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Abstract

For an invertible diagonal matrix D, the convergence of the power scaled matrix sequence D

NA, s

investigated. As a special case, necessary and sufficient conditions are given for the convergence of D™ "TV,
where T is triangular. These conditions involve both the spectrum as well as the diagraph of the matrix T .
The results are then used to privide a new proof for the convergence of subspace iteration.
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1. Introduction

The aim of iterative methods both in theory as well as in
numerical settings, is to produce a sequence of matrices

A,, A,---, that converges to hopefully, something useful.

When this sequence diverges, the natural question is how
to produce a new converging sequence from this data.
One of these convergence producing methods is to
diagonally scale the numbers A, and form the
sequence {Dy A} . Examples of this are numerous, such
as the Krylov sequence (X, Ax, A’X,...), which when
divergent can be suitably scaled to yield a dominant
eigenvector.

The convergence of power scaled iterative methods
and more general power scaled Cesaro sums were
studied by Chen and Hartwig [4,6]. In this paper, we
continue our investigation of this iteration and derive a
formula for the powers of an upper triangular matrix, and
use this to investigate the convergence of the sequence
(DT

We also investigate the subspace iterations, which has
been started by numerous authorss [1,3,10,11,15], and
turn our attention to the case of repeated eigenvalues.

The main contributions of this paper are:

*We present the necessary and sufficient conditions
for convergence of power scaled triangular matrices
{D;"T"}. We prove that these conditions involve both
the spectrum as well as the digraph induced by the
matrix T .

*We apply the the convergence of power scaled
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triangular matrices with the explicit expression for the
G-S factors of DTN [3] and present a new proof of
the convergence of simultaneous iteration for the case
where the eigenvalues of the matrix A satisfy

A RIA 2 A Pl A 22 4,
and |4 A, =4 =4

Because of the explicit expression for the GS factors,
and the exact convergence results, our discussion is more
precise than that given previously [12,17].

One of the needed steps in our investigation is the
derivation a formula for the powers of a triangular matrix
T , which in turn will allow us to analyze the
convergence of D/"T".

Throughout this note all our matrices will be complex
and, as always, we shall use |||| and p(-) to denote the
Euclidean norm and spectral radius of (-).

This paper is arranged as follows. As a preliminary
result, a formula for the power of an upper triangular
matrix is presented in Section 2. It is shown in Section 3
that the convergence of D;"T" is closely related to the
digraph induced by T . Section 4 is the main section in
which convergence of general power scaled sequence

DA, is investigated and this, combined with path
conditions in Section 3, is then used to discuss the
convergence of D™"T" . As an application we analyze
the convergence results for subspace iterations, in which
the eigenvalues are repeated, but satisfy a peripheral
constraint.
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64 X.Z.CHEN ET AL

2. Preliminary Results

We first need a couple of preliminary results.
Lemma2.1. If p(A)<1 and 0<g <1, then

iAksk (1)
k=0

converges.
Proof. For f(z)= Z;:ngzk

RIGIEDY- AN
k=0 k=0

As the geometric summation on the right-hand side
has radius of convergence 1, f(z) converges for all z
such that |z |<1, which in turn tells us that the radius of
convergence of f(z) isno less than 1. Therefore, from
Theorem 6.2.8. of [8], f(A) converges.

Next consider the triangular matrix

, we have

My Uy o Uy
0 :
u=. . : 2)
: .. . UIH,n
0 - 0 pu

which is used in the following characterization of the
powers of a trangular matrix.

A a B
Lemma 2.2. Let T={0 U ¢ | where a and C
0 0 v
are column vectors and suppose that
AN ay By
TV={ 0 U" ¢ | 3)
o o N

then
“4)
in particular,
1)if A=0, then
= g i(aTU kC)Vkafz, (5)
2)if v=0, then
N-2
ﬁﬂvN 1+ z(aTU kc)ﬂN—k—z, (6)

k=0

3)if 420 and A =#v,then
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o[ 1=/ )"
By lﬂ(—i_v ]

N-2 k _ N—-k-1
pLE ZaT (Bj c 1-(v/ ) ,
k=0 A A-v
4)if A#0 and A=v,then
N2 g\
By =NpAN T+ AN 2N AT (ﬂ c¢(N—k—1) and (8)
k=0

5)if A=v=0,then
By =a'UN7c. 9)
Proof. It is easily verified by induction that T" =

N
{Tl yz } , where

O v
2 a <A kj‘:z“*'aTui
k
T, {O U} -7 = (10)
o] u*
and
L } ZTN“{ }vk. (11)
N 20
Now
1 ﬂ,N —k-1 NS ZZN k—j-2 TU
= z 0 8 {ﬁ}vk
i=
k=0 y Nt ¢
N—
Nlﬂﬂ«Nkl"l‘zﬂNkaaTUC )
= i=0 1%
k=0 U’\HHC
N-1 N-2N—k—-2
ﬂ iN*k*lvk_"_Z iN*k*j*ZaTU kCVk
_| k=0 k=0 j=0
N-1
UN*k*lCVk
k=0
Hence
N-1 N-2N-k-2
ﬁN _ﬂ( ﬂ.Nklvkj'f‘ A,N k—j-2 TU CV
k=0 k=0 j=0
2

ﬂ(ZﬂN k-1 kj+z(a Uj )( Z /lNijij
k=0
completing the proof of (4). The special cases (1) - (5)
are easy consequences of (4).
Let us now illustrate how the power of T are related
to its digraph.
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X.Z.CHEN ET AL 65

3. The Digraph of T

A a B
Suppose T=0 U ¢ is an (n+2)x(n+2)
0 O v

upper triangular matrix. Correspondingly we select
n+2 mnodes S,, S, --,S,, S and consider the

5905 Onyp >
assignment
SO S1 Sn Sn+1
0 A a’
S, MUy U,
0 4 5 12)
: o : . U,, ¢
S, 0 - 0 g
S K ) 4
with a=[a, a,,---,a,]' and c=[c, C,,--,C,] .

We next introduce the digraph induced by T, i.e
G=(, E) where V={S, S,,---,S,,,} is the vertex
setand E={(S;, S;)|t; #0} is the edge set. As usual
wesay (S, S;)eE ifandonlyif t; #0. A path from
S; to S, in G is a sequence of vertices SJ —Sl
Sr,-,SrI S, with (S )eE for i=1,---,1-1,
for some 1. If there is a path ‘from S; to Sy, we say
that S; has access to S, and S, can be reached

from S - We write

Si =S if (§,,S;) € E,
S >—S; if there is a path from S; to S,
S>3, if§ >3 andS; >

Let n=<S,, S,,, >= {Sp ,u-,Spt} be the sandwich

set of S, and Sn+1 s fS oo S, } s the set of all
the nodes from {S,,--- } such that So > S, o>
Sy, i€, S, canbe reached from S, and has access

to S, . Let us now introduce the notation

a :[apli.uﬂapt] 2
A _ pl'“pt
g =u(dn),

— T
c _[Cpl""’cpt] .

Then we have the followmg result.
Lemma3.l. a'Uc=a"Uc.
Proof. If au;c; #0, then (S,, S;), (S, S;), (S},

Sp) € E thus S, S; €, which implies that

a'Uc = zzaluuCJ = zza' IRl

i=1j=1 ier jer
This completes the proof.
This following corollaries are the direct consequences
of the above lemma.
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Corollary 3.2. If S, »>—S,,, and there is no
intermediate node that lies in {S,,---,S,} on any path
from S, to S,,,then

1) S, —>Sn+1,|e B#0,

2) a'lU'c=a U c=0
Corollary 3.3. a'U'c=a'U'c, for i=1, 2,---

We now turn to the main theorem of this section.

j’l tlz tln

o . . :
Theorem 34. Let T=| . . be

: ’ tn—l,n

0 0 A

nonsingular and D; =diag(T)=diag(4,,...,4,) . Then,
the following statement are equivalent
1) D;"TY converges.
2) if §; »— S, then |4 >[4, ],
path from §; to S;,then [4 [>[4;].
Proof. We prove the theorem by inductionon n.For n=2,

_|A B _| A
0 1

0 4
where

V(4 =4) it4# 2,
it =4

B _ | BI= (4 1 2)"

A BN
It is easily seen that the convergence of M
ﬂN

1
if g+#0,
converges.

Next, assume that the result holds for all triangular
matrices of size N+1 or less. Let T be defined as in
(12) and set D; :=diag(4, 4,....4,, v)=diag(4, A,
v) which is nonsingular. Consider the vertex set
V ={5,,,S,,} and the assignment

i.e. if there is a

} and M =DNTM

implies

that of .Hence if 4, =4,,then f=0. Conversely,

then |A,/4, |<1 which implies that M®

SO Sl Sn Sn+1
vt = So 1 oay /A" gy/aM .
n+2 O A—NUN A—NCN ( )
S 0 O 1

n+1

1)=2). Assume that M{") converges. Then by
. : A a U c
induction, both and obey the
O u O v

theorem. Suppose S; >—S; in V. If |i—jl<n+l

we are done since then both endpoints lie in {S,,---,S,}
Or {Sl . e
where S,

,S,.11- So we only need to consider the case
=3, and S;=3

Subcase (a): There is an intermediate node from

ie. S,—>—S,,

n+l >
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66 X.Z.CHEN ET AL

{S,.8,}, say S, >—>5,»>—>S5,,, (l<ps<n).
Then by the induction hypothesis | A [>[ g, [>|v|, and
we are done.

Subcase (b): There is no intermediate node between
Sy and S, . In this case S, — S, and by Corollary
32, f#0 and a'U'c=a'U'c=0 for arbitrary i .
Since the sandwich set z is empty, we see from
Lemma 2.2., that

N _{ﬂ[l—(v/ﬂ,)N]/(ﬂ—V) if1zv

= . - (14
B-N/A ifA=v

Now because we are given that 1", converges
and S #0,wemusthave |VA|<I.

Conversely, assume that S, >—>S; = [4 >[4
and assume that the hypothesis holds for matrices of size
n+1 or less. Since the graph condition also hold for
{Sp,--.S,} and {S,,---,S,,;} , it follows by the
hypothesis that all the entries in M\") converges, with
the possible exception of S, /A" . Consequently, all we
have to show is that A", also converges, given the

path conditions. Consider

1-(wv/ )N
P A-v "

lN*Z . B i 1_(1///1)N7ifl
. zga (zjc( A—v J s
A= if 2%v (13)

N-2 i
AN //1+%ZaT (%j c(N—-i-1)
if A=v

If S,-»—>S,,,then S, »S,,, and therefore [ =
0. Moreover, z isempty and the right hand side of (15)
is zero, i.e. A"B, =0 and we are done. So suppose
S, >—S,,, andthus |A[>|v]|.In this case
ﬁl—(v//l)N

A-v
Now if n=(J then the second term of (15) vanishes by
Lemma 2.2. Lastly suppose n#< , i.e. there are
intermediate nodes Spl,-n,S . From Lemma 2.2., we

converges (possibly to 0 when £=0).

Pt
recall that a"U'c=a’U'c where

'upl * Spl
U= P (16)
0O Hy, Spt
Since for each i, S, »>—>S, »>—3S,,, we know

that |4 [>| U, [>/v| and thus \|/1|> p(Lj). Hence p
(U /A) <1 which implies that
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N2 (17 ANt
a'y v coa |l Y C.
i\ A4 A

To complete the proof we observe that

Nz_z U‘ i(vjNil
i 4 )4
also converges because of Lemma 2.1. with A=U/1
and & =(WA"".
We at once have, as seen in [3].
Corollary 3.5. Let T be an upper triangular matrix and
D; =diag(T) =diag(4,,...,4,) . If

|ﬂ1|>‘ﬂz|>”'>|ﬂ’n|:

then D;"T" converges to an upper triangular matrix of
diagonal 1.

We now turn to the main result in this paper. Our aim
is to characterize the convergence of DA in terms
of the GS factorization of Ay .

4. Main Theorem

Let us denote the set of increasing sequences of p
elements taken from (1, 2,---,m) by

Qo = =(, i) [ 10 <---<i <m}
and assume this set Q, , is ordered lexicographically.
Suppose (s:t):=(s, s+1,...,t) is a subsequence of (1,
2,...,m) and we define
Quis:t)={U =(u,-,uy)[s<u <--<u, <t}.

Clearly, Q, , =Q,{1:m).

Suppose B is mxn matrix of rank r . The
determinant of a px p submatrix of A (1< p<min
(m, n)), obtained from A by striking out m—p rows
and n—p columns, is called a minor of order p of
A . If the rows and columns retained are given by
subscripts (see Householder [9]) | =(ij,---,i,)€Q,
and  J=(J,,J,)€Q,, respectively, then the

corresponding pPxp submatrix and minor are
respectively denoted by A} and det(A)).
The minors for which | =J are called the principal

minors of A of order p, and the minors with
I=J=(, 2,---,p) are referred to as the leading
principal minors of A.

Let I'=(i,,i,)€Q, , and J=(j, ", J))€Qy -
For convenience, we denote by I[i,]€Q,,, the
sequences of p—1 elements obtained by striking out
the kth element i, ; while [I(j) denotes the
sequences of p+1 elements obtained by adding a new
element j after i, i.e., I(j)=(y, i, j). Note that
if i,>], then I(j) is not an element of Q. ,
because it is no longer an increasing sequence. If
p+g<m, we denote the concaternation (i, --,i;, j,
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+,Jg) of I and J by IJ. It has p+q elements.
Again, |J may not be an element of Q-

Since the natural sequence (1, 2,---,p ) of p
elements will be used frequently, we particularly denote
this sequence by (p)=(1, 2,---,p); while (p)[t]=(1,

-,t=1, t+1,---,p) is simply denoted by (p\t).

Next recall [2] that the volume Vol(B) of a real
matrix B, is defined as the product of all the nonzero
singular values of B . It is known [2] that

Vol(B) :1/2 det(B)) [, (17)

where B) are all rxr submatrices of B . In
particular, if B has full column rank, then

Vol(B) = /det(B'B) . (18)

Lastly, suppose A=[a, a,,---,a,] 1S an nxr
matrix of full column rank and
A=YG (19)
is its GS factorization so that the columns of Y =[y,,
Y,,:-,Y,] are orthogonal and G is rxr upper
triangular matrix of diagonal 1. For k <r, we define
A =[a,-,a] and
V, =Vol(A). (20)
It follows directly that

> [det(Al) =+ det(AA) . (21)

Ier)m

Theorem 4.1. Let A be an nxr matrix of rank r
andlet A=YG be its GS factorization. Then

= > det(A)-det(A,) V2 (22)

1€Q_1, n

and

det(A"A)L )
jk = Tj . (23)

Proof. The result of (22) follows from Theorem 2.1. in
[3], while on account of Corollary 2.1. in [3], G=(Y"
Y)'Y"A. Hence we arrive at

. yj K = szalk

I=1t=

1(—1)"+t ayay det(A'A)I) V]

Because Y, @, is just the (t, k ) element of
matrix A°A, we see that

Z( 1+ (Zana,k)det(A A)Ej\% /V2

t=1

which is the Laplace expansion along column j of
det(A"A)Y, ., - Thus
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_ det(A"AY )

gjk ij ’
completing the proof.

Remark: A different proof of (23) was given in [9, §
1.4].

For a diagonal matrix D =diag(d,,...,
D is decreasing, if

[dy [2---2d, | (24)
is called locally primitive, if it is

d,), we say that

Moreover, D
decreasing and

d; [d[=d =d,. (25)

It is obvious that we can partition a decreasing matrix
D as

D =diag(D",---,D")),, (26)
where each D =g, diag(e” - "S) with |5, [>
|6, [>+-->|6,|. As a special case, if D is locally
primitive, then D can be written as

D=diag(§llpl,---,5tlpt). (27)

Now let us define q5=zsj:0pj (s=1,-t,
q0=p0:0) and Q{0 :0) ={2, = (&, 0,) |G,
@ <<, <g}. Next, suppose A, —[a(N)]M is a

sequence of Nxr matrices and let

A =YNGy =1V Ter (95 e (28)
be their GS factorization. Suppose B is a nxr
matrix, we can partition B conformally as D in (26).
It is easily verified that the (u, v) element of (i, j)
block B; of B is exactly the (g, +u, q;,+V)
element of the whole matrix B. B is said to satisfy
condition ( ) if for each k=g, ,+u there exists
Q, €Q,(0;, :q;) such that

detBi 1™ 20

We now have the following theorem.
Theorem 4.2. Let A be a sequence of Nxr matrices
of full column rank with GS factor Ay =Y,G, . Also

suppose D is a diagonal matrix and D, is rxr
leading submatrix of D . Then _
1) DA, converges to B which satisfies

condition ( # ) < G converges and D’NYN
converges to Z which satisfies condition ( 5)

2) If in addition D is decreasing, i.e. D satisfies
(26), then for k=q; ,+u and I=q; ,+v (i<j-1)

2N
V' J;
=0| |— . 29
L 5 29

Proof. 1) The sufficiency is obvious. So let us turn to
the necessary part. For D dlag(dl, ,d,), there exists
a permutation Q such that D= Q DQ is decreasmg
Meanwhile, by hypothesis and the fact that D™ A, =Q
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@QDMQQ'A)=QD ™A, with A, =Q'A, , it On account of (30), this is equal to
follows that D ™A, converges. So without loss of -
genc?rglity, we assume that D is. decreazing and det(Ay )ZE‘;QQ“ . det(AN)EE‘:ll)iﬁ” . St N
partition D as (26) and simply consider D™ A, . We o " (r ) s
shall now, without risk of confusion, abbreviate the set ! i-1% <q‘2‘1>9“ : .
QG4 :G) ={Q, = (@}, @) G, <@ <<, <G} det(Ay )i sl"
to Q, and for I=(i,,...,i;) set 7, =d; ---d_. It at e W) +0 5
once follows that Pusy (i) !
| Zq_pay = o |- (30) (1)
We now have from (23) Since D" A, convergence, so does the submatrices
gy =det(A A by / Vi (DAY and their determinant and hence
det(A),, -det(A)! det(A, )™ Gy (i)
|e§n e(AN)<k> e(AN)<k—1>(I) . (—N—det[(D<; 11>Q ) (AN)q lQ
=— (from Cauchy-Binet) ey
det - .
= n| Ao =det(D A )%
U T G0
( Z + z ) det(A, )<'k> 'det(AN):k—D(l) converges, say, to det(Ay)," """ . We have that
_ @ IKeiDQy consequently (31) converges to
( + )| det(Ay )i,) PR N
|e<q§>ou I¢<q,Z}>QU | 0 | QZ:,? det(A 1) det (A1)
Y det(A)E ™ det(ADGEY + D ()0 ’
_ a3, ) (k=1)(1) |é<qi—1>Qu ggig ‘det(& i1 u)
det (i) ~
Qze;gu‘ (A | ¢<qiz_}>0u in which the denominator is nonzero as A satisfies
< condition (#). Hence G, converges and this implies
[Crple [CTpIS 2N N
> det(A )" | det(A )" +ol [% that DY, =D “A,G,' also converges.
ey ()" ()" o; 2) Lastly, what remains is to show that Y,D;"
- @y P N ’ converges if D is decreasing, i.e. D satisfies (26).
det(A)e "™ | ol |9 Now for k=g, +u, I=q,+v (i<j-1), it follows
Q,Q, (”<k) )N 0 that

> det(AOKY - det(Ay)h

yIEIN) :L. 1<Q_i,n
d) dy V72
(Y + Y ) det(A)LY - det(A)),

1 1@ \0Q, |e<qj,l\k>Q\,

d° 3 4 )| det(AD! [

le(dj_NQ— I(;t<qJ Q-1

(g1 \K)Qy (k) (aj_1\k)Qy,
z det(AN) o det(Ay )<|J1>1 Z
_ Q,€Qy |$<qj_1\k>Q\/
N (qj_P
a3 [aetean [ + )
Q_16Qy l$<qj Q-1

(ai_1\k)Q, (k) (gi_1\k)Q
3 det(A g™ [ det(A) Ly
1 o (g )" ()" 16 Oy

d)

@9y 1, |?
z |det((AN)<|11’\>‘ )| + Z

Qy_1€Q-g -y ) 1#(dj_1)Qy_

Copyright © 2011 SciRes. AJCM
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(@102, (k)

5 det(AN)<.>"N v {det(AN)ﬁf_"DN“ka}O (?HJZN]

|4, |2N Q,<Q, (74) (Tey) i+1
d, (@j_pe 2N
| Kk | det((AN )<|_J1)1 v— 1 o ( "
N
Qy_1€Qy-; (ﬂ<qj‘_1>ﬂ\,_1 ) ‘ 5]

- 2N
o] | det((Ay )<|71>

( Ky, (k) (qj_1\K), 2N
5 det(A, )y det(A) | [%J
|é-j |2N Q,€Q, (ﬂ'(qj_l\k)Qv(k))N (ﬂ'(qj_l\k)QV)N 5i+1 O[‘é‘

2
(A9

Qy_1€Qy;

This completes the proof of 2).

As a consequence of the above theorem we have
Corollary 4.3. Suppose D is decreasmg and Ay's
have orthogonal columns. If DA converges to B
which satisfies condition ( £ ), then for k=g, +u and

I=q;,+v (i<j-1)
ZNJ

al((l:) — O i
d! 5

Proof. In this case the GS factorization of Ay are
Ay = Ayl,. So the result is the direct consequnce of
Theorem 4.2.

Lemma 4.4. Suppose D is decreasing and Ay 's are of
full column rank. If B —[B(N)]—D A, converges,
say, to B, then A,D;" converges iff

1) (Bj),.,=B 0= 0" =6

ii )u,v Gjog+Us Gj_g+v
)

2)If i<j,then
1)

N
9| g™
[5 J qu71+u,qj71+ve
]
converges.

Proof. It is not difficult to see that the (g, +U, q;
+V) element of A D" is

(AN r qi71+u,qj71+v
N L 32
_[9%] g oMo (32)
5] Oj_g U, A +V

o L
—{<1 for i>]j,
i
it follows that (32) converges to zero in this case. Hence
A,D; " converges iff i) and ii) hold.

Suppose B is an nxn matrix and correspondingly
there are n nodes S, S,,:--,S,. We say that B is

(=1

N -5 D)

As B!V

Gy +u.qjwv CONVETges and

Copyright © 2011 SciRes.

| 2N
+0 [ j+l

N
(T _pa,,) ‘ 9

indecomposable if for every i and j

either S, >—>S§; or §; 5> §S,.

Next we have

Theorem 45, Let Ay be of full column rank and
=Y,Gy be its GS factorization. Suppose

D A, converges, say, to B which satisfies (B).
Then the following statement are true

1) If Y,D;" converges to Z =diag(Z,..,Z,) in
which each block Z, (i=1,---,5) is indecomposable,
then D® =51, , s=1,---t

2) If D(S)*5I , s=1,-t,
converges.

Proof From Theorem 4.2., the convergence of B,
D VA, implies the convergence of Gy and D~ NY
Suppose DY, > Z. Then it follows _on account of

then YD

Lemma 4.4, thatY D, ™ converges to dlag(Z,, .y
Z) if
a) (Z)),,=Z #0=0" =6, and

Qj_g+u, dj_g+v
b)if i< j,then

-N
(YN Dr )qi71+u ‘qj71+v

N
0, N inegD gl 1))
=| — - u \2
[5 (D YN )qi_1+u,qj_1+ve

i
converges to zero. Now Corollary 4 says that for i< j

2N
5]
o

Yy (N)
_N iU gy
(D YN )qi71+u,qj71+v - N =0| |+

Gj_p+u

and so b) is automatically statisfied in this case.
Therefore Y\ D, N converges iff a) holds. Since each
Z, is indecomposable, for arbitrary (u, V) there exists
a path either from S, ., to S, ., or vice verse. In
either case this 1mphes that 9(') =0 for any u and
V. We complete the proof of 1).

2) This time D is locally primitive, so we have

951’) - ,9\51') (j=1,---,t)and hence
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(YD)

Gj_g+U, dj_1+V

N
o. N _g(D) . .
= (?] (I:)J\IYI\I)qi71+u,Qj—l+velN('9uI 4 ifi# ]
j

_N o s
(DY )qj,1+u.q,—,1+v ifj =i
By hypothesis, the above converges for j=i. The
convergence for i>] is obvious; while the
convergence for i< j can be easily achieved by

noticing that

Y(N)

N i 1+u qJ 1+

(D YN )qi_1+u,qj_1+v - -
ql 1+U

Remark. From Theorem 4.5. we know that in the case

of multiple eigenvalues, if k=0, , +u, then

(N) G (G DG

__>[09"'7O’ r)qi71+17"" ﬁqi s 0:”'90]1— .

Let us now turn to the applications of this theorem.
Our first application is the following result gives the
general convergence result of power scaled triangular
matrix.

Corollary 4.6. Let D be diagonal and T be upper
triangular. Then D ™"T" converges if and only if

1) Either |A4,/d; |<1 or A, =d, foreach i

2)If §; »>— S, 3|/l|>|/1 .

Proof. Let A =T" . This time the GS
factorization for A, =T" becomes D;'(D;"T") and
from Theorem 4.2, DTN converges if and only if
both Gy, =D;"T" and DD} converge.

The convergence of D™"D;' is equivalent to 1);
while the convergence of G, = D;"T", on account of
Theorem 3.4., is exactly the same as the path condition
2).

A relevant application of Theorem 3.4. is to the
question of subspace iteration. Armed with Theorem 3.4.
we can get a sharper theoretical result than was
previously given.

5. Application to the Subspace Iteration

Next, suppose T is an block upper diagonal matrix of
the form

/11|p1 T, e Ty
0 I T

T=| . A’f” N (33)
0 e 0 /Upt

where |4 || 4, [>-->|4 |. Let D, =diag(T)=diag
(41,41, ) and denote D; =(Dr )&} . Then from

Copyright © 2011 SciRes.
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Theorem 3.4. it follows that D;"T" converges.
Assume B is nxr matrix of full column rank.

Therefore r<n= z:zlpi and without loss of generality

we can write I = Ziszlpi +w for some W< pg,. Thus

we can write T, =diag(41, ,---, 4]

A A l,) - We now
have

Corollary 5.1. Let T be nxn upper triangular matrix
defined as in (33), and let B be nxr matrix whose

columns are linearly independent. If
T"B=Y,G,
isits GS factorization, then the followings hold
1) D;"T"B converges, say, to a limit A.

P
2) Yy D{rN converges to {0} , where P =diag(P,

-, P, P) and each P (i=1,-
matrix and P isa P.,; XW matrix.

Proof. The result follows by simply choosing
A, =T"B in Theorem 4.2.

Let us now turn to the question of subspace iteration
for a restricted class of matrices. Suppose that

A=VTV’ (34)

is Nxn matrix, where V is unitary and T is as in
(33). Then using the same P, as above we have

Corollary 5.2. Suppose that A is an nxn matrix
which satisfies (34). let Y, be an nxr matrix whose
columns are linearly independent and {Y,} be

Ls) is a pxp

sequence of matrices defined by the following
factorization
AYY, =Y, G, .
Then
VDY > [V,R, VP,V PL. (33)
Proof. Since
AYY, =Y, G, ,

it follows that
VTV (V'Y,) =Y,G,
Partition V = [Vl*,---,Vt] conformally to that of T in
(33) andset B=V Y, then
TVB=(V'Y,)G,. (36)

It is easily seen that the columns of V'Y, are
orthogonal. Therefore (36) can be regarded as the GS
factorization of T"B . From Corollary 5.1., we have that
for V =[V,,---,V,]

*, -N P
VYD ]

which is equivalent to

AJCM
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V,,,P].

s

P
Y DY >V LJ—V,P =[V,P,-V,P

6. References

(1]

(2]

(3]

(3]

F. L. Bauer, “Das Verfahren der Treppeniteration und
verwandte Verfahren zur Losung Algebraischer Eigen-
wertprobleme,” Zeitschrift fir Angewandte Mathe- matik
und Physik, Vol. 8, No. 3, 1957, pp. 214-235.
doi:10.1007/BF01600502

A. Ben-Israel, “A Volume Associated with mxn
Matrices,” Linear Algebra and Its Applications, Vol. 167,
No. 1, pp. 87-111, 1992.
doi:10.1016/0024-3795(92)90340-G

X. Chen and R. E. Hartwig, “On Simultaneous Iteration
for Computing the Schur Vectors of Matrices,” Pro-
ceedings of the 5th SIAM Conference on Applied Linear
Algebra, Snowbird, June 13-19, 1994, pp. 290-294.

X. Chen and R. E. Hartwig, “On the Convergence of
Power Scaled Cesaro Sums,” Linear Algebra and Its
Applications, Vol. 267, pp. 335-358, 1997.
doi:10.1016/S0024-3795(97)80056-0

X. Chen and R. E. Hartwig, “The Semi-iterative Method
Applied to the Hyperpower Iteration,” Numerical Linear
Algebra with Applications, Vol. 12, No. 9, pp. 895-910,
2005. doi:10.1002/nla.429

X. Chen and R. E. Hartwig, “The Picard Iteration and Its
Application,” Linear and Multi-linear Algebra, Vol. 54,
No. 5, 2006, pp. 329-341.
doi:10.1080/03081080500209703

R. A. Horn and C. R. Johnson, “Matrix Analysis,”
Cambridge University Press, Cambridge, 1985.

Copyright © 2011 SciRes.

ET AL. 71

(8]

(]

[10]

[11]

[12]

[13]

[16]

[17]

R. A. Horn and C. R. Johnson, “Topics in Matrix Ana-
lysis,” Cambridge University Press, Cambridge, 1991.

A. S. Householder, “The Theory of Matrices in Nu-
merical Analysis,” Dover, New York, 1964.

B. N. Parlett and W. G. Poole, Jr., “A Geometric Theory
for the QR, LU, and Power Iterations,” SIAM Journal on
Numerical Analysis, Vol. 10, No. 2, 1973, pp. 389-412.
doi:10.1137/0710035

H. Rutishauser, “Simultaneous Iteration Method for
Symmetric Matrices,” Numerische Mathematik, Vol. 16,
No. 3, 1970, pp. 205-223. doi:10.1007/BF02219773

Y. Saad, “Numerical Methods for Large Eigenvalue
Problems,” Manchester University Press, Manchester,
1992.

G. W. Stewart, “Methods of Simultaneous Iteration for
Calculating Eigenvectors of Matrices” In: John J. H.
Miller, Eds., Topics in Numerical Analysis I, Academic
Press, New York, 1975, pp. 185-169.

G. R. Wang, Y. Wei and S. Qiao, “Generalized Inverses:
Theory and Computations,” Science Press, Beijing/New
York, 2004.

D. S. Watkins, “Understanding the QR Algorithm,” SIAM
Review, Vol. 24, No. 4, 1982, pp. 427-440.
doi:10.1137/1024100

D. S. Watkins, “Some Perspectives on the Eigenvalue
Problem,” SIAM Review, Vol. 35, No. 3, 1993, pp.
430-470, doi:10.1137/1035090

J. H. Wilkinson, “The Algebraic Eigenvalue Problem,”
Oxford University Press (Clarendon), London and New
York, 1964.

AJCM



