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Abstract 
Exact quasi-classical asymptotic beyond WKB-theory and beyond Maslov canonical operator to the 
Colombeau solutions of the n-dimensional Schrodinger equation is presented. Quantum jumps 
nature is considered successfully. We pointed out that an explanation of quantum jumps can be 
found to result from Colombeau solutions of the Schrödinger equation alone without additional 
postulates. 
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1. Introduction 
A number of experiments on trapped single ions or atoms have been performed in recent years [1]-[4]. Monitor-
ing the intensity of scattered laser light off of such systems has shown abrupt changes that have been cited as 
evidence of “quantum jumps” between states of the scattered ion or atom. The existence of such jumps was re-
quired by Bohr in his theory of the atom. Bohr’s quantum jumps between atomic states [5] were the first form of 
quantum dynamics to be postulated. He assumed that an atom remained in an atomic eigenstate until it made an 
instantaneous jump to another state with the emission or absorption of a photon. Since these jumps do not appear 
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to occur in solutions of the Schrodinger equation, something similar to Bohr’s idea has been added as an extra 
postulate in modern quantum mechanics. 

Stochastic quantum jump equations [6]-[8] were introduced as a tool for simulating the dynamics of a dissipa-
tive system with a large Hilbert space and their links with quantum measurement theory were also noted [9]-[13]. 
This measurement interpretation is generally known as quantum trajectory theory [14]. By adding filter cavities 
as part of the apparatus, even the quantum jumps in the dressed state model can be interpreted as approximations 
to measurement-induced jumps [15]. 

The question arises whether an explanation of these jumps can be found to result from a Colombeau solution 
[16]-[18] ( )( )Ψ , ;x tε ε

  of the Schrödinger equation alone without additional postulates. We found exact qua-
si-classical asymptotic of the quantum averages with position variable with localized initial data. 

( ) ( )( ) ( ]2
0 0 0,    , , ; , Ψ , , ; ,   ,   d 0,1 , 1, ,d

ii t x x x t x x x x i dεε ε
ε ε= ∈ ∈ =∫               (1.1) 

i.e. we found the limiting Colombeau quantum averages (limiting Colombeau quantum trajectories) such that 
[18]: 

( ) ( ) ( )( )
( ] [ ]

2
0 00 0 0, , ; lim , , ; , lim Ψ , , ; d

                                         

,

    0,1 1,  ,  ,  , , 0,

i

d

i t x i t x x x t x x

x i d t T

εε ε ε
ε ε

ε

→ →= =

∈ ∈ = ∈

∫ 

 


                (1.2) 

and limiting quantum trajectories ( ) ( ) ( ){ }0 1 0 0, , , , , d
dq t x q t x q t x= ∈  , [ ]0,t T∈  such that 

( )
( )

0 0 0 0 0

2
0 0 0

, , , lim lim , , ; ,

             lim lim , , ; d 1,,  ,  , . 

i

d
i

q t x i t x i t x

x x t x x x i d

ε

ε ε

ε→ →

→ →

= =

= Ψ ∈ =∫






  

                (1.3) 

if limit in LHS of Equation (1.3) exists. 
The physical interpretation of these asymptotic given below, shows that the answer is “yes” for the limiting 

quantum trajectories with localized initial data. 
Note that an axiom of quantum measurement is: if the particle is in some state ,Ψt ε  that the probability 
( ),P x xδ  of getting a result dx∈  at instant t  with an accuracy of 1xδ   will be given by 

( ) ( )
2 2

0 , 0, , ; , Ψ d Ψ , , ; d
x x x x x xt tP x tx xx xx xx ε εδ δ

δ ε
′ ′− ≤ − ≤

′ ′ ′= = ′∫ ∫  .              (1.4) 

We rewrite now Equation (1.4) of the form 

( )
( )

( )
2

2
0 02 2

1, , ; , Ψ , , ; exp d
2π

dt d d

x
P x x x t x

x

x
x x

x
ε

δ
δ ε

δ

 
 = −
  

′−
′ ′∫ 


               (1.5) 

We define well localized limiting quantum trajectories ( ) ( ) ( ) ( ){ }0 1 0 0, , , , , d
dt t x q t x q t x= = ∈q q  , 

( )0 00, x x=q , [ ]0,t T∈  such that: 

( ) ( ) ( )( )( )0 0 0lim lim , , ; , 1q t tP t t xδ ε
δ ε→ → =



q q                           (1.6) 

and well localized limiting quantum trajectories ( ) ( ) ( ) ( ){ }0 1 0 0, , , , , d
dt t x q t x q t x= = ∈q q  , ( )0 00, x x=q , 

[ ]0,t T∈  such that: 

( ) ( ) ( )( )0 0 00lim lim lim , , ; , 1tq t P t t xε δ δ ε→ →→ =


q q                         (1.7) 

if limit in LHS of Equation (1.7) exists. 

2. Colombeau Solutions of the Schrödinger Equation and Corresponding Path  
Integral Representation 

Let H  be a complex infinite dimensional separable Hilbert space, with inner product ,⋅ ⋅  and norm ⋅ . 
Let us consider Schrödinger equation: 
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( ) ( ) ( ) ( ) ( )0

Ψ ˆ Ψ 0 Ψ 0 Ψ,    
t

i H t t x
t

∂ 
− + = = 

∂ 
 ,                       (2.1) 

( ) ( )
2

Δ ,
2

H t V x t
m

 
= − + 

 

 .                              (2.2) 

Here operator ( ) :H t × →H H  is essentially self-adjoint, ( )Ĥ t  is the closure of ( )H t . 
Theorem 2.1. [19] [20]. Assume that: (1) ( ) ( )0 2

dx LΨ ∈  , (2) ( ),V x t  is continuous and  

[ ] ( ), 0,
sup ,dx t T

V x t
∈ ∈

< +∞


. Then corresponding solution of the Schrödinger Equations (2.1)-(2.2) exist and can 

be represented via formulae 

( )
( )

( ) ( )
1 2

0 1 0 0 0 1 1Ψ , lim d d d Ψ exp , , , , ;
4π d d

d n

n n n n
nm it x x x x x S x x x x t

it

+

→∞ +
   =       ∫ ∫  

 

 
,      (2.3) 

where we have set 1nx x+ =  and 

( )
( )

( )
2

1
0 1 1 121, , , , ; ,

4
N i i

n n i ii

x xmS x x x x t V x t
t n
+

+ +=

 −
 = −
  

∑ ,                   (2.4) 

where i
itt
n

= , Let ( )nq t  be a trajectory; that is, a function from [ ]0, t  to d  with ( ) 00nq x=  and set  

( )n i iq t x= , 1, , 1i n= + . We rewrite Equation (2.3) for a future application symbolically for short of the fol-
lowing form 

( ) ( ) ( )( ) ( )( )( ) 0Ψ , lim Ψ 0 exp , ;
n

n n n nq t x

it x D q t q S q t x t→∞ =

 =      ∫


,              (2.5) 

where we have set 1) ( )( ) ( )0 1 1, ; , , , , ;n n nS q t x t S x x x x t+=   and 2) ( )nD q t    that is, a 

( )
( )1 2

04π
n

d n

n jj

nmD q t dx
it

+

=

 =      
∏



,                            (2.6) 

Trotter and Kato well known classical results give a precise meaning to the Feynman integral when the poten-
tial ( ),V x t  is sufficiently regular [18] [19]. However if potential ( ),V x t  is a non-regular this is well known 
problem to represent solution of the Schrödinger Equations (2.1)-(2.2) via formulae (2.3), see [19]. 

We avoided this difficulty using contemporary Colombeau framework [16]-[18]. Using replacement  

221
i

i kk

x
x

xε
→

+
, ( ]0,1ε ∈ , 1k ≥  we obtain from potential ( ),V x t  regularized  

Potential ( ),V x tε , ( ]0,1ε ∈  such that ( ) ( )0 , ,V x t V x tε = =  and 
1) ( )( ) ( ), dV x t Gε ε

∈  , 

[ ] ( ) ( ], 0,
sup , 0 1,  ,  dx t T

V x tε ε
∈ ∈

< +∞ ∈


.                          (2.7) 

Here ( )dG   is Colombeau algebra of Colombeau generalized functions [16]-[18]. 
Finally we obtain regularized Schrödinger equation of Colombeau form [21]-[24]: 

( ) ( ) ( )( ) ( )( ) ( )0

Ψ ˆ Ψ 0 Ψ,  0 Ψ  
t

i H t t x
t
ε

ε ε ε εε
ε

∂ 
− + = = 

∂ 
 ,                  (2.8) 

( ) ( )
2

Δ ,
2

H t V x t
mε ε

 
= − + 

 

 .                                 (2.9)  

Using the inequality (2.7) Theorem 2.1 asserts again that corresponding solution of the Schrödinger Equations 
(2.8)-(2.9) exist and can be represented via formulae: 
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( )( )
( )

( ) ( )
1 2

0 1 0 0 0 1 1Ψ , lim d d d Ψ exp , , , , ;
4π d d

d n

n n n n
nm it x x x x x S x x x x t

itε εε
ε

+

→∞ +

    =          
∫ ∫  

 

 
, (2.10) 

where we have set 1nx x+ =  and 

( )
( )

( )
2

1
0 1 1 121, , , , ; ,

4
n i i

n n i ii

x xmS x x x x t V x t
t n

ε ε
+

+ +=

 −
 = −
  

∑ ,                   (2.11) 

where we have set i
itt
n

= . 

We rewrite Equation (2.10) for a future application symbolically of the following form 

( )( ) ( ) ( )( ) ( )( )( ) 0Ψ , lim Ψ 0 exp ;
n

n n n nq t x

it x D q t q S q t tε εε
ε

→∞ =

  =        
∫



,            (2.12) 

or of the following form 

( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )ε,n 0Ψ , lim Ψ , lim Ψ 0 exp , ;n n n nq t x

it x t x D q t q S q t q t tε εε ε
ε

→∞ →∞ =

  = =        
∫



 .    (2.13) 

For the limit in RHS of (2.12) and (2.13) we will be used canonical path integral notation 

( )( ) ( ) ( )( ) ( ) ( )( )( ) 0Ψ , Ψ 0 exp ,
q t x

it x D q t q S q t q tε εε
ε

=

  =        
∫ 



,                (2.14) 

where ( ) ( )( ) ( ) ( )( )2
0

, , d
4

t mS q t q t q s V q s s sε ε
 = −  ∫  . 

Substitution 8 7n k= +  into RHS of the Equation (2.10) gives 

( )( ) ( ) ( )

( ) ( )
4 4

0 1 8 7 0 0 0 1 8 7 8 8

8 7
Ψ , lim d d d Ψ exp , , , , ;

4π d d

d k

k k k k

k m it x x x x x S x x x x t
tε εε

ε

+

→∞ + + +

 +    =        
∫ ∫  

 

 
. 

(2.15) 
We rewrite Equation (2.15) for a future application symbolically of the following form 

( )( ) ( ) ( )( ) ( )( )( ) 0Ψ , lim Ψ 0 exp ;
n

n n n nq t x

it x D q t q S q t tε εε
ε

+
→∞ =

  =        
∫



,             (2.16) 

or of the following form 

( )( ) ( ) ( )( ) ( ) ( )( )( ) 0Ψ , lim Ψ 0 exp , ;n nq t x

it x D q t q S q t q t tε εε
ε

+
→∞ =

  =        
∫ 



.             (2.17) 

For the limit in RHS of (2.16) and (2.17) we will be used following path integral notation 

( )( ) ( ) ( )( ) ( ) ( )( )( ) 0Ψ , Ψ 0 exp ,
q t x

it x D q t q S q t q tε εε
ε

+

=

  =        
∫ 



.                (2.18) 

Let us consider now regularized oscillatory integral 

( )( ) ( ) ( ) ( ), 0 1 0 1 0 0 0 1J ; d d d , , , Ψ exp , , , ;d dn n n n
it x x x f x x x x S x x x tε εε

ε

  =     
∫ ∫    



 
.       (2.19) 

Lemma 2.1. (Localization Principle [25] [26]) Let Ω  be a domain in d n×  and ( )0 Ωf C∞∈  be a smooth 
function of compact support, ( )ΩS Cε

∞∈ , ( ]0,1ε ∈  be a real valued smooth function without stationary 
points in ( )supp f , i.e. ( ) 0xS xε∂ ≠  for Ωx∈ . Let L  be a differential operator 

( ) ( ) 2
,1

n
xi

i i

S
L f S x f

x x
ε

ε
−

=

 ∂∂ ′= −  ∂ ∂ 
∑ .                             (2.20) 
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Then ( )( ) ( )( ), Ω
J ; d .  , ,  1n t L f x x n mε ε

≤ ∀ ∈ ∀ ≤∫    there exist mc  such that 

( )( ), ΩJ ; ,   supm
n m x mt c f f D fα

ε αε ∈ ≤
≤ = ∑  .                      (2.21) 

Lemma 2.2. (Generalized Localization Principle) Let Ωn  be a domain in d n×  and ( )0 Ωn nf C∞∈  be a 
real valued smooth function without stationary points in ( )supp f , i.e. ( ) 0xS xε∂ ≠  for Ωnx∈  and let 

( )( );tε ε
℘   be infinite sequence n∈ : 

( )( )
( )

( ) ( ) ( )
1 2

, 0 1 0 1 0 0 0 1Ω
; d d d , , , Ψ exp , , , ;

4π n

d n

n n n n n
nm it x x x f x x x x S x x x t

itε εε
ε

℘
+    =          

∫   

 

.  (2.22) 

Then there exist infinite sequence { }k k∈
 

, lim 0k k→∞ =  such that  

( ),lim ; 0n n k
k

tε
ε

℘→∞
→∞

 
= 

 
 . 

Proof. Equality (2.23) immediately follows from (2.21). 
Remark 2.1. From Lemma 2.2 follows that stationary phase approximation is not a valid asymptotic ap-

proximation in the limit 0→  for a path-integral (2.14) and (2.18). 

3. Exact Quasi-Classical Asymptotic Beyond Maslov Canonical Operator 
Theorem 3.1. Let us consider Cauchy problem (2.8) with initial data ( )0Ψ x  is given via formula 

( )
( )

( )24
0

0 4 4
Ψ exp

22π

d

d d

x x
x

ηη  −
 = −
  



,                            (3.1) 

where 0 1η<     and 2 ,x x x= . 
1) We assume now that: a) ( )( ) ( ), dV x t Gε ε

∈  , b) ( ) ( )0 , , : dV x t V x tε = += × →    and c) t +∀ ∈  
function ( ),V x t  is a polynomial on variable ( )1, , dx x x=  , i.e. 

( ) ( ) ( ) 1
1 1 1, ,    , , ,   ,   d dii

d d rm rV x t g t x i i x x x iα α
αα α α

≤ =
= = = × × =∑ ∑  .             (3.2) 

2) Let ( ) ( ) ( )( )1, , , , , , , , , , , , , ,du t x y u t x y u t x yτ λ τ λ τ λ=   be the solution of the boundary problem 

( ) ( ) ( ) ( )
2 T

TT
2

, , , ,
Hess , , , , , ,

u t x y
V u t x y V

τ λ
λ τ τ λ λ τ

τ
∂

′= +      ∂
,                  (3.3) 

( ) ( ),    0, , , , , , , ,u t x y y u t t x y xλ λ= = .                             (3.4) 

Here ( )1, , d
dλ λ λ= ∈  , ( ) ( ) ( )( )TT

1, , , , , , , , , , , , , ,du t x y u t x y u t x yτ λ τ λ τ λ=  , 

( ) ( ) ( ) ( ) ( )2

1

, , ,
, , ,    and   Hess ,

d i jx x x

V x t V x t V x t
V V

x x x x
λ λ λ

λ τ λ τ
= = =

   ∂ ∂ ∂   
′ = =          ∂ ∂ ∂ ∂       

 .          (3.5) 

3) Let ( ), , ,S t x yλ  be the master action given via formula 

( ) ( ) ( )( )
0

S , , , , , , , , , , , , , d
t

t x y L u t x y u t x yλ τ λ τ λ τ τ= ∫  ,                      (3.6) 

where master Lagrangian ( ), ,L u u τ  are 

( ) ( ) ( )( )2 21,    ˆ, , , , , , , , , , , , , ,
2

,    duumL u u u t x y V u t x y u u u uτ τ λ τ λ τ
τ τ

∂∂ = − = = ∂ ∂ 
     

 ,          (3.7) 

( )( ) ( ) ( ) ( ) ( ) ( )T Tˆ , , , , , , , , , Hess , , , , , , , , , ,V t x y u t x y V u t x y V u t x yτ λ τ τ λ λ τ τ λ λ τ τ λ′= +   .         (3.8) 

Let ( ), , d
cr cry y t xλ= ∈  be solution of the linear system of the algebraic equations 
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( )S , , ,
,   , 0 1,

cri y y

t x y
i d

y
λ

=

∂ 
= = ∂ 

 .                            (3.9) 

4) Let ( )0ˆ ˆ , , dx x t xλ= ∈  be solution of the linear system of the algebraic equations 

( ) 0ˆ, , 0cry t x xλ λ+ − = .                                 (3.10) 

Assume that: for a given values of the parameters 0 ,  ,t xλ  the point ( )0ˆ ˆ , ,x x t xλ=  is not a focal point on a 
corresponding trajectory is given by corresponding solution of the boundary problem (3.3). Then for the limiting 
quantum average given via formulae (1.1) the inequalities is satisfied: 

( ) ( )( )( ) ( )
1

0 0 0 0 00
ˆ ˆ ˆlim , , ; 2 det , , , , , , , , , , , ,    1, ,

cr cri y y cr ii t x S t x t x y t x t x x t x i d
ε

λ λ λ λ λ λ
−

→
→

 − ≤ = 


  .   (3.11) 

Thus one can to calculate the limiting quantum trajectory corresponding to potential ( ),V x t  by using tran-
scendental master equation 

( )0 ,  ˆ , , 0 1,  ,ix t x i dλ = =  .                                (3.12) 

Proof. From inequality (A.15) and Theorem A1, using inequalities (A.53.a) and (A.53.b) we obtain 

( ) ( )0 0 0 1 20
ˆlim lim l, ; , , im ,, ,  ,   1, ,i iTx Tl dT iε

σ
σ λ λ λε λ→ → →→

− ≤ +   =
 

  ,          (3.13) 

where 

( ) ( ) ( )( ) ( ) ( )( )

21
2

1 1
1, d Ψ 0 cos , , ,iq T x

T x D q t q q T q q Tλ λ+

=

    =           
∫ ∫



 S ,            (3.14) 

( ) ( ) ( )( ) ( ) ( )( )

21
2

2 1
1, d Ψ 0 sin , , ,iq T x

T x D q t q q T q q Tλ λ+

=

    =           
∫ ∫



 S .            (3.15) 

We note that 

( ) ( ) ( ) ( )
2 2

1 1 2 2,   , d , , , d , , T x x T T x x Tλ λ λ λ   = =   ∫ ∫
 

    ,                  (3.16) 

where 

( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )
( )

( )

1
2

1 1

1
2

1
0

1

1, , Ψ 0 cos , , ,

1                 d Ψ 0 cos , , ,

                 d , , , ,

iq T x

q T x i
q y

x T D q t q q T q q T

y D q t q q T q q T

y x y T

λ λ

λ

λ

+

=

+
=
=

  =        

  =        

=

∫

∫ ∫

∫

















S

S              (3.17) 

( ) ( ) ( )( ) ( ) ( )( )
( )

1
2

1 1
0

1, , , Ψ 0 cos , , ,q T x i
q y

x y T D q t q q T q q Tλ λ+
=
=

  =        ∫




 S              (3.18) 

and 

( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )
( )

( )

1
2

2 1

1
2

1
0

2

1, , Ψ 0 sin , , ,

1                  d Ψ 0 sin , , ,

                  d , , , ,

iq T x

q T x i
q y

x T D q t q q T q q T

y D q t q q T q q T

y x y T

λ λ

λ

λ

+

=

+
=
=

  =        

  =        

=

∫

∫ ∫

∫

















S

S              (3.19) 

( ) ( ) ( )( ) ( ) ( )( )
( )

1
2

2 1
0

1, , , Ψ 0 sin , , ,q T x i
q y

x y T D q t q q T q q Tλ λ+
=
=

  =        ∫




 S .             (3.20) 
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From Equation (3.18) one obtain  

( ) ( ) ( )1 1,1 1,2
1, , , , , , , , ,
2

x y T x y T x y Tλ λ λ = + 
  

   ,                     (3.21) 

where 

( ) ( ) ( )( ) ( ) ( )( )
( )

1
2

1,1 1
0

, , , Ψ 0 exp , , ,q T x i
q y

ix y T D q t q q T q q Tλ λ+
=
=

  =        ∫






 S ,            (3.22) 

( ) ( ) ( )( ) ( ) ( )( )
( )

1
2

1,2 1
0

, , , Ψ 0 exp , , ,q T x i
q y

ix y T D q t q q T q q Tλ λ+
=
=

  = −       ∫




 S .            (3.23) 

Let us calculate now path integral ( )1,1 , , ,x y T λ


  and path integral ( )1,2 , , ,x y T λ


 , using stationary phase 
approximation. From Equation (A.23) follows directly that action ( )1 , , ,q q TλS  coincide with master action 
( ), , ,S t x yλ  is given via formulae (3.6)-(3.8) and therefore from Equation (3.22) and Equation (3.23) one ob-

tain 

( ) ( ) ( )( ) ( ) ( )( )
( )

( ) ( )

1
2

1,1 1
0

1
2

, , , Ψ 0 exp , , ,

                       Ψ exp , , , ,

q T x i
q y

i

ix y T D q t q q T q q T

ix y S t x y

λ λ

λ

+
=
=

  =        

  =     

∫









 S
             (3.24) 

and 

( ) ( ) ( )( ) ( ) ( )( )
( )

( ) ( )

1
2

1,2 1
0

1
2

, , , Ψ 0 exp , , ,

                       Ψ exp , , , .

q T x i
q y

i

ix y T D q t q q T q q T

ix y S t x y

λ λ

λ

+
=
=

  =        

  = −    

∫








 S
             (3.25) 

From Equation (3.17) and Equation (3.24) we obtain 

( ) ( )1 1, , d , , ,x T y x y Tλ λ= ∫
 

  .                               (3.26) 

Substitution Equation (3.25) into Equation (3.26) gives 

( ) ( ) ( )
1
2

1,1 , , d Ψ exp , , ,i
ix T x y y S t x yλ λ  =     ∫





 .                      (3.26') 

Similarly one obtain 

( ) ( ) ( )
1
2

1,2 , , d Ψ exp , , ,i
ix T x y y S t x yλ λ  = −    ∫





 .                      (3.27) 

Let us calculate now integral ( )1,1 , ,x T λ


  and integral ( )1,2 , ,x T λ


  using stationary phase approximation. 
Let ( ), , d

cr cry y t xλ= ∈  be the stationary point of master action ( ), , ,S t x yλ  and therefore Equation (3.9) 
is satisfied. Having applied stationary phase approximation one obtain 

( )( )

( )( ) ( )( ) ( )( )

1,1

1 1
2 2

, , , , ,

det , , , , , Ψ , , exp , , , , ,
cr cr

cr

y y cr i cr cr

x y t x T

iS t x y t x x y t x S t x y t x

λ λ

λ λ λ λ λ
−     =       







,        (3.28) 

( )( )

( )( ) ( )( ) ( )( )

1,2

1 1
2 2

, , , , ,

det , , , , , Ψ , , exp , , , , , ,
cr cr

cr

y y cr i cr cr

x y t x T

iS t x y t x x y t x S t x y t x

λ λ

λ λ λ λ λ
−     = −      







.       (3.29) 

Substitution Equations (3.28)-(3.29) into Equation (3.21) gives  
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( )( ) ( )( ) ( )( )

( )( ) ( )( )

1 1,1 1,2

1 1
2 2

1, , , , , , , , , , , , , , ,
2

                                    det , , , , , Ψ , ,

                                       exp , , ,

cr cr

cr cr cr

y y cr i cr

x y t x T x y t x T x y t x T

S t x y t x x y t x

i S t x

λ λ λ λ λ λ

λ λ λ

λ

−

 = + 

   =   

×

  



  

( )( ) ( )( )

( )( ) ( )( ) ( )( )
1 1
2 2

, , exp , , , , ,

1                                    det , , , , , Ψ , , cos , , , , , .
cr cr

cr cr

y y cr i cr cr

iy t x S t x y t x

S t x y t x x y t x S t x y t x

λ λ λ

λ λ λ λ λ
−

    + −        

    =       





  

(3.30) 
Substitution Equation (3.30) into Equation (3.16) gives 

( ) ( )

( )( ) ( )( ) ( )( )

2

1 1

1 2 2

, d d , ,

1              d det , , , , , Ψ , , cos , , , , , .
cr cry y cr i cr cr

T x x x T

x S t x y t x x y t x S t x y t x

λ λ

λ λ λ λ λ
−

 =  
  =     

∫ ∫

∫





 
    (3.31) 

Similarly one obtain 

( ) ( )

( )( ) ( )( ) ( )( )

2

2 2

1 2 2

, d d , ,

1              d det , , , , , Ψ , , sin , , , , , .
cr cry y cr i cr cr

T x x x T

x S t x y t x x y t x S t x y t x

λ λ

λ λ λ λ λ
−

 =  
  =     

∫ ∫

∫





 
    (3.32) 

Therefore 

( ) ( ) ( ) ( )( ) ( )( )
1 2

1 2, , , 2 d det , , , , , Ψ , ,
cr cry y cr i crT T T x S t x y t x x y t xλ λ λ λ λ λ

−
 = + =  ∫   .       (3.33) 

Substitution Equation (3.1) into Equation (3.33) gives 

( )
( )

( )( ) ( )( )22 1 0
2 2

, ,
, 2 d det , , , , , exp

2π cr cr

d
cr

y y cr id d

y t x x
T x S t x y t x x

η ληλ λ λ
−  −

   = −   
 

∫




 .       (3.34) 

Let us calculate now integral (3.34) using Laplace’s approximation. It is easy to see that corresponding sta-
tionary point ( )0ˆ ˆ , , dx x t xλ= ∈  is the solution of the linear system of the algebraic Equation (3.10). There-
fore finally we obtain  

( ) ( ) ( ) ( )( )( ) ( )
1

0 0 0ˆ ˆ ˆ, 2 , , det , , , , , , , , , 1,   , ,
cr cr

d
i y y crT x t x S t x t x y t x t x O i dλ λ λ λ λ λ

−
 = + =    .    (3.35) 

Substitution Equation (3.35) into inequality (3.13) gives the inequality (3.11). The inequality (3.11) com-
pleted the proof. 

4. Quantum Anharmonic Oscillator with a Cubic Potential Supplemented by  
Additive Sinusoidal Driving 

In this subsection we calculate exact quasi-classical asymptotic for quantum anharmonic oscillator with a cubic 
potential supplemented by additive sinusoidal driving. Using Theorem 3.1 we obtain corresponding limiting 
quantum trajectories given via Equation (1.3). 

Let us consider quantum anharmonic oscillator with a cubic potential 

( )
2

2 3 ,      , , 0
2

mV x x ax bx x a bω
= − + ∈ > .                           (4.1) 

Supplemented by an additive sinusoidal driving. Thus 

( ) ( )
2

2 3, sin Ω
2

mV x t x ax bx A t xω
= − + −    .                           (4.2) 

The corresponding master Lagrangian given by (3.7), are 



J. Foukzon et al. 
 

 
592 

( ) ( )( )
2

2 2 2 23, , 3 sin
2 2
m aL u u u m u m a b A t u

m
ω λτ ω λ λ

     = − + − + − − Ω           
  .            (4.3) 

We assume now that: 
2 3 0

2
a
m

ω λ
+ ≥  and rewrite (4.3) of the form 

( ) ( ) ( ) ( )2 2 2, , 2 2 ,L u u m u m u g t uτ ϖ λ λ= − +  .                        (4.4) 

where ( )
2 32

2
a
m

ω λϖ λ = +  and ( ) ( )2 2, 3 sin Ωg t m a b A tλ ω λ λ = − + − − ⋅  . 

The corresponding master action ( ), , ,S t x yλ  given by Equation (3.6), are 

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )

2 2
0

2 20 0 0

2, , , cos 2 , sin d
2sin

2 2                       , sin d , , sin sin d d .

t

t t

m xS t x y t y x xy g
t m

y g t g g s t s s
m m

τ

ϖλ ϖ λ τ ϖτ τ
ϖ ϖ

λ τ ϖ τ τ λ τ λ ϖ τ ϖ τ
ϖ ϖ

= + − +
+ − − − 

∫

∫ ∫ ∫
   (4.5) 

The linear system of the algebraic Equation (3.9) are 

( ) ( ) ( )( )
0

S , , , 22 cos 2 , sin d 0
tt x y

y t x g t t
y m
λ

ϖ λ ϖ τ τ
ϖ

∂
= − + − =

∂ ∫                   (4.6) 

Therefore 

( ) ( ) ( )( )
0

1, , , sin d
cos cos

t
cr

xy t x g t t
t m t

λ λ ϖ τ τ
ϖ ϖ ϖ

= − −∫ .                     (4.7) 

The linear system of the algebraic Equation (3.10) are 

( ) ( )( ) 00

1 , sin d 0
cos cos

tx g t t x
t m t

λ ϖ τ τ λ
ϖ ϖ ϖ

− − + − =∫ .                     (4.8) 

Therefore the solution of the linear system of the algebraic Equation (3.10) are 

( ) ( ) ( )( ) ( )( )0 00

1ˆ , , , sin d cos
t

x t x g t t t x t
m

λ λ ϖ τ τ λ ϖ
ϖ

= − + −∫ .                   (4.9) 

Transcendental master Equation (3.11) are 

( )( ) ( )( ) ( )( )00

1 , sin cos 0
t
g t t t d t x t

m
λ ϖ τ τ λ ϖ

ϖ
− + − =∫                     (4.10) 

Finally from Equation (4.10) one obtain 

( )( ) ( ) ( ) ( )( ) ( )( ) ( )02 2

sin Ωsincos 1 cos 0
A t tt

d t t x m t
ϖ ϖϖ

λ λ ϖ ϖ
ϖ ϖ ϖ

Ω − 
− + − − = 

−Ω 
.          (4.11) 

where ( ) 2 23d m a bλ ω λ λ= + − . 

Numerical Examples 
Example 1 (in Figure 1 and Figure 2). 0 0x = , 1m = , Ω 0= , 9ω = , 3a = , 10b = , 0A = . 

5. Comparison Exact Quasi-Classical Asymptotic with Stationary-Point  
Approximation 

We set now 1d = . Let us consider now path integral (2.14) with ( ) ( )( ), ;S q t q t tε   given via formula 

( ) ( )( ) ( ) ( )( ) 2

0

1, , , d
4

t
q t q t t q F qε ετ τ τ τ = − ∫ S .                          (5.1) 
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Figure 1. Limiting quantum trajectory 
( )tλ  with a jump.                      

 

 
Figure 2. Limiting quantum trajectory 
( )tλ  with a jump.                           

 
Note that for corresponding propagator ( ), ,0K x t yε  the time discretized path-integral representation 

( ), , , 0NK x t yε  are: 

( )
( )

( )1 2 1
, , 02

d d d
, ,0 exp , ,

4π
N

N N NN

x x x iK x t y x x
t

ε ε
−  =   ∆

∫








S ,                   (5.2) 

where ( ), 0 , ,N Nx xε S  are: 

( ) ( )
2

1 1
, 0 0, , ,

4
N n n

N N n nn

x xtx x F x t
tε ε

− +
=

−∆  = − ∆ 
∑S .                      (5.3) 

Here the initial- 0x  and end-points Nx  are fixed by the prescribed 0x  and by the additional constraint 
Nx y= . 
Let us calculate now integral (5.2) using stationary-point approximation. Denoting an critical points of the 

discrete-time action (5.3) by ( ), 1, , 1, ,, ,k k N kx xε ε ε−= x
 

it follows that ,kεx  satisfies the critical point condi-
tions are 

( ), 0, , 1, , , ,

, ,

, , ,
0N k N k N k

n k

S x x x
x

ε ε ε ε

ε

−∂
=

∂



                              (5.4) 

for 1, , 1n N= − , supplemented by the prescribed boundary conditions for 0n = , 0, , 0: kn N x xε= = , 
, ,N kx xε = . 
From Equation (5.2) in the limit 0→  using formally stationary-point approximation one obtain 

( ) ( ) ( ) ( ), 0 , 1 , 0, , , , , , 0, , , ,, , 0 , , exp , ,N N k k N k N k k N k
iK x t x x x x x Oε ε ε ε ε ε ε ε ε−

 ≅ +  




Z x S x .         (5.5) 

Here the pre-factor ( ), ,N kε εZ x  is given via N-dimensional Gaussian integral of the canonical form as 
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( )
( )

( )2
1 , , 0, , , ,1 2 1

, 1 , 0, , , , 2 , 1
, , , ,

, ,d d d
, , exp

24π
N N k k N kN

N k k N k n mN n m
n k m k

x xy y y ix x y y
x xt

ε ε ε ε
ε ε ε ε

ε ε

−−
− =

 ∂
=  

∂ ∂∆   
∑∫







S x
Z x .     (5.6) 

The Gaussian integral in (5.6) is given via canonical formula 

( ) ( )
12

, , 0, , , ,
, 1 , 0, , , ,

, , , ,

2
, ,

, , 4π det ,   2 , , 1, 1N k k N k
N k k N k

n k m k

x x
x x t t n m N

x x
ε ε ε ε

ε ε ε ε
ε ε

−

−

  ∂
  = ∆ ∆ = −

 ∂ ∂   
 

S x
Z x .    (5.7) 

Here ( ),det n mA  denote the determinant of an 1 1N N− × −  matrix with elements ,n mA . 
Let us consider now Cauchy problem (2.8) with initial data ( )0Ψ x  is given via formula 

( )
( )

( )21 4
0

0 1 4 1 4
Ψ exp

22

x z
x

ηη
π

 −
 = −
  



. 

Note that for corresponding Colombeau solution ( )Ψ ,t xε  given via path-integral (2.14) the time discretized 
path-integral representation ( ),Ψ ,N t xε  are 

( ) ( ) ( )

( ) ( ) ( ) ( )

, 0 0 , 0 0

0 , 1 , 0 , , 0 0 , , 0 , ,

Ψ , Ψ , ,0 d

                d , , Ψ exp , , 1 .

N N

N k N k N k N kk

t x x K x t x x

ix x x x x x O

ε ε

ε ε ε ε ε ε−

=

 = +    

∫

∑ ∫ 



Z x S x
      (5.8) 

Let us calculate now integrals in RHS of Equation (5.8) using stationary-point approximation. Corresponding 
critical point conditions are 

( ), 0, , 1, , , ,

0, ,

, , ,
0N k N k N k

k

S x x x
x

ε ε ε ε

ε

−∂
=

∂



.                              (5.9) 

From (5.8) we obtain 

( ) ( ) ( ) ( ) ( ), , , 0, , 0 0, , , , 0, ,Ψ , , , Ψ exp , , 1N N k k k N k kk

it x x x x x x Oε ε ε ε ε ε ε ε
 = +    

∑ 



Z x S x .       (5.10) 

( ) ( )2
, , 0, ,

, , 0, ,
, , ,

1

,

2
, ,

, , det 2 , 0,,   1, , 1 N k k
N k k

n k m k

x x
x x t t n m N

x x
ε ε ε

ε ε ε
ε ε

−
  ∂
  = ∆ ∆ = −

 ∂ ∂   


S x
Z x .        (5.11) 

Let as denote ( ) ( ) ( ) ( )( ),0 0, ,0 1, ,0 1, ,0 0, ,0 1, ,0 1, ,0, , , , , ,N Nx x x x x x x x xε ε ε ε ε ε ε− −= = x  the critical point for which 
the critical point conditions (5.4) are 

( )1, ,0 , ,0
, ,0 , 0 0,1,,    , 1n n

n n

x x
F x t n N

t
ε ε

ε ε
+ −

− = = −
∆

 .                     (5.12) 

Therefore the time discretized path-integral representation of the Colombeau quantum averages given by Eq-
uation (1.1) are 

( )

( )( )

( )
( ) ( )( ) ( )

( )
( ) ( )( ) ( )

1 2

1 2 1

0

2
,

2
0, ,0 02 2

, , 0, ,0

2
0, ,0 02 2

, , 0

2

1

, ,01

2

1 2 1 2

1, , ; ,

  Ψ , ; d

  d , , exp 1
2π

      d , , exp 1 exp
2π

N

N k

N kk

t z

x x t x

x x z
xx x x O

x x z
xx x x O O c

ε

ε
ε

ε
ε ε ε

ε

ε
ε ε ε

ε

ε

ηη

ηη
≥

=

  −    = − +   
  

  −    + − + + −   
  

∫

∫

∑ ∫

















Z x

Z x ( )( )1 ,−


 
(5.13) 
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where 0c > , ( ]0,1ε ∈ , x∈ . Let us calculate now integrals in RHS of Equation (5.13) using stationary- 
point approximation. Corresponding critical point conditions are 

( )0, ,0 , ,0 0 0Nx x zε ε − = ,                                   (5.14) 

( )0, , , , 0 ,    0 1k N kx x z kε ε − = ≥ .                                (5.15) 

Here , ,0Nx ε  can be calculated using linear recursion (5.12) with initial data 0, ,0 0x zε = . 
From Equations (5.13)-(5.14) one obtain 

( ) ( )( )2
0 , ,0 , , 0, ,0 , ,01, , ; , , ,N N k Nt z x x xε ε ε ε εε ε

ε ≅ Z x ,                        (5.16) 

and ( ) ( )2
, , 0, , , ,0

, , 0, , , ,0
, , , ,

1 2
, ,

, , det 2 , 0,1, ,,    N k k N
N k k N

n k m k

x x
x x t t n m N

x x
ε ε ε ε

ε ε ε ε
ε ε

−
  ∂
  = ∆ ∆ =

 ∂ ∂   


S x
Z x .          (5.17) 

As demonstrated in [24] the determinant appearing in (5.11) can be calculated using second order linear re-
cursion: 

( )
( ) ( )

( ) ( )2

, , , , 1, , 1, , 11, , , , 1, ,
2

1, , , ,
, , , , , ,,

, ,2
2

                                              , ,

                     

n k x n k n n k x n k nn k n k n k

n k n k
n k n k n n k nx

Q F x t Q F x tQ Q Q
tt

x x
Q F x t F x t

t

ε ε ε εε ε ε

ε ε
ε ε ε εε

− − −+ −

+

′ ′−− −
=

∆∆

− 
′′− − ∆ 

( ) ( )

( ) ( ) ( ) ( )

2 2

, , , , , 1, , , 1, , 1

2

, , 2

                         , , ,

, ,
,   . , ,

n k x n k n n k x n k n

x x

Q F x t Q F x t

F x t F x t
F x t F x t

x x

ε ε ε ε ε ε

ε ε
ε ε

− − −   ′ ′+ −   
∂ ∂

′ ′′= =
∂ ∂

          (5.18) 

with initial data 1, ,kQ tε = ∆ , ( )( )2
2, , 1, ,k kQ Q t O tε ε= + ∆ + ∆                                      (5.19) 

from which the pre-factor ( ), , 0, , , ,0, ,N k k Nx xε ε ε εZ x  in (5.16) follows as 

( ), , 0, , , ,0 , ,, ,N k k N N kx x Qε ε ε ε ε=Z x .                              (5.20) 

In the limit 0t∆ →  from critical point conditions (5.12) and (5.14) one obtain 

( ) ( )( ) ( ) 0,    , 0 0x t F x t t x zε− = = .                             (5.21) 

In the limit 0t∆ →  from a second order linear recursion (5.18) one obtain the second order linear differen-
tial equation 

( ) ( ) ( )( ),0 ,0 ,
d2 ,
d xQ t Q t F x t t
tε ε ε ′=  

                              (5.22) 

with initial data 

( ) ( ),0 ,0,   0 0 1 0Q Qε ε= = .                                  (5.23) 

By integration Equation (5.22) one obtain the first order linear differential equation 

( ) ( ) ( )( ) ( ),0 ,0 , ,0,    2 , 1 0 0xQ t Q t F x t t Qε ε ε ε′= + = .                      (5.24) 

In the limit 0t∆ →  from Equation (5.16), Equations (5.20)-(5.21) and Equation (5.24) one obtain 

( ) ( ) ( ) ( )2
0 ,01, , ; ,E t t z x t Q tεε

ε −= ≅ .                          (5.25) 

We set now in Equation (5.1) 

( ) ( )3, sin ΩτF q aq bx Aε τ = − + + .                            (5.26) 

Corresponding differential master equation are 
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( ) ( ) ( ) ( )2 3
0,   3  sin Ωτ 0q a b q a b A q zλ λ λ λ= − − − − + = − .                  (5.27) 

From Equation (5.27) one obtain that corresponding transcend dental master equation are 

( )
( )
( )

( )( ){ } ( )( )
( )

( ) ( ) ( ){ }

( )

0 2 2

2 2

exp ΔΔ
exp Δ 1 sin Ωt Ωcos Ωt

Θ Ω Θ

Ω    0.
Ω Θ

t tt
z t t t A t

t t

A
t

λλ
λ λ λ

λ λ

λ

     − − − + Θ −          +      

+ =
+   

      (5.28) 

Numerical Examples 
Comparison of the: 1) classical dynamics calculated by using Equation (5.1) (red curve), 2) limiting quantum 
trajectory ( )tλ  calculated by using master equation Equation (5.28) (blue curve) and 3) limiting quantum tra-
jectory calculated by using stationary-point approximation given by Equation (5.25) (green curve) (in Figure 3 
and Figure 4). 
 

 
Figure 3. Limiting quantum trajectory ( )tλ  without jumps a = 
0.3, b = 1, A = 2.                                                

 

 
Figure 4. Limiting quantum trajectory ( )tλ  with a jump a = 1, 
b = 1, A = 0.3.                                                  
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6. Conclusions 
We pointed out that there existed limiting quantum trajectories given via Equation (1.3) with a jump. Such jump 
does not depend on any single measurement of particle position ( )q t  at instant t  and is obtained without any 
reference to a phenomenological master-equation in Lindblad’s form. 

An axiom of quantum mechanics is that we cannot predict the result of any single measurement of an observ-
able of a quantum mechanical system in a superposition of eigenstates. However we can predict the result of any 
single measurement of particle position ( )q t  at instant t  with a probability ( ), , 1P t q qδ ≅  if valid the con-
dition: ( ) ( ) ( )( )0 0 00lim lim lim , , ; , 1tq t P q t q t xε δ δ ε→ →→ =



 , where tP  is given by Equation (1.5). 
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Appendix  
Let us consider now regularized Feynman-Colombeau propagator ( )( ), ,0K x T yε ε

 given by Feynman path 
integral: 

( ) ( ) ( ) ( )( ) ( )( )
( )

1 2
0

1 1, ,0; , exp , ; , exp , exp , ,q T x
q y

iK x T y l D q t q T l q T q q Tε εσ σ λ+
=
=

     = − −             ∫





 

S S S ,   (A.1) 

where ( ]0,1∈ , 

( ) ( ){ }2
1 0

, ; , d ; ,
T

q T l t q t lσ λ σ = −    ∫S ,                          (A.2) 

( )( ) ( ) ( )2
2 1,    , , , d

dq T q Tλ λ λ λ λ= − = ∈    S ,                       (A.3) 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )2
0

,    , , , , d
2

,, , ,
T mq q T L q t q t t t L q t q t t q t V q t tε ε= = −∫   S              (A.4) 

( ) ( )0 , , ,V x t V x tε = =                                     (A.5) 

( ) ( ) ( ) ( ) ( )2 3
1 2 3,V x t g t x g t x g t x g t xαα= + + + + ,                       (A.6) 

( ) 1
1 1 1,    ,    , , d dii

d d rri i x x x iαα α
=

= = × × = ∑  , 

( )( ) ( )( ) ( ) ( ) ( )( )1, ,, , , ,,    dV q t t V q t t q t q t q tε ε ε ε ε= =  ,                     (A.7) 

( ) ( )
( )

( ], 22
0,1 1

1
,    ,    i

i kk

q t
q t k

q t
ε ε

ε
= ∈ ≥

+
.                           (A.8) 

Here:1) ( ]0,1σ ∈ , σ   and 2) for each path q(t) such that ( ) ( )1 sin , , ,ni

n tq t a u t T y x
T
π∞

=

 = + 
 

∑ ,  

( )0, , ,u T y x y= , ( ), , ,u T T y x x= , where ( ), , ,u t T y x  is a given function, operator ( ){ }; ,p t lσ  are 

( ){ } 1 1

π π; , sin sinl
n nn n l

n t n tq t l a a
T T

σ σ ∞

= = +

   = +   
   

∑ ∑ .                       (A.9) 

3) ( )D q t+     is a positive Feynman “measure”. 
Therefore regularized Colombeau solution of the Schrödinger equation corresponding to regularized propa-

gator (A.1) are 

( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )
( )

( ) ( )( ) ( ) ( )( )
( )0

  

  

Ψ , ; , ,

d Ψ , ,0; ,

1Ψ 0 exp , ; , , exp , ,

1d Ψ 0 exp , ; , , exp , , . 

q T x

q T x
q y

T x l

y y K x T y l

iD q t q q T l q q T

iy D q t q q T l q q T

ε ε

ε
ε

ε

ε

ε
ε

σ λ

σ

σ λ

σ λ

∞

−∞

+

=

+
=
=

=

     −           

    = −           

=

∫

∫

∫ ∫

 





 



S S

S S

         (A.10) 

Here ( ) ( ) ( )( )1 2, ; , , , ; , ,q T l q T l q Tσ λ σ λ= +S S S .                                           (A.11) 

Let us consider now regularized quantum average 

( ) ( )( )2ˆ , ; , , , d Ψ , ; , ,i ix T l xx T x lεε ε
σ λ ε σ λ

∞

−∞
= ∫ .                        (A.12) 

From (A.5) and (A.12) one obtain  
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( )

( ) ( )( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )( )

1 2

1 2

2

2

ˆ , ; , , ,

1 1  d Ψ 0 exp , ; , , cos , ,

1 1      d Ψ 0 exp , ; , , sin , , .

i

i
q T x

iq T x

x T l

x D q t q q T q T l q q T

x D q t q q T q T l q q T

ε

ε

ε

ε

ε

σ λ ε

σ λ

σ λ

+

=

+

=

        ≤ −               

       + −              

∫ ∫

∫ ∫





 





S S

S S

   (A.13) 

From Equations (A.5)-(A.13) one obtain  

( )

[ ] ( ) ( )

( ) ( )( ) ( ) ( ) ( )
( )

2

1 2

2

2

2

ˆ , ; , , ,

ˆ  , ; , , , d Ψ , ; , ,

  d Ψ , ; , , d Ψ , ; , ,

1 1  d Ψ 0 exp , ; , , cos , ,

      d

i i

i i

i i i i

i i
q T x

x T l

x T l x T x l

x x T x l x x T x l

x D q t q q T q T l q q T

x D

ε

ε ε

ε

σ λ ε λ

σ λ ε λ σ λ

λ σ λ λ σ λ

λ σ λ

∞

−∞

∞ ∞

−∞ −∞

+

=

−

= −

= − ≤ −

      = − −              

+

∫

∫ ∫

∫ ∫

∫







S S

( ) ( )( ) ( ) ( ) ( )( )

1
2

2 1 1Ψ 0 exp , ; , , .sin , ,i iq T x
q t q q T q T l q q Tελ σ λ+

=

     − −             
∫







S S

   (A.14) 

Using replacement ( ) ( ):i i iq t q tλ− = , 1, ,i d=   into RHS of the Equation (A.9) one obtain 

( ) ( )( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )
( )

1 2

1
2

2

2

2

1

ˆ , ; , , ,

1 1  d Ψ 0 exp , ; , cos , ,

1 1      d Ψ 0 exp , ; , sin , ,

  d , ;

i i

i
q T x

i
q T x

x T l

x D q t q q T q T l q q T

x D q t q q T q T l q q T

x I x T

ε

ε

σ λ ε λ

σ λ

σ λ

σ

+

=

+

=

−

      ≤ − +              

      + − +              

=

∫ ∫

∫ ∫

∫

 

 





S S

S S

( ) ( )2
2, , , d , ; , , , .l x I x T lλ ε σ λ ε   +   ∫

     (A.15) 

Here 

( ) ( ) ( )( )
( ) ( ){ }

( )( ) ( )

1 2

2
1 0

2
2

, ; , , ; , ,

, ; , d ; , , .

,

T d

q T l q T l q T

q T l t q t l

q T q T

σ σ

σ σ λ

= +

 = ∈    

=   

∫ 

S S S

S

S

                        (A.16) 

And 

( )

( ) ( )( ) ( ) ( ) ( )( )

2

1

1

, ; , , ,

1 1Ψ 0 exp , ; , cos , ,iq T x

I x T l

D q t q q T q T l q q Tε

σ λ ε

σ λ+

=

    = − +           ∫






S S
       (A.17) 

( )

( ) ( )( ) ( ) ( ) ( )( )

2

2

1

, ; , , ,

1 10 exp , ; , sin , ,iq T x

I x T l

D q t q q T q T l q q Tε

σ λ ε

σ λ+

=

    = Ψ − +           ∫






S S
      (A.18) 

Let us rewrite a function ( )( ),V q t tε λ+  in the following equivalent form: 

( )( ) ( )( ) ( )( ),0 ,1, , , , ,V q t t V q t t V q t tε ε ελ λ λ+ = + ,                        (A.19) 
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( )( ) ( )( ) ( ) ( )( ) ( )2
,0 ,1 ,2, , , , , ,V q t t a q t t q t a q t t q tε ε ελ λ λ= + ,                    (A.20) 

( )( ) ( )( ) ( ) ( )( ) ( )3
,1 ,3 ,, , , , , ,V q t t a q t t q t a q t t q tα

ε ε ε αλ λ λ= + + ,                  (A.21) 

where ( )( ) ( )0,1 1, , ,a q t t c tε λ λ= = , ( )( ) ( )0,2 2, , ,a q t t c tε λ λ= = ,  , ( )( ) ( )0, , , ,a q t t c tε α αλ λ= = . 

Let use valuate now path integral ( )1 ; , ,I T lσ λ  given via Equation (A.17). Substitution Equation (A.19) into 
RHS of the Equation (A.17) gives 

( )
( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )

1

1 2
1 1

1
2

,1 ,2

1 2

,1

, ; , , ,

  , ; , , , , ; , , ,

1 1 1  Ψ 0 exp , ; , cos , , cos ,

1 1      Ψ 0 exp , ; , sin , , ,

i
q T x

i

I x T l

I x T l I x T l

D q t q q T q T l q q T q T

D q t q q T q T l q q T

ε ε

ε

σ λ ε

σ λ ε σ λ ε

σ λ λ

σ λ

+

=

+

= +

      = − + +               

  + −       

∫ 



  

 

S S S

S S ( )( ) ,2
1sin , , ,

q T x
q Tε λ

=

   −      ∫


S

,  

(A.22.a) 

( )
( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )

2

1 2
2 2

1
2

,1 ,2

1 2

,1

, ; , , ,

  , ; , , , , ; , , ,

1 1 1  Ψ 0 exp , ; , cos , , sin ,

1 1      Ψ 0 exp , ; , sin , , ,

i
q T x

i

I x T l

I x T l I x T l

D q t q q T q T l q q T q T

D q t q q T q T l q q T

ε ε

ε

σ λ ε

σ λ ε σ λ ε

σ λ λ

σ λ

+

=

+

= +

      = − + +               

  + −       

∫ 



  

 

S S S

S S ( )( ) ,2
1cos , ,

q T x
q Tε λ

=

   −      ∫


S

,  

(A.22.b) 
where 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )2
,1 ,00

,    , , , , , , d , , , , ,
2

T mq q T L q t q t t t L q t q t t q t V q t tε ε ε ελ λ λ λ= = −∫   S ,       (A.23) 

( ) ( )( ),2 ,10
, , , , d

T
q T V q t t tε ελ λ= ∫S ,                                (A.24) 

( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

1
1

1
2

,1 ,2

, ; , , ,

1 1 1  0 exp , ; , cos , , , cos , ,iq T x

I x T l

D q t q q T q T l q q T q Tε ε

σ λ ε

σ λ λ+

=

      = Ψ −               ∫ 

  

S S S
   

(A.25.a) 
( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

1
2

1
2

,1 ,2

, ; , , ,

1 1 1  0 exp , ; , cos , , , sin , , ,iq T x

I x T l

D q t q q T q T l q q T q Tε ε

σ λ ε

σ λ λ+

=

      = Ψ −               ∫ 

  

S S S
   

(A.25.b) 
( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

2
1

1 2

,1 ,2

, ; , , ,

1 1 1  Ψ 0 exp , ; , sin , , , sin , , .iq T x

I x T l

D q t q q T q T l q q T q Tε ε

σ λ ε

σ λ λ+

=

      = − −               ∫ 

  

S S S
  

(A.26.a) 
( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

2
2

1 2

,1 ,2

, ; , , ,

1 1 1  Ψ 0 exp , ; , sin , , , cos , , .iq T x

I x T l

D q t q q T q T l q q T q Tε ε

σ λ ε

σ λ λ+

=

      = − −               ∫ 

  

S S S
  

(A.26.b) 
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Let us evaluate now n-dimensional path integral ( ) ( )1
1, , ; , , ,nI x T lσ λ ε : 

( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( ) ( )

1
1,

1
2

,1 ,2

1
2

,1 ,2

, ; , , ,

1 1 1  Ψ 0 exp , ; , cos , , , cos , ,

1 1 1  Ψ 0 exp , ; , cos , , , 1 cos , ,

n

n i
q T x

n i

I x T l

D q t q q T q T l q q T q T

D q t q q T q T l q q T q T

ε ε

ε ε

σ λ ε

σ λ λ

σ λ λ

+

=

+

      = −               

      = − +                

∫
 







  

S S S

S S S
( )

( ) ( )( ) ( ) ( ) ( )
( )

1
2

,2
1 1    Ψ 0 exp , ; , cos , , .

q T x

n i
q T x

D q t q q T q T l q Tεσ λ

=

+

=




    − −           

∫

∫
 

S S

  

(A.27) 
From Equation (A.27) one obtain the inequality  

( ) ( )

( ) ( )( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )
( )

( ) ( )( ) ( )

1
1,

1
2

,1

1
2

,2

1
2

, ; , , ,

1 1  Ψ 0 exp , ; , cos , , , 1

1 1      Ψ 0 exp , ; , cos , ,

1  Ψ 0 exp , ;

n

n i

n i
q T x

n i

I x T l

D q t q q T q T l q q T

D q t q q T q T l q T

D q t q q T q T

ε

ε

σ λ ε

σ λ

σ λ

+

+

=

+

     ≤ − +              

    − −           

 = −    

∫

∫

 

 



S S

S S

S ( ) ( )
( )

( ) ( )( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )
( )

,1

1
2

1
2

,2

1, cos , , ,

1      Ψ 0 exp , ; ,

1 1      Ψ 0 exp , ; , cos , , .

q T x

n i
q T x

n i
q T x

l q q T

D q t q q T q T l

D q t q q T q T l q T

ε

ε

σ λ

σ

σ λ

=

+

=

+

=

   
      

  + −       

    − −           

∫

∫

∫





 

S

S

S S

      (A.28) 

From In Equation (A.28) one obtain the inequality  
( ) ( )

( ) ( )( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( )( ) ( ) ( ) ( )

( )

( ) ( ) ( )

1
1,

1
2

,1

2 1
2

2
,2

1

2
1

1,

, ; , , ,

1 1  Ψ 0 exp , ; , cos , , ,

1 1      Ψ 0 , , exp , ; ,
2 !

1
  , ; , , , ,

n

n i
q T x

i i
i

n i
i q T x

i i

n

I x T l

D q t q q T q T l q q T

D q t q q T q T q T l
i

x T l

ε

ε

σ λ ε

σ λ

λ σ

σ λ ε

+

=

−∞
+

= =

−

    ≤ −           

−     − −         

−
= −

∫

∑ ∫

J

 











S S

S S

( )
( ) ( )1 , ; , , ,

2 !
i

i x T l n
i ε σ∞

=∑ 

    (A.29) 

where 
( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

1
1,

1
2

,1

, ; , , , ,

1 1Ψ 0 exp , ; , cos , , ,

n

n iq T x

x T l

D q t q q T q T l q q Tε

σ λ ε

σ λ+

=

    = −           ∫

J 



 

S S
,      (A.30) 

( ) ( )

( ) ( )( ) ( ) ( ) ( )( )

1
2

2
,2

, ; , ,

1Ψ 0 , , exp , ; ,

i

i
n iq T x

x T l n

D q t q q T q T q T l

ε

ε

σ

λ σ+

=

    = −         ∫


S S


.         (A.31) 

Using replacement ( ) ( )
1
2:i iq t q t=  , [ ]0,t T∈ , 1, ,i d=   into RHS of the Equation (A.31) one obtain 
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( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( )
( )

( )

1 1 21 4 1 2 1 22 2
,2

1 21 4 2 2
,2

0

1, ; , , Ψ 0 , , exp , ; ,

ˆ                          d Ψ 0 , , , exp , ; ,

ii
n i

xq T

ii
n i

xq T

yq

x T l n D q t q q T q T q T l

y D q t q q T q T q T l

ε ε

ε

σ λ σ

λ σ

+

=

+

=

=

     = −             

  = −         ∫ ∫

∫








   



 

  

 S S

S S

( ) ( )1 4 2 ˆ                          , ; , , ,ii x T l nε σ=     
(A.32)

 

( ) ( )
1
2

n nD q t D q t+ +  
=    

 



 , [ ]0,t T∈ , ( )( )
( )

( )24

4 4

0
Ψ 0 exp

22π

d

d d

q
q

ηη  
=  

  





, see Equation (3.1) and 

( ) ( )( ),2 ,10
ˆ ˆ, , , , , , d

T
q T V q t t tε ελ λ= ∫ S ,                         (A.33) 

( )( ) ( )( ) ( ) ( )( ) ( )
3

3 2
,1 ,3 ,

ˆ , , , , , , ,V q t t a q t t q t a q t t q t
α

α
ε ε ε αλ λ λ

−

= + +   .            (A.34) 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( )

1 2
2

,2
0

ˆ ˆ, ; , , d Ψ 0 , , , exp , ; ,
ixi q T

n i
yq

x T l n y D q t q q T q T q T lε εσ λ σ+=

=

  = −         ∫ ∫ 



 

 S S .   (A.35) 

From (A.29)-(A.35) one obtain 

( ) ( ) ( ) ( ) ( )
( )

( ) ( )

( ) ( ) ( )

1
1 1 4

1, 1,
1

1
1 4

1,

1 ˆ, ; , , , , ; , , , , , ; , ,
2 !

                              , ; , , , , , ; , , ,

i i
i

n n
i

n

I x T l x T l x T l n
i

x T l x T l n

ε

ε

σ λ ε σ λ ε σ

σ λ ε σ

∞

=

−
≤ −

≤ −

∑J

J Ξ



 

 


        (A.36) 

( ) ( )
( )

( ) ( )1

1 ˆ, ; , , , , ; , ,
2 !

i i
i

ix T l n x T l n
iε εσ σ∞

=

−
= ∑Ξ



  .                       (A.37) 

Proposition A.1. [27] [28] Let{ } ,
, , 1

n m
n m n m

s
=∞

=
 be a double sequence :s × →   . Let , ,limn m n ms a→∞ = . 

Then the iterated limit: ( ),lim limn m n ms→∞ →∞  exist and equal to a  if and only if ,limm n ms→∞  exists for each 
n∈ . 

Proposition A.2. Let ( ) ( ) ( ) ( )1 1
1 1, ; , , , , , ; , , ,I x T l I x T lσ λ ε σ λ ε= , where ( ) ( )1

1 , ; , , ,I x T lσ λ ε  is given via Eq-  
uation (A.25) and let ( ) ( ) ( ) ( )2 2

1 1, ; , , , , , ; , , ,I x T l I x T lσ λ ε σ λ ε= , where ( ) ( )2
1 , ; , , ,I x T lσ λ ε  is given via Equa-  

tion (A.26). Then  

1) 

( ) ( )

( ) ( )( ) ( ) ( )
( )

21
1

1

1

0

0

00

2

2

d , ; , , ,

1  li

lim lim

m d Ψ 0 cos , , , ,i
q T x

x I x T l

x D q t q q T q q T

ε
σ

σ λ ε

λ

→ →→

+
→

=

 
 

    ≤           

∫

∫ ∫







S
 

2) ( ) ( )
22

10 00
d , ; , , , 0lim lim x I x T lε

σ
σ λ ε→ →→

  = ∫

, 

3) ( ) ( ) ( ) ( )0 0 1 10

2 2d , ; , , , , ; ,lim li 0m , ,x I x T l I x T lε
σ

σ λ ε σ λ ε→ →→
  = ∫

, 

4) 
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( )

2
0 00

2
2

2
1
2

0 1

d , ; , , ,
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2
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Proof (I) Let us to choose an sequence { } 1m m
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We note that from (ii) follows that: perturbative expansion 
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vanishes in the limit ,m n →∞ . From (A.36) and Schwarz’s inequality using Proposition A.1, one obtain 

( ) ( )
( ) ( ) ( ){ }
( ) ( ){ }

( ) ( ){ } ( ){ }

21
, 1,

2
1 1 4

, 1,

21
, 1,

2 211 4
, 1, ε

lim d , ; , , , ,

  lim d , ; , , , , , ; , , ,

  lim d , ; , , , ,

      lim 2 d , ; , , , , d , ; , , , d , ; ,

m n n m

m n n m m

m n n m

m n m n m m

x I x T l

x x T l x T l n

x x T l

x x T l x x T l n x x T

ε

ε

σ λ ε

σ λ ε σ

σ λ ε

σ λ ε σ σ

→∞

→∞

→∞

→∞

 
 

≤ −

≤

 + +  

∫

∫

∫

∫ ∫ ∫

J Ξ

J

J Ξ Ξ



  



   ( ){ }

( ) ( ){ }
( ) ( ){ }

( ) ( )( ) ( ) ( )( )

2

21
, 1,

21
0 1,

21
2

0 1

, ,

  lim d , ; , , , ,

  lim lim d , ; , , , ,

1  lim d Ψ 0 cos , , , .

m

m n n m

n n

iq T x

l n

x x T l

x x T l

x D q t q q T q q T

σ λ ε

σ λ ε

λ

→∞

→ →∞

+
→ =

  
 
  

=

=

    =           

∫

∫

∫ ∫

J

J














S

   

(A.38) 

Let us to choose now an subsequence { }
1k k
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From (A.39) and Proposition A.1 one obtain 
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.                       (A.40) 

From (A.39), (A.40) and (A.38) one obtain 
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The inequality (A.41) completed the proof of the statement (1). 
(II) Let us estimate now n-dimensional path integral  
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From Equation (A.42) one obtain the inequality 
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Using replacement ( ) ( )
1
2:i iq t q t=  , [ ]0,t T∈ , 1, ,i d=   into RHS of the Equation (A.44) one obtain 
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From (A.43)-(A.48) one obtain 
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Let us to choose an sequence { } 1m m
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We note that from 2) follows that: perturbative expansion  
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Vanishes in the limit ,m n →∞ . From (A.49) one obtain 
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From (A.51) and Proposition A.1 one obtain 
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From (A.50), (A.51) and (A.52) one obtain 
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Proof of the statements (3)-(6) is similarly to the proof of the statements (1)-(2). 
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Proof. We remain that 
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Therefore from inequality (A.57), Equation (A.58) and inequality (A.59) we obtain 
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