (3.2)

Proof. For the first equation, from (2.1)

s n rkm Hrm(1-k) _xt o | I &% |
SMIM (x4 ykiab, @, ) = — R ~¢” :Z(ty T]C) M (ka6 )
=0 nt = (a-bt _at ot R L

i=0 I =0 0!

using Cauchy product rule, we can easily obtain (3.1).
For the second Equation (3.2), from (2.1)

n trkm 2rm(1—k)

SMM (x4 rikiab,c @, )t— = ¢ = Ml (X? ki%,% ca, jt—-

Prd nt (bjt (aj‘ nLtf 1=
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Table 1. Special cases.

setting k=L, =4, i=0L-r-1,
hence if m=1 in(2.1)

setting k=0,¢,=-4, i=01--,r-1,

2
henceif m=1 in(2.1)

3 setting o, =p, i=01---,r-1c=b,
henceif m=1 in(2.1)

. X
setting k=Lt=tlna,x=—,¢, =4,
4 Ina
1
i=0,1---,r=1, henceif a=1b=c" in(2.1)
. X
setting k=0,t=tlna,x=—- ,¢, =4,
5 Ina
1
i=0,1--,r-1,henceif a=Lb=c" in(2.1)

6 setting k=L, =1 i=01--,r-La=1lb=ec=e,
henceif r=1 in(2.1)

7 setting k=0,¢,=-1, i=01---,r-La=1b=ecc=e,
henceif r=1 in(2.1)

8 setting k=1¢, =1,
i=01---,r-La=lb=ec=e in(2.1)

9 setting k=0,¢, =-1,
i=01---,r-La=lb=ec=e in(2.1)
setting k=1 ¢, =-1,

10
i=0,1-,r-la=lb=ec=e in(2.1)

1 setting k=1 ¢ =4,
i=01---,r-La=Lb=ec=e in(2.1)
setting k=0, =4,

12

i=01---,r-La=Lb=ec=e in(2.1)

13 setting m=la=1b=ec=e in(2.1)

MET(x1;a,b,¢,4) =B (x4;8,b,¢)
(generalized Bernoulli polynomials of order r, see [2])

MPT(x;0;a,b,c;-4)=(-1) € (x; 2;a,b,c)
(generalized Euler polynomials of order r, see [2])

ME(xk;a,b,b; )= y!) (x;k;a,b)
(unification of Apostol-type polynomials of order r, see [12])

1
Ml [ﬁ;l,l, c™,c; ij =(Ina)" B"*(x;c,a;4)

(generalized Bernoulli polynomials of order r, see [11])

1
M2 {ﬁ;o;l, cﬁ,c;—aj =(-1) (Ina)" "™ (x;c.a; 4)

(generalized Euler polynomials of order r, see [11])

MM (x:1;1,e,0,1) = B (%)
(generalized Bernoulli polynomials, see [6])

MM (x;,0;1,e,6;-1) = —EI" (x)
(generalized Euler polynomials, see [6])

M (x;11,e,6,1) = BT (x)
(generalized Bernoulli polynomials of order r, see [10])

M (x;0,1,e,6;-1) = (-1)" EI"*(x)
(generalized Euler polynomials of order r, see [10])
M (61 e,e-1) = (-1) @ G (x)

(generalized Genocchi polynomials of order r, see [10])

MM (x151,e,6,4) = B (x;4)
(generalized Apostol-Bernoulli polynomials of order r, see [7])

MM (x01,e,6,-2) = (-1) EI"*(x;4)
(generalized Apostol-Euler polynomials of order r, see [7])

MET(xkiLee - )=M" (xka,)
(a new unified family of generalized Apostol-Euler, Bernoulli
and Genocchi polynomials, see [9])

Equating the coefficient of % on both sides, yields (3.2). ]
Corollary 3.1. If y=0 in(3.1), we have
5(n / n- m-1,r —
M (xk;a,b,c;@, ) = (Jx”’(lnc) "MI™ (ka,b,c;a,) (3.3)
/=0
n( n
= Z(n g] X' (Inc) MI"* (k:a,b,c;a, ). (3.9
/=0 -

Theorem 3.2. The following identity holds true, when m=1 and ¢, #0 in(2.1) Vi=0,1,---,r-1

1498
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m r

_ r(1-k)+n n n-m
Mrﬂo‘](r—x;k;a,b,c;&,)=(1r)1—2(nj(rln(a?bn M[[:"](x;k;a,b,c;é]. (3.5)
(24

Proof. From (2.1)

iM[Or](r—x,k,a,b,C,a,)tn—

n=0
rk or(1-k) (r-x)t 1 r(1-k) _t rk 2r(1—k) _xt

= tr712 ¢ = ( )r ] (ril) - c Crt
[T(ab'-a") (0'a') []e; [_a—tj
i=0 j=0 ico \ &

1 r(-k) o _t m
:( rl > (-t)' ZMr[,?'r][x;k;a,b,c;_ij(—).
a0 £ m=0 a, ) m!
0
Hence, we can easily obtain (3.5). L]

Remark 3.1. If we put o, =4,i=01---,r-1, c=b and r=ov in (3.5), then it gives [[12], Equation
(34)],

u(l—k)+n
-1 n n-m -
M (v—x;k;a,b,b; 8) =LZ[:J(“|” a)"" M (xkiabbi 5,

By =

where Mr[:'“] x;k;a,b,b; ) is the unification of the Apostol-type polynomials.
Theorem 3.3. The unification of Apostol-type numbers satisfy

ML"““](k;a,b,c:o‘cr)=imM.“”‘l'”kk;a,b,c;&/,)MEm.‘“'”(k;a,b,c;o‘z,/,,)- (36)

1=0

Proof. When x=0 in(2.1), we have
Ml (k;a,b,c;&r)t—
n=0 n!

trkm 2rm(1—k) t/fkm 2/m(1—k) t(r—/)km 2(r—ﬂ)m(1—k)

T m—ltf T m—lté’ r-1 m—lt/
H(aibt —a‘Z] H[aibt _a j (aibt _a ]
i ! ) — /!

i=0 i=0

1 w té’z

= iMET’”] (k;a,b,c;a, )% > MM (ka b, )—.
11=0 1+ (=0 2

Using Cauchy product rule, we obtain (3.6). L]
Theorem 3.4. The following relationship holds true

e MM (xkiab, ¢, )
H k Tk, 1ok, !

Ky +kp +-- 4k, =n i=1

1 [mar " =
:mMg 1“J(|x|,k,a,b,c,a‘r‘), (3.7)

where |r|=r+r,+--+1, and |X|=x+X ++x, and &, :(“zi;lrj’a ‘,—élr,-+1"“’az‘,-:1r;—1)’ i={1,2,1}.

Proof. Starting with (2.1), we get
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io(lvl [m-14] (|X|;k;a,b,c;a‘r‘)):]_n

Xt

lt/
0

ffakm 2r1m(1—k) ot fr2km 2r2m(1—k) ot

N -l ¢ ¢ 1t/ n+h-1 ) tl - o+t =1 .
[1l ab' -a 2 Hab—a/og ‘ 11 a;b' —a'

i=n I=R+0 44

t\r\km 2Mm(l—k)

e
11 (Otibt -a'

i=0

3

14

\I
o

tr/km 2r,m(1—k)c></t

3

|

i=0
i;: "8 (x,:k;a,b, ¢, ) ZM["‘ "2 (x,:k;a,b, ¢, )— ZM[m ] (x[;k;a,b,c;&n)m

1k2

gMg

T
|
o

ke

Using Cauchy product rule on the right hand side of the last equation and equating the coefficients of t" on

both sides, yields (3.7). L]
Using No. 13 in Table 1, we obtain Noérlund’s results, see [17] and Carlitz’s generalizations, see [18] by our

approach in Theorem 3.5 and Theorem 3.6 as follows
Theorem 35. For (@,)" =(ag.aq .7, ), we have

r n-1 zsi
13 (a,)" MEPT x+ — Ekiee(a ) |[=n* MO (nxrikiLe e a, ). (3.8)
i=1s;=0
r n-1 ZS |

> (a)" M x+':] ke (@) |=ntY (ler)'MEO‘](nx+;k—1;1,e,e;o7,). (3.9)
i=1s=0 -

0 nt£ r n-1 Zsi o

5 LTS () MO T i@,

=0 £* Ticlg=0
£ 2r ) g ¢ oy () 2™ . ¢

2 18 < 2 S ke )
Hail‘lem _1 i=1s=0 Haiet _1 /=0 -
i=0 i=0

Equating the coefficients of t* on both sides, yields (3.8).
For the second equation and starting with (2.1), we get

QI

(@)

gr o (t)r(k—l) 2(2—k)enxt - R nkgror (t)r(k—l) 2r(2—k)enxt
= 1 HZ (ai—let) = r-1

Hainent -1 i=15=0 l_‘[aiet -1

" i=0

then, we have
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né’+r€| té’ r n-1 ZSI

T3 (a) M) X+i:#;k;1,e,9;(_r )

=0 (f"‘ r)! 12 Bl o

0 t(’

rk o—r o,r . . .=

=n"2 /;)Mé[ ](nx,k—l,l,e,e,ar)ﬁ.

Equating coefficients of t' on both sides, yields (3.9).

Theorem 3.6. For (&, )" =(a§,af,~-,ar”_1) and ()" =(ag',alm,'--,ar"‘_l) we have

Zrlsi

(B )r
(@)™ M} %Jri:lT;k?l.e,ei(ar )

,
AN

n'T]

n—
i=1s;

=0

p|jn
R 70(0471)"::. M L] ik -tlee(d)" |

r
m—r(k—l)+znrk r oma X (Izll .

Proof. For the first equation and starting with (2.1), we get

r
el nt( r n-1 i X (Izsljm .
207,)1'[ (o)™ MO Stk Lee(@)
r= L -
- nm
r.]rk r(l—k)trkext L (aie 1)
) r-1

r
LN
iy i oaafor]| X (;plj t'

(=0| i<l p; =0 m m L)

kiLee(a ) | |-

(3.10)

(3.11)
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Equating the coefficients of t* on both sides, yields (3.10).
Also, It is not difficult to prove (3.11). L]

4. Some Relations between M Lm_l‘r] (x; k;a,b,c; e, ) and Other Polynomials and
Numbers

In this section, we give some relationships between the polynomials MLm’“] (x;k;a,b,c;a,) and Laguerre po-
lynomials, Jacobi polynomials, Hermite polynomials, generalized Stirling numbers of second kind, Stirling
numbers and Bleimann-Butzer-hahn basic.

Theorem 4.1. For &, =(ay, e, .)€ C, (X&), =(X-a,)(X-a)--(x-a,,) and n, jeN,, we have

relationship

M (2] (x;k;a,b,c;a, ) = JZl;(x;oz)j g[n Lj(ln c)'s (4, j;a) Ml (k;a,b,c;a, ) 4.1)
between the new unification of Apostol-type polynomials and generalized Stirling numbers of second kind, see
[lgP].roof. Using (3.4) and from definition of generalized Stirling numbers of second kind, we easily obtain (4.1).
DTheorem 4.2. For &, =(ay,a;,-+,a,)eC, (x), =(x)(x-1)---(x=£+1) and n, jeN,, we have the re-
lationship B

M) (xk:ab,c;d,)= i(x)i i(nigj(ln c)é S(¢, J')Mr[f[jl"] (k;a,b,c;a, ) (4.2)

j=0 =]
between the new unification of Apostol-type polynomials and Stirling numbers of second kind.
Proof. Using (3.4) and from definition of Stirling numbers of second kind (see [20]), we easily obtain (4.2).

L]
Theorem 4.3. The relationship

n n . n (0
M (xkab,cid, ) =3 (-1) f!(n [}(In c) (;O_lj L ()M (k;a,b, ¢ ) (4.3)
j=0r=] -t |
holds between the new unification of multiparameter Apostol-type polynomials and generalized Laguerre poly-
nomials (see [7], No. (3), Table 1).
Proof. From (3.4) and substitute

then we get (4.3). L]
Theorem4.4.For (a+pB+j+1),, =(a+B+j+1)(a+p+j+2)--(a+p+j++1). The relationship

+1

M) =330 " Joney [ [

ol n—+¢ a+ﬂ+j+1)m
PP (1-2x)M™ M (k;a,b,c; @, ) (4.4)

holds between the new unification of Apostol-type polynomials and Jacobi polynomials (see [21], p. 49, Equa-
tion (35)).
Proof. From (3.4) and substitute

, : i(l+a) a+p+2j+1
x' =0y (-1) _ATPTAITE p@h)(1-2x),
S ([ e e o

+1

then we get (4.4). [

Theorem 4.5. The relationship
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M (xk;a,b,¢;a, ) = [ZJ‘Z “( j( jjzj (Inc) H,_,; ()M (k;a,b,c;a, ) (4.5)

j=00=2j J'

holds between the new unification of Apostol-type polynomials and Hermite polynomials (see [7], No. (1) Table
1).
Proof. From (3.4) and substitute

then we get (4.5). L]
Theorem 4.6. When m=1, a=1, b=e and c=e in(9)andfor @, =(ay &, . a,,),

— ] — — 11 1

a = - a#0, i=01---,r=1 and B, =(6.6. " Pus), ﬂm:(—,—,-u, J
( % o J o s B B B

S #0, =01 we have the following relationship

1—k)<r—m>ﬁﬂj
t(n+k(m-1))! C(

m,r;?,;?m)Mf\Tz(mfr)(x;k;ﬁm), (4.6)

<
S5~
=
—_
X
=
RJ
=
N—
|
= 3
?Ms

between the new unified family of generalized Apostol-Euler, Bernoulli and Genocchi polynomials, and
C(m, r;a*r;ﬁ*m) (the generalized Lah numbers) (see [22]).
Proof. From [9], Equation (2.1),
tn

wM(r) ko )—
n;  ( r)n!
trk 2r(1—k) eXt trk 2r(1—k) et

1
lr;i(oziel —1) ljai (el ;?)z

i=1

rk (1_) 0 _—
LZc(m ra r,ﬁ*m);_*
Hal e (e’ )m
k(r-m r-m)(1- !
oot Hﬂj — — Mk omE-k) gxt
= i #7)
I} :
m-1
; ; nIZlk )(r- mHﬂJ o .
:z z - r-1 C(m’r;a*r;ﬁ*m)Mmkmr (Xkﬂ )

"0 ™" (n+k(m- 1))' o,

i=0

Equating the coefficients of t" on both sides, yields (4.6). ]
Using No. 13 in Table 1 (see [9]) and the definition of the unified Bernstein and Bleimann-Butzer-Hahn basis

(see [23]),

1k Kk m 1+bx . n
[2 X't J iet(lwxj:ngavb)(x;k,m)t_, 4.7)

(1+ ax)k mk! o n!
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where k,meZ", a,beR, teC, we obtain the following theorem.
Theorem 4.7. For ¢; #0,i=0,1,---,r -1, we have relationship

r-1
[ e rk

a i X d L& (N n(l+bx ,  _

P! ,b)(x;k,r):ﬁ( j Zs[r,;;aTJ;J ump(l ,k,arj (4.8)

l+ax) % +ax

between the unified Bernstein and Bleimann-Butzer-Hahn basis, the new unified family of generalized Apos-
tol-Bernoulli, Euler and Genocchi polynomials (see [9]) and generalized Stirling numbers of first kind (see

[19]).

Proof. From (2.1) and (4.7) and with some elementary calculation, we easily obtain (4.8). L]
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