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Abstract

Based upon the basis of Lie super algebra B(0,1), the super Tu equation hierarchy with self-con-
sistent sources was presented. Furthermore, the infinite conservation laws of above hierarchy
were given.
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1. Introduction

Soliton equations with self-consistent sources have been receiving growing attention in recent years. Physically,
the sources may result in solitary waves with a non-constant velocity and therefore lead to a variety of dynamics
of physical models. For applications, these kinds of systems can be used to describe interactions between dif-
ferent solitary waves. Ma and Strampp systematically applied explicit symmetry constraint and binary nonlinea-
rization of Lax pairs for generating soliton equation with sources [1]. Then, Ma presented the soliton solutions
of the Schrodinger equation with self-consistent sources [2]. The discrete case of using variational derivatives in
generating sources was discussed in [3].

With the development of soliton theory, super integrable systems associated with fermi variables have been
receiving growing attention. VVarious methods have been developed to search for new super integrable systems,
Lax pairs, soliton solutions, symmetries and conservation laws, etc. [4]-[11]. In 1997, Hu proposed the super-
trace identity and applied it to establish the super Hamiltonian structures of super-integrable systems [4]. Then
Professor Ma gave a systematic proof of super trace identity and presented the super Hamiltonian structures of
super AKNS hierarchy and super Dirac hierarchy for application [5]. The super Tu hierarchy and its super-Ha-
miltonian structure was considered [6]. Recently, Yu et al. considered the binary nonlinearization of the super
AKNS hierarchy under an implicit symmetry constraint [7] and the Bargmann symmetry constraint and binary
nonlinearization of the super Dirac systems [8]. Meanwhile, various systematic methods have been developed to
obtain exact solutions of the super integrable such as the inverse transformations, the Backlund and Darboux
transformations, the bilinear transformation of Hirota and others [9]-[11].

This paper is organized as follows. In Section 2, the method for establishing super integrable soliton hierarchy
with self-consistent sources by using Lie super algebra B(O,l) was presented. For application, the super Tu
hierarchy with self-consistent sources was obtained in Section 3. In Section 4, conservation laws of super Tu
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hierarchy were given.

2. A Kind of Super Integrable Soliton with Hierarchy Self-Consistent Sources

In the following. Consider a basis of Lie super algebra B(O,l) [5]

1 0 0 010 0 10 0 0 1 000
eg=/0 -1 0|, e,=|1 0 O, eg=|-1 0 0|, ¢,=|0 O Of, =0 0 1. (1)
0 0 O 0 00 0 0O 0 -1 0 1 00
We introduce the loop algebra B(0,1) as follows
B(0.1)={A/AcR(2)®B(0,1)} @)
where the loop algebra B(0,1) is defined by {ﬂ”AnzO,Ae B(O,l)}.
Consider the auxiliary linear problem
2} ¢ s ) 2}
| =U(ui)|d |, U(ud)=e(A)+2ue () || =V(ul)d| (3)
i=1
¢ ), ¢, &) ¢,
where u=(u,,-,u,)", U(u,d)=ue +-+uge,, u=u(xt) (i=12--,p), 4=4(xt) are field va-

riables definingon xeR, teR, & (4)=¢(xt4)eB(0,1).
From the spectral problem (3), the compatibility condition gives rise to the well-known zero curvature equation
U, -V, +[UV]=0, n=12,- 4)

The general scheme of searching for the consistent V™ and generating a hierarchy of nonlinear equations
was proposed as follows [5]. We solve the equation
A BytCy oy
V,=[UV], V=3V, A"=>21"B,-C, -A, O | (5)
m=0 m=0
o, —Pn 0

m
And search for A, (u,2)e B(0,1), suchthat V" can be constructed by
n Anl Anz—i_An?: Ané‘.
VO =3V 2" A (0 4), A (UA)=[ A=Ay ~Ay Ay (6)
m=0
An5 _AnA
where A (1<i<5) are linear functionsof A, B, C,, pn. Sp-

m

We consider the super trace identity of super integrable systems [4] [5]

o Str Vﬂ :A”i/lystr QV (7)
ou oA oA ou
where Str means the super trace. Defining a scalar H = H (u,/l) by the equation
oU Z m
H :Str(v—), H=>H,(ui)l 8)
6& m=0

The sets {Hm} proves the conserved densities of (4). The Hmailtonian form with H__. can be written as

SHys » 3Hq

n+l

u, =J n+1’ L =-..="——=, n=12,--- (9)
n ou ou ou ou
.
i i i ; S5 ) )
here L torand J lect tor,and 2-=| -2 ... 2 | .
where is a recursion operator an is a symplectic operator, an S (5% 5up]
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According to (3) and (5), we consider the auxiliary linear problem. For N distinct 4;, j=1,---,N, the fol-
lowing systems result from (1)

¢1j ¢1j 5 ¢lj
b, ZU(uv/lj) b, =zuiei(/1j) & |
i=1
¢3j N ¢3j ¢3j
(10)
¢1j ¢1j n ¢1]
by | =V (0 ) 4 {va(”'li)ﬂinmJﬂn(“v”iﬂ by |
m=0
¢3j t ¢3j ¢3j
Based on the results [11], we show that the following equations
SH, & o4
5u +;ajm—0 (11)
where «; are constants. Equation (11) determines a finite dimensional invariant set for the flows (9).
For (10), it is known that
S, ou (u, 4))
i [ - i=1---
E_Str[lyi = ]—Str(l//jei (%)), i=1--5 (12)
where Str denotes the super trace of a matrix and
¢1j¢2j _¢121 ¢1j¢3j
V= ¢221 it Dt | i=4---N (13)
¢2j¢3j _¢1j¢3j 0
According to (11), for a specific k, > n,, we demand that
oH, ot U
—= =) —=>» Strly.e (A 14
FIRD I yedY (wie(4)) (14)

From (9) and (11), a kind of super integrable hierarchy with self-consistent sources can be present as follows
NS4 N oA
u; =J%+J —L = 5H1+J —L n=12-- (15)
" ou e ou; o ou,

3. The Super Tu Hierarchy with Self-Consistent Sources

The super Tu spectral problem associated with Lie super algebra B(O,l) is given by [6]

a4l
/1+2q r a q 4
r
4=Ug U=| 't  a-3a p| u=| | 4=|4, (16)
B - 0 Y;; #
where A4 isaspectral parameter, q and r areevenvariables, « and A are odd variables [6].
Taking
A B+C p
V={B-C -A §
1) -p 0

The co-adjoint equation associated with (16) V, =[U,V]gives
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If we set

Then (17) is equivalent to

A:ZAJC‘,

Which results in the recurrence relations

where

(AH' ZB|+1’ 25|+l’

Upon choosing the initial conditions

A =-2rC+ fp+ad,
=-21C+qC—-ap+ 9,
C,=-2AB-2rA+qB—-ap— f30,

p, =—Ap—ah-pB-pC +%Qp+ rs,

5, :/15+ﬁA—aB+aC+rp—%q5.

B=YBA', C=>CA"', p=>pi', 6= 54"
i>0 i=0 i~0 i>0
= 1A +3 1gB - c —%ap, 1ﬂ. i>0,
C=- 2 |x+ qC apl+ ﬁ’é‘i, i>0,
P =—aA =B - BC —p, += qp.+r5i, 120,
0,,=—PA+aB -aC, -rp += qé o 120,
A, =-2rC, + fp,., +ad,,, i>0.

2pi+l)T = L('AﬁvZBi’25i1_2Pi )T,

A=0" (—2rCi+ﬁpi+a5i), i>0.

141 1.1 1.1 1~
26 qo 26 ro 26 ao 26 o,
15115 1 g laa 1,.1,8
28 ra 2r 2q 2,8 2a+48r
a,_ 1 ap
ra 25 a o+ q r+2r
_ﬁ _ _% o4l
2a p r T a+2q

Bi=Co=p=6,=0, A =1

(17)

(18)

(19)

(20)

(21)

All other A, B, C, p,, 6, (i=1) can be worked out by the recurrence relations (20). The first few sets are

as follows:

Al:O B =-r, C =0, p

A,
AS :__qr +aﬁx -
C, =

-apf, B, = 2qr G, —%X,pz—a

a,f-qap, B, = —%

qxr+ qr _%aa __:Bﬁx'

Py =0y += qxa+Qa ——q a+1r2a——rﬂ

2

——q r+=

300, 6, =5, —%Qﬁ,

1 r3
2

+roff —

rIBX’ 6 = ﬁXX

Let us associate the problem (16) with the following auxiliary problem

aa += ﬁﬂx,

ra—ra -5 —%q2ﬂ+%r

Zﬁ_

1
505
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B

A B+C »p ' B
¢tn :V(n)¢7 V(n) = Z Bi _Ci _A 5| A0 _HTH 0 (22)
i=0
2 —Pi 0 0 0 0

The compatible conditions of the spectral problem (16) and the auxiliary problem (22) are
u, -, +[u ,vﬂ -0 (23)
Which refer the super Tu equation hierarchy
.
utn = Kn = [2(%] '_2Cn+1’_pn+1 +- Bn+1’5n+1 f Bn+1j : (24)

Here u, =K, in(24)is called the n-th Tu flow of this hierarchy.
Using the super trace identity (7), we have

T 0 2A, .
(A+l 2B, 26, _me) =5Hi' H; =_[de, i>20 (25)
Therefore, the super Tu soliton hierarchy Equation (24) can be written as the following super Hamiltonian
form:
oH
=J—1" 26
W =95 (26)
where
o ol o o
r
ol o _a _B
J= 2r 2r
a 1
0 2r 0 2
B 1
0 2r 2 0

Is a super symplectic operator, and H_ is given by (25).
The first non-trivial nonlinear of super Tu hierarchy is given by its second flow

Y _(aa) (BB
Q, = 2[rj qqx+2rrx+2(oz,8)X [ . ij{ : l,

r, = qxr—qr +2aa + BB,
atz ™ _qua q0! _r 06+ ﬂ"—rﬁx 0!+—O!ﬁﬂx,

(27)

— 1 _ _ 2p_ L1 ﬂ L
ﬂtz - ﬁxx 2 I’xa rO.’ qﬂx +r IB 2 qxﬁ+ 4r + 2r aaxﬂ'
Which possesses a Lax pair of U defined in (16) and V@ defined by

,
lz—ﬁ—% 2 2 /32/: - qr+% g —al+a, ——qa
@ _ Ly 2 1o %% BB 5 5 _ 1
V= 4 qr A +4r 29 T Tor PA= P, Zq’B
—ﬂl—ﬂx—gqﬂ axl—ax+%qa 0
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Next we will establish the super Tu hierarchy with self-consistent sources. Consider the linear system

—/1+%q r a

¢, ¢, ¢, ¢, &, A B+C p)[ ¢;
¢zj =U ¢2j = r ﬂ_%q B ¢zj ) ¢zj =V ¢zj =/ B-C -A J ¢2j (28)
#s i)y #s j Y —-a 0 #s i & i), & j o —pP 0\ 45 j

oA,
For the system (28), we consider the 5': = Z?:lé—u‘ in the Lie super algebra B(O,l) and obtain

<CDZ,CI)2>—<CI)1,CD1>

3 (@,,0,)
)
)

i
—= = (29)
,— -2(®,,®,)
2(®,, @)
Str(\I’j op
where @, = (g, dy ) (1=123).
According to the results in (15), the super Tu hierarchy with self-consistent sources is presented as
q 0 <CD1’CD2>
r —2r D, D,)—(D,,D
u, = =JU" +J (@, @p) = (1) (30)
" a -2/ -2(d,,d,)
B), 2a 2(d,, @;)
The first nontrivial integrable super Tu hierarchy with self-consistent sources is its second flow
__1(F« aay BB, (@,,@,) (P, D)
G, ——EET]X—qqx+2rrx+2(aﬂ)x—[ . jx+( ; l +£ - ,
__1 1 <CD1'®2> a B
rtz ——qur—qrx +Eaax+ﬂﬂx+(f +?<®2,CD3>+T<®1,(D3>, (31)

@, =a,-La.a-qa,-ra+irperp, _Z_;Mz_lraﬁﬁx + L (D, ;) (D), 0,))+ (@, ,),
By =Pu—Sra-ra—aprrp-Lap e prtanp-L((@,0,)-(0,0,)-(0,0,).

When o = =0, itis the well known nonlinear Tu equation with self-consistent sources. So system (30) is a
novel super integrable equation hierarchy.

4. Conservation Laws for the Super Tu Hierarchy

In what follows, we will construct conservation laws of the super coupled Burgers equation. Introduce the va-
riables:

kK-l g_% (32)
¢
where p(K)=0, p(G)=1. From (10), we have
K, =r+(22-q)K+ BG-rK? -aKG, Gx:ﬁ—aK+(ﬂ—%q)G—rKG—aG2 (33)

We expand K, G inpowersof A7 asfollows



S.X. Tao

=ikj,1-i, G =i 947", (34)
j=0 j=0
where p(kj ) =0, p(gj ) =1. Substituting (34) into (33) and comparing the coefficients of the same powers of
A, we obtain
-1 - 1,1 g 1,1
I(l - 2 r’ gl ﬁ* k2 4 rx 4qrv gz ﬁx 2 ra 4qr1
ky = ;rx——qxr——qr %q2f+lﬂﬂx+lqrﬂ+%r3, (35)

- —Lora-Lrg ~Lgr-Llogr —Lgqp —Lgir+lir?
=~ —ra-tara-ira ~Lqr-ta,-Zap -Ler+1rp

And a recursion formula for k, and g, ,

kn+l 2 nx+ qk _lﬂgn r[zklknlj+%a(§klgnlj'

n (36)
Ona = O Tk, +5 qgn +r(2k.gn .)H{Zg.gn'}
1=0
Because of
ﬁ@,x :iﬁ (37)
ot ¢ X ¢
we derive the conservation laws of (27)
0 1 0
E(—/1+§q+rK+aG):&(A+(B+C)K+G) (38)

where
A=c A’ +cl/1—%cor2 —cyap,
B :—cor/l—clr—%coqr,

C :%corx,
p=—Cal—Cca+cy, —%Coqa.
Assume that o =-1+= q+rK +aG, 6=A+(B+C)K+pG, then (38) can be written as o, =6, , which

is the right form of conse?vatlon laws. We expand o and @ as series in powers of A according with the
coefficients, which are called conserved densities and currents respectively

a:—m_zoaj/ri, 9=c0/12+c1/1+_209jz-1, (39)
j= j=
where c,, ¢, are constants of integration. Then the first two conserved densities and currents are

o, = —%rz -ap,

o=k -on o
Hl CO(

0 =¢

%qr +aﬁx+ gra—o, f+= qaﬁ)+c1( +aﬂ),
%rr+ q,r’ += qrr +1q2r2 r,B,BX—gqrzﬂ—lr“+oz,BXX+romzX

%q ra+= qra+qa/3+ qra a,B a,p,+= qra)+c1( rr, +-= qr +of, += qra)
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The recursion relations for o, and 6, are

o, :rkn+agnl gn :CO (_rkm—l_%qun+%rxkn_agn+1_axgn _%qagn)—i_cl(_rkn_agn) (40)

where k, and g, can be calculated from (36). The infinitely conservations laws of (36) can be easily ob-
tained in (32)-(40) respectively.
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