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Abstract

This paper proposes an output feedback nonlinear general integral controller for a class of uncer-
tain nonlinear system. By solving Lyapunov equation, we demonstrate a new proposition on Equal
ratio gain technique. By using Equal ratio gain technique, Singular perturbation technique and
Lyapunov method, theorem to ensure regionally as well as semi-globally exponential stability is
established in terms of some bounded information. Moreover, a real time method to evaluate the
ratio coefficients of controller and observer are proposed such that their values can be chosen
moderately. Theoretical analysis and simulation results show that not only output feedback non-
linear general integral control has the striking robustness but also the organic combination of
Equal ratio gain technique and Singular perturbation technique constitutes a powerful tool to
solve the output feedback control design problem of dynamics with the nonlinear and uncertain
actions.
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1. Introduction

Integral control [1] plays an important role in practice because it ensures asymptotic tracking and disturbance
rejection when exogenous signals are constants or planting parametric uncertainties appear. However, output
feedback nonlinear general integral control design is not a trivial matter because it depends on not only the un-
certain nonlinear actions, disturbances and nonlinear control actions but also the uncertain estimation error dy-
namics. Therefore, it is of important significance to develop the design method for output feedback nonlinear
general integral control since some states cannot be measured in practice.
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For general integral control design, there were various design methods, such as general integral control design
based on linear system theory, sliding mode technique, feedback linearization technique and singular perturba-
tion technique and so on, which were presented by [2]-[5], respectively. In addition, general concave integral
control [6], general convex integral control [7], constructive general bounded integral control [8] and the gene-
ralization of the integrator and integral control action [9] were all developed by using Lyapunov method and re-
sorting to a known stable control law. Equal ratio gain technique firstly was proposed by [10] and was used to
address the linear general integral control design. After that Equal ratio gain technique was extended to the ca-
nonical interval system matrix [11] and was used to deal with nonlinear general integral control design. All these
design methods and general integral controls above are all based on the state feedback. Presently, output feed-
back general integral control along with its design method has not been developed.

Motivated by the cognition above, this paper proposes an output feedback nonlinear general integral control-
ler for a class of uncertain nonlinear system. The main contributions are that: 1) as any row integrator and its
controller gains of a canonical interval system matrix tend to infinity with the same ratio, if it is always Hurwitz,
and then the same row solutions of Lyapunov equation all tend to zero; 2) theorem to ensure regionally as well
as semi-globally exponential stability is established in terms of some bounded information; 3) a real time me-
thod to evaluate the ratio coefficients of controller and observer are proposed such that their values can be cho-
sen moderately. Moreover, theoretical analysis and simulation results show that not only output feedback nonli-
near general integral control has the striking robustness but also the organic combination of Equal ratio gain
technique and Singular perturbation technique constitutes a powerful tool to solve the output feedback control
design problem of dynamics with the nonlinear and uncertain actions.

Throughout this paper, we use the notation 4, (A) and 4, (A) to indicate the smallest and largest eigen-
values, respectively, of a symmetric positive define bounded matrix A(x) , forany x e R". The norm of vector x

is defined as ||x| = v/x"x , and that of matrix A is defined as the corresponding induced norm || A| = /4, (AT A) .

The remainder of the paper is organized as follows: Section 2 describes the system under consideration, as-
sumption and output feedback nonlinear general integral control. Section 3 demonstrates a new proposition on
Equal ratio gain technique. Section 4 addresses the design method. Examples and simulation are provided in
Section 5. Conclusions are presented in Section 6.

2. Problem Formulation

Consider the following controllable nonlinear system,

X =X
X, =X,

: @)
X, = f(x,w)+g(x,w)u

where xeR" isthestate; ueR isthe control input; weR' is a vector of unknown constant parameters and
disturbances. The uncertain nonlinear functions f(x,w) and g(x,w) are all continuous in (x,w) on the
control domain D, x D, c R"xR'. We want to design an output feedback control law u such that x(t)—>0
as to>w.

Assumption 1: There is a unique pair (0,u,) that satisfies the equation,
0=f(0,w)+g(0,w)u, )

so that x=0 is the desired equilibrium point and u, is the steady-state control that is needed to maintain
equilibrium at x =0, irrespective of the value of w.
Assumption 2: Suppose that the functions f (x,w) and g(x,w) satisfy the following inequalities,
||f (x,w)— f (Ow)” <17 ()

0<g, <g(xw)<g, (@)
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o (xw)—g(0.w)] <15 |x] (5)
||f (0,w)g (0, W)" <7, (6)

forall xeD, and weD,,where If, I, g,, g, and ygf are all positive constants.

For the purpose of this paper, it is convenient to introduce the following definition.

Definition 1: F, (a,.b,.X) with a, >0, b, >0,and xeR denotes the set of all continuous differential
increasing function [12], ®(x), such that

®(0)=0,
|@(x)| 2, VxeR:|x>a,
dd(x)/dx>0, vxeR

where |+ stands for the absolute value.

Figure 1 depicts the example curves for the functions belonging to the function set F, . For instance, for all
x € R, the functions, arcsinh(x), tanh(x), ax+bx’ (a>0b>0), sinh(x), ax and so on, all belong to
function set F,.

The output feedback nonlinear general integral controller [11] and observer [12] are given as,

{u =—y’l(ul(>“<1)+u2()“(2)+---+un (Rn)+aaa)—¢(f<)—¢(a) @
6= 0(0) (Vi (%) +V, (%) +--+V, (%))

6 =(d(5)/d5) " (%~ %)

)?1 = )A(z +et (Xl_)’il)

)A(z =% +572h2(xl_)21) (8)

%, = f(RW)+e7h, (% =)+, @ (6) - G (X W) 7™ (uy (%) +U, (R,) +-+u, () +@,0)

where X eR" is the estimated state; We R' is the prescient constant parameters and disturbances; u, s, a,
and h; (j=12,---,n+1) areall positive constants;

u(%)=a (%)% (0<a’ <a(%)<a’),

Figure 1. Example curves for the functions belonging to the

function set F, .
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Vi (%) =5 (%)% (0<:5im3ﬂi(§(i)5ﬂiwl)’

o (%) and g (%) are the slopes of the line segment connecting & to the origin (i=12,---,n);¢(X)
(#(0)=0) is used to attenuate the uncertain nonlinear action of f(x,w); 6(c) (0<6,<6(c)<6,) is
applied to reorganize the integrator output; go(a) (¢(O)=0) is utilized to improve the integral control per-

formance (0<a) <a, +dp(c)/do <o ) ; f(%W) and §(XW) are the normal models of f (x,w) and

g(x,w), respectively. ®(+) belongs to the function set F,.
Assumptions 3: By the definition of controller (7), it is convenient to suppose that the following inequalities,

[ (xw)— (0.w) =g (xw)g(x)] <15, x| (©)

lo(o)=0(o0)| <15 o =] (10)

hold forall xeD,, weD, and o, o,eR,where If, and |7 are all positive constants.
By the definitions of u; (%), v, (%) and 6(c), and letting e =x —% (i=12,--,n), the controller (7)
can be written as,

{u =—u (X + %+ +a, % +a,0)-¢(X)-p(o) 1)
O.-:Il'lil(ﬁl)?i—‘rﬂz)zz +“'+ﬂn)2n)
and the whole closed-loop system can be written as,
X =%,
X, =X
o 3 1 (12)
%, = f(xW)=g(x,wW)g(R)-g(x,W)p(c)— g (X, W) (X + X, +-+a X, +,0)
+ g (X W) (8 +ay8, +oo e,
o= /u_l(ﬂlxl +,32X2 +"'+ﬁnxn)_ﬂ_l(ﬁ1el+ﬁ2ez +"'+ﬂnen)
®(6)=¢,
& =8 _g_lhlel
e’.2 =e,—¢’he 13
6, =A; —&"he —& " () - 1A (X + X, ++ X, +a,0)
+ A (8 + a8y + o+ a8,)— Ay (4(R)+ 9 (o))

where

Ap=f(xw)-f(RW), A, =g(x,w)-§(& W),

and 0(o) isintegrated into B (i=12,---,n).
By the equation (2) and inequality (4), and choosing x* and ¢ "*'h
Xx=€6=0 and x=e=0 ofthe systems (12) and (13), we obtain

f(0,w)g™(0,w)=pa, 00 +p(0,) (14)

to be large enough, and then setting

n+1

Agg =Ry ('uilaao_o +(p(60)) =", .0 (6,) (15)
where

A= f(0,w)-f(0,W) and Ay =9(0,w)-§(0,W).
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Thus, we ensure that o, and &, are the unique solutions of the systems (12) and (13), respectively.
Defining z :[XT O'—GO:‘T, & =®(6)-P(5,) and 7 = g™, (i=0,1,2,---,n), and substituting (14)
and (15) into (12) and (13), respectively, the whole closed-loop system can be rewritten as,

{Z=Azz+Fz(z,e) )
en=An+eF, (z,e)
where
0 0 0
0 0 0 0
A=l o 0 1 0
ey~ —pa, —pa,
LB 1T B, 0 |
0 1 0 0 0 O]
0O -h 1000
h, 0 . 00
A=l o v 00 10
0O -h, 00 01
h,, -h, 0 0 0 0

8, =9(x W) (a8, + 8, +-+ a8, ),
O, =8+ 5.6+ -+ 58,
A =A¢=A—AgB(R)=A, (0(0)—0(05))~(Ay —Age) T (O,W) g™ (0,W),
A, = Ay (f + @8+ +a,8, )= Ay (X + 2%, +-+a X, +a, (0 -0y)),

and g(x,w) isintegratedinto o; and «, .
By Assumptions 2 and 3, the uncertain terms &,, J,, 8;, A, and A, satisfy the linear growth bound,

el =< 73 lzll+ 75 (2)lnl (17)
[&.1< 73, (£)l (18)
;] < 73 () (19)
[ad <72 12l + 72, ()l (20)
18] <72, 2+ 72, ()] (21)

where i, y2(g), vl (e), vi(e), ra, vi(g), rs, and yl (&) areall positive constants.
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3. Propositions on Equal Ratio Gain Technique

Equal ratio gain technique is firstly proposed by [10] and is extended to the canonical interval system matrix in
[11]. For analyzing the stability of the closed-loop system (16), it is necessary to review two important proposi-
tions on Equal ratio gain technique as follows.

Proposition 1 [10]: as any row controller gains, or controller and its integrator gains of a canonical system
matrix tend to infinity with the same ratio, if it is always Hurwitz, and then the same row solutions of Lyapunov
equation all tend to zero.

Proposition 2 [11]: a canonical interval system matrix can be designed to be Hurwitz as any row controller
gains, or controller and its integrator gains increase with the same ratio.

Based on two Propositions above, it is not enough to analyze the stability of the closed-loop system (16). So,
a new proposition on Equal ratio gain technique is demonstrated in the next two subsections.

3.1. New Proposition

Consider the following controllable canonical interval system matrix A,

0 1 - 0 0

0 o . 0 0

A=| © o - 1 0
ey e, e —pTe, —pay,
e SR T U

where

O<a" <a, <a (i=12,-,n+1),

0<Ar<p,<p" (j=12,-,n),

and 4 isa positive constant.

By Proposition 2, the interval system matrix A can be designed to be Hurwitz for all 0<e" <a, <@,
0<p'<p, sﬁjM and O< u<u". Thus, for any given positive define symmetric matrix Q there exists a
unique positive define symmetric matrix P that satisfies Lyapunov equation PA+A"P =—-Q, and the solution
of Lyapunov equation can be obtained by skew symmetric matrix approach [13], that is,

P=05(S-Q)A™
where
S=PA-ATP and ATS+SA=ATQ-QA.

The inversion of the matrix A with z=1 is,

% % * 0 (ﬂ1 )_
10 0 0 0
o 0 1 0 0 0 (22)
00 0 : )
00 -1 0 0
_* % ... % —CC,:l -0y (am—lﬂl)_l_

where the elements * are omitted since it is useless to achieve our object. The interesting reader can evaluate
themby AA™=1.

It is well known that the solution P of Lyapunov equation is more and more complex as the order of the sys-
tem matrix A increases. Therefore, for clearly showing the results, we consider a simple case, that is, taking
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Q=1 and n=2 of the system matrix A. Thus, taking « =1, obtain,
-1 Sz Si3
S-Q=|-s, -1 s,
S5 S 1

* 0 (5 )_1
Al=|1 0 0
* —(a3 )_1 -0y (a3ﬂ1)_l
where

ot (0‘1 +a,p, )0‘1 + BB+ By — B,

a, (asﬂz o ) -

SlZ

_ 40, — B B — a0, B — s — s By

a, (0‘3:32 ta ) -

13

. toy (asﬂz +o ) + 0,8, + , B,
23 — T
a, (asﬁz +oy ) - f

and then we have,

o _ 1 _ a,
" 2B ’ 20,8,
oL
23 2,

Si3 o
= —_—— + —_—
Ps 2B, 20,p

Now, a,, a,, a,, B, and B, are multiplied by x*,then we obtain,

w ot + (“1;“ +a, 5, )0’1 + B Bu+af, —a, b,
12 =
Q, (asﬂz +ua ) —posf3y

u _ a0, 3y — A3 3, B — Ay 0, iy — OO — sl 3y
‘=
@, (asﬁz +Ho ) — oy

_ 1oty + 0t By + ot + 4 o B, + 1L By
a, (aaﬂz + Hay ) — posfy

Mo
S23_

p _ _i _ QM al
13 2, H—35;3 20!3_,31 H

Si3 o
=2 4
Ps 25 # 20,3

Itis obvious that si;, sj; and sf; all tend to the constants as « — 0, and then we have,

7
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||P3||:||P3#||y 50 as u—0

where P, =Pfu=[p; Py Ps)-

From the statements above, it is easy to see that for n=2 of the system matrix A, |P,| can be formulated
as the linear formon x and tends to zero as u« — 0. Moreover, the solution of the matrix S is more and more
complex as the order of the system matrix A increases. Thus, by the inversion of system matrix A™ (22),
|P,..] can be formulated as the linear form on x for the n+1-order system matrix A, and with the help of
computer, it can be verified that the solution of P/, still tends to the constant as x — 0. Therefore, for the
n+1-order system matrix A, we can conclude that |[P,,,| >0 as x—0. As a result, the following theorem
can be established.

Theorem 1: If the interval system matrix A is Hurwitz for all 0<a" <o, <o, 0< B <p; < ﬁjM and
0< u <y, and then we have,

[P =[Pl e —0 as u—0.
where
— pH —
Pn+1 = Pn+1tu = [ pn+1,l pn+l,2 T pn+1,n+1:| ’
/— -1 u -1 u u -1 u H -1 -1 u -1
Pn+l - _O'Sﬂl |:1+ S1,n+lailan+1 S12 + S2‘n+1a1an+1 o s1,n—1 + Sn—l,n+1ala +1 ﬂlaml Sl,n+l + alan+1:| '

Discussion 1: From the statements above, the solution of the matrix S is more and more complex as the order
of the system matrix A increases. So, although Theorem 1 is demonstrated by taking Q =1 and the single va-
riable system matrix A, it is very easy to extend Theorem 1 to any given positive define symmetric matrix Q
and the multiple variable system matrix A with the help of computer since there is not any difficulty to obtain
the solution of the matrix S in theory, that is, Lyapunov equation applies to not only the single system matrix but
also the multiple system matrix. Thus, there is the following proposition.

Proposition 3: as any row integrator and its controller gains of a canonical interval system matrix tend to in-
finity with the same ratio, if it is always Hurwitz, and then the same row solutions of Lyapunov equation all tend
to zero.

3.2. Example

For testifying the justification of Theorem 1 and Proposition 3, we consider a 6-order two variable system ma-
trix A as follows,

0 0 0 0 1 0
0 0 0 0 0 1
g B 00 BB
A =
pBp 00 ;B
- —a, -a 0 -—a -ai
|- -af 0 -af -a -of]

The inversion of the system matrix A is,

AL ¥k 8y 8y 8 0
k

where
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a, =— B a. — B ay = B - B
CUOBR BB T BB BB T a (B -BA)
a, = o' B —a, B A, =- B L Ay = B
053}, (,Bzxﬂly - ﬂlxﬂzy) ﬂzyﬁlx - ﬁlyﬁzx ﬂzyﬂlx - ﬁlyﬁzx
a,, = Xalxﬂzx X—azxﬂf ., a, = ' By X_szyﬂlX -, Ay = _ix’ a, = _iy.
(BB -BB) o (BB -BB) a3 3

By the equation A'S+SA=A"Q-QA, it is very easy to obtain the fifteen linear equations with fifteen ele-
ments of the matrix S. So, it is omitted.

Thus, taking

[0 0 0 0 1 O]
0 0 0 0 o0 1
8 2 0 0 3 1

A =

2 7 0 0 1 5
-8 -2 8 0 -3 -1

-2 8 0 -8 -1 -3]

(30 10 -08 06 05 03]
10 50 13 10 08 02
08 13 6 08 04 10
06 10 08 20 13 05|
05 08 04 13 30 08
|03 02 10 05 08 6.0

Now, by Routh’s stability criterion and with the help of computer, we have: 1) if « (i=12,--,5) and
B (j=12,---,4) of the system matrix A are multiplied by a7, then it is still Hurwitz for all
0< u<u" =145, and the numerical solutions of P, are shown in Table 1; 2) if «’ and B of the system
matrix A are multiplied by ", then it is still Hurwitz for all 0< x< " =2.90, and the numerical solutions
of P, areshownin Table 2.

From the example above, it is obvious that: 1) as shown in Table 1, Table 2, the absolute values of p,; and
Pui (i =1 2,---,6) are all decrease as u reduces; 2) although the result above is obtained by a constant sys-
tem matrix, it is easy to be extended to the interval system matrix. This not only verifies the justification of
Theorem 1 and Proposition 3 but also shows that for the high order and multiple variable system matrix, it is
convenient and practical with the help of computer.

Table 1. Numerical Solutions of P, forall o and g multiplied by x*.

pu=10 u=01 #=0.01
Pa 21.38 4.54e-1 4.27e-2
P -5.90 1.66e-1 1.81e-2
[ 25.78 5.65e-1 5.32e-2
P, —10.86 —2.32e-1 —2.24e-2
Pss 0.75 7.50e-2 7.5e-3
P —0.84 2.36e-1 2.46e-2
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Table 2. Numerical Solutions of P, forall o’ and B/ multiplied by ..

u=10 u=01 u=0.01
Pa —6.73 6.23e-2 7.70e-3
P.. 6.27 3.09%-1 2.97e-2
P —10.86 —3.13e-1 —3.10e-2
P 9.45 4.10e-1 3.93e-2
Pus 0.94 1.55e-1 1.60e-2
P 0.25 2.50e-2 2.50e-3

4. Stability Analysis

The asymptotic stability of the closed-loop system (16) can be achieved by Equal ratio gain technique and Sin-
gular perturbation technique as follows:
By Proposition 2 [11], the interval system matrix A, can be designed to be Hurwitz for all

O<a' <o <a, 0<pl<p;<p, a, and O<pu<u’,

and by choosing h; (j =1,2,~~~,n+1), the matrix A, can be designed to be Hurwitz, too. Thus, by linear
system theory, two quadratic Lyapunov functions,

V,(z)=2"Pz (23)

Vv, (n)=n"Pn (24)
can be obtained. Where P, and P, are the solutions of Lyapunov equations,
PA+AP =-Q, and PA +AP =-Q
with any given positive define symmetric matrices Q, and Q,, respectively.

Using V(z,7)=(1-d)V,(z)+dV, (n) [1] as Lyapunov function candidate, and then its time derivative
along the trajectories of the closed-loop system (16) is,

V(z,7)=(1-d)V,(z)+dV,(n)

oV, (25)
:(1—d)zT(AZTPZ + PZAZ)z+dg’177T(AIP,] + P,]A7)77+(1—d)avéz(z) F,(z,e)+d g’(;]) F,(z.e),

Substituting F,(z,e) and F,(z.e) into(25), obtain,
V(z,n)=(1-d)z" (A'P,+P,A )z+ds 'y (AP, +P,A Jn+(1-d) 2P, (8, + 1 '5,)
+(1-d)(8,+ 'S, )T P,z—-(1-d)u'z"P, 6, —(1-d) u '8} P,,,.2 (26)

+dn’ P (Al + A, ) +d (A1 + A, )T Ponaalls
where
P :[pnl Pra - pn,n+1:| )

P = [ Prazz Pz o pn+1,n+l:| J

Pryn+l = [ Prizg Praz pn+1,n+l:| :
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Now, by Propositions 1 and 3, we have,

” zn+l"

Substituting them and (17) - (21) into (26), obtain,

V(z7) £ =(1-d) (4 (Q.) - 20075 [P I

u—>0 as u—0.

zn+1

+2((1-d) (47 ()47, (6)) i+ (=) 7, (o) [Pial (7, + 772, ) [Pl 2l
(2 (@)-20(7% (o) a2, 0)) B
=—("AS,
where
=[]
pr = (Q,)-
Pl =l (8)+7 (2))|Pa )P
pr =74 + 177 )P
Pl =70(Q),
vy =272 (&)+ 770 (2))||Pyra
(1-d)pr  -(1-d)p! -dp]
|-y o2y,
The right-hand side of the inequality (27) is a quadratic form, which is negative define when,
(1-d)dpi (7200 ~7,)>((L-d) ol +dpz ) (28)

This is equivalent to,
1-d)dp!p’
E<gy = (1-d)drip; 5 (29)
(1-d)dpiy, +((1-d)p! +dp;)

By the dependence of &, on d, it is obvious that the maximum of ¢, occursat d” = p;’/(pj +p,j) [1]
and is given by,

z 0
£<s = ZL%M (30)
PV, 4P P,

Although ||Pzﬁ || and mﬂfu are dependent on X, they are fixed for any given moment t and all tend to
the constants as x — 0, and then there exists 4™ (t) such that p; >0 holds for all 0< x(t)<u™(t).
Thus, by choosing a moderate ,u(t) and solving the Equation (30), g*(y(t)) can be obtained, and then
A>0 holds for all 0<pu(t)<p™(t) and 0<e(t)<e"(u(t)). Consequently, if A>0 holds for all

()
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t[0,00), then we conclude that V (z,7)<0 holds uniformly in t.

Using the fact that Lyapunov function V (z,n) is a positive define function and its time derivative is a nega-
tive define function if A >0 holds forall te [O,oo) , we conclude that the closed-loop system (16) is stable. In
fact, V (2,77) =0 means x=0, e=0, o=0, and & =4, . By invoking LaSalle’s invariance principle, it is
easy to know that the closed-loop system (16) is uniformly exponentially stable. As a result, we have the fol-
lowing theorem.

Theorem 2: Under Assumptlons 1,2and3, |f the matrix A, is Hurwitz and the interval system matrix A,
is Hurwitz forall O<u<u’, O<a" <o, <a", 0< Bl <p; < ,B and «_ , and then the equilibrium point
x=0, e=0, o=0, and 6=0, of the closed-loop system (16) is uniformly exponentially stable for all
O<u(t)<u”(t) and O<e(t)<e’ (u(t)) Moreover, if all assumptions hold globally, and then it is globally
uniformly exponentially stable.

By the demonstration above, there exist ™ (t) and & (,u(t)) such that p; >0 and A >0 hold for all
te[0,0). So, it is practical and feasible to find a real method to evaluate the instantaneous values 4™ (t) and
& (u(t)), thatis, as follows:

Step 1: by the inequality 4, (Q,) P (1) s,

||m ~054,(Q.)/%

Step 2: by the definitions of (%) and S (%), the instantaneous values «;(t) and S (t) can be given

=200 k(0
-0 AL
O L OR
p-" ) AL

Step 3: by the values [P, (t)] ,
thod to solve Lyapunov equation,

N}

I(t), B (t) and the condition 0< u < 4, and using the iterative me-

P(OA[M+A (P ()=

” (t) can be obtained. Thus, by choosing a moderate 4 (t) and solving Lyapunov equation above again,
|| and \LZM || can be evaluated.
p 4: by the values o (t), S (t) and definitions of 7, =&""e,, 6, 5,, &,, A, and A,, 75, 74,
;/AZ, ;/él( ), 7l (), }/(}3( ). 7i(e) and )/A (g) can be obtained for given . |P, |l can be eva-
luated by solving Lyapunov equatlon PA,

o) A 7 7 7(e), (0. A (e), 7 (e) and
7% (&), and using the iteratlve method to solve the inequality (30), & (,u(t)) can be obtained.

Discussion 2: From the procedure of stability analysis above, it is obvious that: although e(t) is dependent
on u(t), &(t) can be chosen arbitrarily small. Thus, so long as the bounded conditions (17) - (21) are satis-
fied, the asymptotically stable control can be achieved. This shows that the striking feature of output feedback
nonlinear general integral control, that is, its robustness with respect to the nonlinearities, uncertainties and dis-
turbances from the real system, control input and estimated error dynamics, is clearly demonstrated by Equal ra-
tio gain technique and Singular perturbation technique. This means that the organic combination of Equal ratio
gain technique and Singular perturbation technique constitutes a powerful tool to solve the output feedback con-
trol design problem of dynamics with the nonlinear and uncertain actions.

()

zn+1 || || nn+l
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5. Example and Simulation
Consider the pendulum system [1] described by,
6 = —asin(0)—b6 +cT

where a,b,c>0, @ is the angle subtended by the rod and the vertical axis, and T is the torque applied to the
pendulum. View T as the control input and suppose we want to regulate 6 to r. Now, taking x, =6-r,
X, = 6, the pendulum system can be written as,

X =X,
X, =—asin(x, +r)—bx, +cu

and then it can be verified that u, = asin (r)/c is the steady-state control that is needed to maintain equilibrium

at the origin.
The nonlinear general integral controller and the integral observer can be given as,

U =—p (3% +3sinh (% )+3%, +tanh (%, ) +4c)-0.3tanh (o) +4sin (%, ) /3
6 = 7 (3% +sinh (%) + %, + 2tanh (%, ))

% =%, +e7'5(x - %)

X, =—10sin (X, +r)—7.5u+£7220(x — % )+ & 5sinh (&)

Thus, it is easy to obtain 6<¢, <14.1, 3<a,<4, a, =4, 4< 3, <6.68 and 1< f, <3, and then the
closed-loop system can be written as,

1=Az+F,(ze)
en=An+eF, ()

where
=[x X o-—aO]T,
e, =sinh(&)-sinh(&,),
e=x-% (i=12),

n=¢"e; (j=012),

0 1 0
A =|-u'cay, —uc(a,+ucb) —uca, |,
KB, P, 0
0 1 0
A=[0 -5 1],
-5 -20 0

F(z.e)= [0 S +uS, —ps, T '

F,(ze)=[0 0 A+u'a,],

()
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8, =—asin(x +r)+asin(r)+4csin(%,)/3-0.3¢(tanh (o) —tanh (o)),
5, =c(ae +a,8,),
o, = f& + 5,8,,
A, =—a(sin(x +r)=sin(r))+4a(sin (X +r)-sin(r))-bx, +(c—¢)(4sin(%,)/3—-0.3tanh (&) +0.3tanh (o, ) ),
A, =(c—¢)(ae +a,8,)—(c—C) (X + %, +a, (0 —0y)) -

The normal parameters are a=c=10 and b=2, and in the perturbed case, b and c are reduced to 1
and 5, respectively, corresponding to double the mass. Thus, with o' =6, o) =3, a, =4, B" =6.68,
S, =1, ¢=5 and b=1, the following inequality,

ca o, fy + u’ba + u(ca;”alm +ba, py —a, B ) >0
holds for all 0< <o, and then the matrix A, is Hurwitz for all 6<¢, <14.1, 3<q,<4, a, =4,

4< <668, 1<f,<3 and O<u<co,and A isHurwitz, too.
Now, solving Lyapunov equation, PUA,+A7TP,, =-1, obtain ||P

nn+l
c=10, b=2, obtain, '

<0.57, and using 4=10, =75,
6,]| < 4.5]|z||+13.4¢]]| ,
|6, <10\ (t)+ e (t) ||
[6:]1 < &> B2 (1) + Bz (V) ]

A, < 4.9||z]| +13.4¢]n|,

A, <25 (t)+a] ('[)||77||+2.5\/0112 (t)+al (t)+al |z

and then, we have,
75 =45, 7 (s) =10} (t)+ a2 (1),
yl(s)=134e, 7 (s)=* B (t)+ BE(t)
i ()=134z, yl (£)=25%a (t)+ai(t),
L =49, yi =25/a?(t)+ai(t)+a? .
Thus, using o (t), a,(t), B (t), B (t), a, =4, c=5, b=1 and x=1 tosolve the equations,

PA+AP == and &=p:p /(pir,+4p!p}). & (t) can be obtained.

Now, taking =1 and &(t)=¢&"(t), the simulation is implemented under the normal and perturbed cases,
respectively.

Normal case: the initial states are x, =X =-3.0 and x, =X, =0; the system parameters are a=c=10
and b=2.

Perturbed case: the initial states are x, =% =-3.0, x,=-15 and X, =0; the system parameters are
a=10, b=1 and c=5, corresponding to doubling of the mass. Moreover, we consider an additive im-
pulse-like disturbance d (t) of magnitude 60 acting on the system input between 3 sand 3.5 s.

Figure 2 and Figure 3 showed the simulation results under the normal (solid line) and perturbed (dashed line)
cases. The following observations can be made: 1) as =1, there exists &"(t) suchthat p; >0 and A >0
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0 2 4 6 8
Time(sec)

Figure 2. The values of 100¢ under normal (solid line) and
perturbed case (dashed line).

4

e

Positions, & (rad)

0 2 4 6 8
Time(sec)

Figure 3. System output under normal (solid line) and per-
turbed case (dashed line).

hold for all e (t), «,(t), B, (t) and B, (t). This shows that the closed-loop system is uniformly asymptotic
stable. 2) the optimum responses are almost identical before the additive impulse-like disturbance appears. This
means that by Equal ratio gain technique and Singular perturbation technique, we can tune an output feedback
nonlinear general integral controller with good robustness and high control performance. All these demonstrate
that output feedback nonlinear general integral control has the striking robustness, that is, so long as the bounded
conditions are satisfied, the asymptotically stable control can be achieved, but also the organic combination of
Equal ratio gain technique and Singular perturbation technique constitutes a powerful and practical tool to solve
the output feedback control design problem of dynamics with the nonlinear and uncertain actions.

6. Conclusions

This paper proposes an output feedback nonlinear general integral controller for a class of uncertain nonlinear
system. The main contributions are that: 1) as any row integrator and its controller gains of a canonical interval
system matrix tend to infinity with the same ratio, if it is always Hurwitz, and then the same row solutions of
Lyapunov equation all tend to zero; 2) theorem to ensure regionally as well as semi-globally exponential stabili-
ty is established in terms of some bounded information; 3) a real time method to evaluate the ratio coefficients
of controller and observer are proposed such that their values can be chosen moderately.

Theoretical analysis and simulation results show that not only output feedback nonlinear general integral con-
trol has the striking robustness but also the organic combination of Equal ratio gain technique and Singular per-
turbation technique constitutes a powerful tool to solve the output feedback control design problem of dynamics
with the nonlinear and uncertain actions.
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