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Abstract

The effect of the alternative resource and time delay on conservation of forestry biomass is stu-
died by considering a nonlinear mathematical model. In this paper, interaction between forestry
biomass, industrialization pressure, toxicant pressure and technological effort is proposed and
analysed. We find out the critical value of delay and observe that there is Hopf bifurcation. Using
the normal form theory and the center manifold theorem, we determine the stability and direction
of the bifurcating periodic solutions. Numerical simulations are given to illustrate the analytical
results.

Keywords

Forestry Biomass, Industrialization, Alternative Resource, Toxicant, Technological Effort, Local
Stability, Hopf Bifurcation

1. Introduction

Forest is an integral part of our biosphere. It used for fuel, furniture etc. and thus provides strong foundation for
the development of any country. Forest assists in the global cycling of water, oxygen, carbon and nitrogen. In
many developing countries, people burn wood to get energy for heating and cooking. Forest also provides food
and shelter to many wild life species. Due to overpopulation, industrialization and associated pollution forests
are depleted alarmingly. A typical example is the Doon Valley in the northern part of India where the forestry
resources are being depleted by limestone quarries, wood and paper based industries, growth of human and li-
vestock populations, expansion of forest land for agriculture and settlement etc., threatening the ecological sta-
bility of the entire region [1]. It is therefore required a suitable harvesting plan to keep ecological balance. For
controlling depletion of forestry biomass, alternative resources like synthetic, liquid wood, plastic, wood com-
posite lumber etc. can play an important part. The following examples also motivate us to consider biomass-
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industry system with alternative resource.

1) To overcome the worldwide problem of conservation of forestry resources, synthetic is a good alternative
of wood based product as it is cheap, and needs not much maintenance, and the one most important thing is that
it looks fresher than wood based products.

2) Plastic and wood composite lumber are quickly becoming a common replacement for redwood, cedar, and
treated lumber in such applications as decking, door and window frames, and exterior moldings. Redwood and
cedar decking use virgin trees, maintaining our dependence on scarce wood resources. Plastic and wood compo-
site lumber are worked similarly to real wood and do not require treatment, yet they hold up well to water, sun,
insects, and salt air, typical enemies of wood [2].

[3] proposed and analyzed a mathematical model for the survival of a resource-dependent biological popula-
tion (such as human beings) where both the population and its resource were affected by a toxicant emitted into
the environment from external sources as well as formed by its precursors. [4] investigated a nonlinear mathe-
matical model to study the depletion of forestry resources caused by population and population pressure aug-
mented industrialization. It is shown that the equilibrium density of resource biomass decreases as the equili-
brium densities of population and industrialization increase. It is found that even if the growth of population
(whether intrinsic or by migration) is only partially dependent on resource, still the resource biomass is doomed
to extinction due to large population pressure augmented industrialization. It is noted that for sustained indu-
strialization, control measures on its growth are required to maintain the ecological stability. In [5], they pro-
posed a nonlinear mathematical model and analyzed to study the survival of resource-dependent competing spe-
cies. It is assumed that competing species and its resource are affected simultaneously by a toxicant emitted into
the environment from external sources as well as formed by precursors of competing species. It is concluded
from the analysis that as the cumulative rates of emission and formation of toxicants into the environment in-
crease, the densities of both competing species and its resource decrease. [6] studied the effect of alternative re-
source (synthetic) on the conservation of forestry biomass which grew logistically decays due to presence of
wood based industries.

In same year, [7] studied the effect of time delay on conservation of forestry biomass by proposing a non-
linear mathematical model. They assumed that the density of forestry biomass depleted due to the presence of
human population and it was being conserved by applying some technological efforts. Further, [8] and [9] inves-
tigated and concluded a nonlinear mathematical model to study the depletion of forest resources caused by pop-
ulation and the corresponding population pressure.

As a consequence, we propose a model for the interaction of forestry biomass with industrialization pressure,
toxicant pressure and applied technological effort. Further, the effect of alternative resource on the growth of fo-
restry biomass is seen. The time delay is the inherent property of the dynamical systems and plays an important
role in almost all branches of science and particularly in the biological sciences. In the further study of the mod-
el, we see the effect of time delay on the growth rate of forestry biomass. The rest of this paper is organized as
follows: In Section 2, we analyze our model with regard to equilibria and their positive conditions. In Section 3,
we investigate the stability of positive equilibrium and stability and direction of Hopf bifurcation. In Section 4,
some numerical supports are carried out to justify the analytic results obtained in the manuscript. Section 5 deals
with the conclusions of the paper.

2. Mathematical Model

We consider the following system of differential equations:

dB rB(l—Ej— o, Bl

dt K) 1+B’
1)
di ( |) a,Bl
o1 |+ ,
dt L) 1+8B

where B(0)=B, >0, 1(0)=1,>0.

In model system (1), B(t) and I(t) are the concentration of forestry biomass and industries, respectively.
r and K are intrinsic growth rate and carrying capacity of biomass and r,, L are intrinsic growth and car-
rying capacity of industries, respectively. «, and o, represents the depletion rate of forest biomass and
growth rate of industries in presence of forestry biomass. In the above system (1), growths of industries are
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based on forestry biomass. For controlling depletion of forestry biomass, alternative resources can play an im-
portant role. Using alternative resource (A ), the model (1) can be formulated as

dB _ rB[l—Ej— o,BIA

dt K) 1+B
d—l—rl(l—Lj+@+(l— ) ¥
dt ! L) 1+B AL

where B(0)=B, >0, 1(0)=1,>0.

Here A is a time independent constant and its origin is the alternative resource. If A =1, the industries
depend only on the forestry biomass and thus it is clear that the system (1) is special case of system (2). If
A =0 then both the forestry biomass and industries grow without any interaction. In such case, the industries
pressure on forestry biomass is completely removed and industries evolve in presence of alternative food only.
But such decoupled system is out of our interest. For neglecting above both cases, A always lies between 0
and 1 in our system. Due to advancement in technology and industrialization at rapid pace, large amount of tox-
icants enter into both aquatic ant terrestrial environment and affect biomass. Let us assume that T (t) is the
concentration of toxicant in the environment at time t. Emission of toxicant into the environment from various
external sources and industries is Q, and Q,. The constant &, is the natural washout rate coefficient of tox-
icant present in the environment, y, and y, are the depletion rate coefficients of toxicant concentration in the
environment due to its uptake by the forestry biomass. After adding this in system (2), our extend model is as

follows:
B _ rB[l—Ej——ale* —y,BT,
+

dt K) 1+B

di 1) a,BIA

o1 [+ 22 - A, 3
dt rl( Lj+ 1+B +H1-A) @)
dT

Here Q(1)=Q,+QI.
Where B(0)=B,>0, 1(0)=1,>0, T(0)=T,>0.
The system (3) is further modified when the technological effort (T_) is applied to conserve the biomass.

Thus system (3) become as:
dB _ rB(l—Ej——alBlA' — BT +#BT,,
+

dt K) 1+B

%:r1|[1_{j+%+(1_;\)|, .
Z—I:Q(I)—éoT—yzBT,

dth° =$(K-B(t-7))-4T,

where B(y)=B,>0 for ye[-7,0], 1(0)=1,>0, T(0)=T,>0, T,(0)=T, >0.

Here T, isthe measure of effort due to technology applied for conservation of forestry and ¢ is the growth
rate coefficient of forestry biomass due to technological effort. The constant ¢ is the growth-rate coefficient of
technological efforts and ¢, is the natural depletion-rate coefficient of technological effort.

Lemma: The region of attraction for the model system (4) is given by the set:

Q={(B,1,T,T,):0<B<B,,0<I<I,0<T<T, 0<T,<T, |

K(r K L(rn+1- B
where B = (rdy + ¢ ) I, = (+1-A +a, '"A), Tm:M and T, _ K and it attracts
¢0r rl 50 " ¢0

all solutions initiating in the interior of the positive octant.
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Equilibrium analysis: It can be checked that system (4) has four nonnegative equilibria namely,
E, (Oo%ﬁ] E(B.0T.T.), E(0ITT,) and E,(B"1",7",T,"). The existence of the equilibrium
point E, is obvious hence omitted. We show the existence of the other equilibria as follows:

Existence of E, (B,0,T,T,).

Here B, T and T, are the positive solutions of the following algebraic equations:

r(l—EJ—ylfwilT_c =0, ®)
K
Qo_éof_72§fzol (6)
#(K-B)-¢T, =0. 7
From Equation (7), we get
£ ¢(K—B).
%,

Thus, E, existsif: B <K which is obvious.
From Equation (6), we get

Q

T=—"-0_.
0, +7,B

Putting the value of T and T in Equation (5), we get
(~rds0 — AP K + Ty, K + 6K, )
2(¢1¢K72 _r¢o72)

. J(r«ﬁoéo 495, K~ 1y, K~ K27, ) —4(rdyr, —4dK 7, ) (~rdsdoK + QK —4oK?S, )
N 2(¢1¢K}/2—I’¢07/2) '

Thus, E, existsif condition Ky, > ¢, holds.
Existence of E,(0,1,T.T,).
Here I, T and T, are the positive solutions of the following algebraic equations:

rl(l—ltj+1—Ar =0, ®)
Q+QI-4T =0, ©)
pK -, =0 (10)
From Equation (10), we get
LA
2
From Equation (8), we get
L(rn+1-A)

Putting the value of [ in Equation (9), we get
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-|= _ r1Qo +Q1L(I’1+l—A,)
= 50 .

Existence of ES(B*,I*,T*,TC*).
Here B*, 1", T® and T, are the positive solutions of the following algebraic equations:

B") «ol’A . .
1-— |-y T +4T, =0, 1
r[ K] L T AT (11)
1) a,B°A
r|l- 2T 4(1- =0, 12
1( L]+1+B*4{ A) (2
Q+Ql"=6,T"=y,BT =0, (13)
#(K-B")-gT, =0. (14)
From Equation (14), we get
K-B*
L)
2

After simple manipulation, we get from Equation (12) is

L{n+1-A +B (h+1-A +a,A )]
r(1+8) '

Putting the value of |* in Equation (13), we get
T*_%q@+sj+QL@¢1—A+B%q+L4\+%A»

r(1+8B")( +7,B)
Putting the value of T*, T, and |* in Equation (11), we get
F(B")=AB*+AB®+AB?+AB +A (15)

where
. Vool 1
A = 2 L |0< ! + 7,490,

(50 + 72)¢0I’r1 N Ir.dyy,

A= T, + Shn + 27,0% ~ K,

A = rigyd, [%({—ZK—l—g—z}moq% + 7 (641 A+, A )+ St~ Kot~ Koo,
~Tagh + AG50, + 47, ~ ALK, + A LA, (h+1-A + @A),

A =T, (%—2j+71(r1+1—A)¢0 41 (Ko +7,) + 7iQutidh + 726y (5 +1- A + ) (16)

+¢1¢§0I‘1(1— K- K57/2 )+0‘1AL¢072 (rl +1- A)"‘MQOG% +a, A Lgyo, (1+ n—A +0‘2Ar)-

0
A = 17,Quhl — 16,8, + 1 Qutdh + 7, (5 +1-A) ¢ —dALKS, + o ALy, (1 +1-A).
F(O) =A >0 if ,Q >r8? 1nQd >daKds,,
F(K)=AK '+ AK* + AK? + AK + A <O0.
We note that F(0)>0 and F(K)<O0, showing the existence of B" in the interval 0<B" <K . Now, the
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sufficient condition for B* to be unique positive real is F’(B*) <0 at E,;, where
F'(B")=4AB®+3AB” +2AB + A, <0.

* *

. - dB L -
Remark 1. From Equation (15), it is easy to note that (L% >0 and T >0, which implies that the equili-

brium density of forestry biomass increases as the growth rate coefficient of technological efforts and value of
alternative resources increases.
2.1. Local Stability Analysis without Delay, (i.e. 7=0)

To discuss the local stability of system (4), we compute the variational matrix of system (4). The entries of gen-
eral variational matrix are given by differentiating the right side of system (4) with respect toB, I, T and T,

i.e.
ty b, by Ty
V(E)z t, t, 0 O
ty b, tp O
t, 0 0 ft,
where
2rB oy lA aBA a,lA
=r———yT+¢T. —— , =——07, =-,B, =¢B, t,=—2 ,
t, K nl +4T, (1+B)2 t, 1+B t, "1 t,=¢ 21 (1+ B)z
2rl  a,B
tzzzﬂ__l+2—Ar+1_Ar’ ==7T, 4u=0Q, ty=-6,-7,B t,=-¢ t,=-¢.
L 1+B
The variational matrix V (E,) at equilibrium point E; is given by
[ s
0 n+l1-A O 0
V(&)= 7,Q 1
K
0
_¢ 0 0 _¢o

The eigenvalues of matrix V (E,) in the direction of T and T, are negative. So E, has stable manifold
in T-T, plane and unstable manifold in | -direction. The equilibrium point E, is stable manifold in
B-T-T, planeif & (4r+4¢K)>Q, otherwise it becomes unstable in B—T —T_ plane.

The variational matrix V (E,) at equilibrium point E, is given by

ay dp 3 dy
0 a 0 o
V (El) — 22
a31 a32 a33 O
a41 0 O a44
where
2rB — — ol_Ar _ _
a11:r_7_71T+ T, aizz_ﬁv a; =-7,B, a,=¢B,
a,BA _ _
8y =nh+ 12+ B +1-A, a8y =71, a,=Q, a;=-6-7,B, a,=—-¢, a,=-4¢.
The characteristic equation corresponding to the variational matrix V (E,) is given by
A*+CA*+C,A% +C,A+C, =0, 7
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where
Cp=—ay; —ay, —a3 — 3y,
Cz = Qgadyy t 838y, T8,,8y, + 85853 + 8,853 +8,;8,, — 385 — 8,8,
Cs = —85, 8558, — 8183584 — 1898y, — 813885 + 83858y, + 8385 + 8,8y, 855 +8,8,,35,
Cy = 81488338y, — 81383188, — 5y 8358,3,;.
According to Routh-Hurwitz criterion, equilibrium point E, is locally asymptotically stable provided the
following conditions are satisfied
¢ >0 C,>0, C;,>0, C,>0, CC,-C,>0, CS(ClC2 —C3)—(C1)2 C,>0.

The variational matrix V (E,) at equilibrium point E, is given by

b, 0 0 0

v (E ): n By 00
’ by by, by O

by 0 0 by

where
L 1- L 1-
bu:r_y{gﬂl (5+1-A)], 4oK aAL(n+1-A)
S 1% & I
b21:0‘2|~Arv b22=—(rl+l—A),
b31:—)/2T, b32:Q1’ b33:_50’ b, =4, b44:_¢0'

The variational matrix V (EZ) has four eigenvalues. The sign of three eigenvalues b,,, b,s and by, are nega-
tive so the stability of equilibrium point E, depends on sign of by;. The equilibrium point E; is stable manifold in

B-I1-T-T, planeif rrg, >y {Qor1 +QL(r+1- A)} otherwise it is unstable in B—1-T —T_ plane.
The variational matrix V (E3) at equilibrium point E, is given by

V(Es):

where

2rB” . . ol™A aBA . \ a,"A
Nl +4T, -— Cp=— C=-nB", ¢, =¢B", 021=2—1

(1+87)" 148" (1+8°)

C,=r-

2r1” a,B” . .
CZZ=I’1—1T+ﬁ+1—A, C31=—72T, Cezle! 033=_5o_7’zB7 C41=—¢, C44=_¢0-

The characteristic equation corresponding to the variational matrix V (E;) is given by
AP +G A% +G,A* +GA+G, =0, (18)
where

Gl =—Cy; =Cy —Cg3 —Cyy,

Gz = C33C4q +CpCyy +C1Cqy +CppCa3 +C13Ca5 + € Cop — C3C31 —C1yCyy — CiaCay,

Ga = —C1C33C44 — C13C33Css = C11C2Ca4 — C11CppCa3 + C1pC01 Cpy + €100 Cyg — C13Cy,Cyp

FC13C31Cys + CCi3C3 + C14CyyCag + €1y CyiCops

G4 = 11022033044 — C12C21C33C,, + C13C51C3rCyy — C13C31Cp5Caq —C55C33C14Cys -

According to Routh-Hurwitz criterion, equilibrium point E, is locally asymptotically stable provided the
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following conditions are satisfied
G, >0, G,>0, G,>0, G,>0, GG,-G,>0, G,(GG,-G;)-(G,)G,>0.

2.2. Local Stability Analysis with Delay, (i.e. 7#0)
To discuss the stability behavior of equilibrium E, of system (4) with time delay, (i.e. z=0), we linearize
system (4) by using the following transformations:
B=B"+b, I=1"+i, T=T"+a, T,=T,+c
where b, i, a and C are small perturbations around the equilibrium E,.

The linearized system of system (4) about E, is given by:
du

E:Mlu(t)+M2u(t—r) (19)
where u(t)=[b(t),i(t),a(t),c(t)],
Lor AN a,B* . .
_B E_ A’ 1 > _ 6 _le ¢1B
(1+87) 1+B
M, = a,Al"  a,ABI” _i 0 0
1+B* (1+ B*)2 L
—,T" Q ~(&%+7,B") 0
| 0 0 0 ~¢ |
and
0 00O
0 00O
M, =
0 00O
-9 0 00
The characteristic equation for linearized system (19) is obtained as:
‘//4 + pl‘//3 + pz‘»”2 + Py + p(q1W2 + 0L+ qa)e_w =0 (20)
where

*

LA T U

p=¢y+6+7,B"+B
K (e) ] L

ol r Aol | (Rl Lt Aal” .
T (1+E13")2 Pk (1+E13"‘)2 (5 7:5)

P, :¢o(50+728*)+¢0

+iB* r_ Agl +a1aZB*I*Ar2_
L K (1+ B")2 (l+ B*)2

72T*7lB*1

. 1" Rl .\ LI'B’ 1" .
P;=¢y| B r_Aal +1T (50"'7/28 )+ : r_Ax (¢o+5o+7zB )

K (1e87) LK (1B
a,a,B A2l A #Ba,Al'Q v 7PLEBITT
+ 2 Az (¢0+50+7ZB )+ : lfg* L=y, BT g - ZlL )

(1+8)
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(B Aal | aBA|aAll @,ABI”

Ps=¢ (50"'728*) L | K (1+ B*)Z 1+B" | 1+B" (1+ B*)2

LAy, T
-7,B ! 7|:2 -Q

BAl" @ ABT
1+8"  (1+8)

*

rl

[N $418°1" (5, +7,B")
- .

L

9, =-¢4B", q2=_¢1¢8*[ +50+728*jv O; =-—

Let  =iw be one such root. Substituting this in Equation (20) and equating real and imaginary parts, we
get
(q3 +Q0° )cosa)r +0,08iN0T = p,0’ — o' - p,, (21)
qza)cosér—(q3 + qla)z)sinﬁr = po’+ po. (22)
Squaring and adding Equations (21) and (22), we get
@® +D,0° + D,0" + D0’ +D, =0, (23)
where
D, =p/-2p,, D,=p;+2p,+2p,p;—0f, D;=-2p,p,+Pp; +200;-0;, D, =p-a;.
Substituting »” = o Equation (23) becomes
F (U) =o'+ [_)10'3 + [_)20'2 + 530'+ I:_)4 =0, (24)

F(0)=D, =p;-q;.
We assume that:
(Ho): p, <.
We notice that F is continuous everywhere with F(0)<0 when condition (H;) holds and F(o0)>0.
Therefore, the Equation (24) always has at least one positive root. Consequently, the stability criteria of the sys-

tem for =0 will not necessarily ensure the stability of the system for z = 0. We assume the Equation (24)
has four positive roots denoted by o,, o,, o,, o, denoted as:

w =0, ©,=\0,, 0=\0, @,=\0,.

Again solving (21) and (22), we get a critical value of delay given as follows

7 =005 — - a)
Q0 +(q3_q1w )

1 . qza)(pla)3+pgw)+(Q3—qlw2)(p2w2_w4_p4) +2_k7f K=0.12.

2.2.1. Hopf Bifurcation

To investigate the behavior of the system (4) in the neighborhood of z,. We represent the following theorem.
Theorem:
We observe that the conditions for Hopf bifurcation are satisfied yielding the required periodic solution, that

],

dr

This signifies that there exists at least one eigenvalue with positive real part forz > z,.
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Proof:
Differentiating Equation (20) with respectto 7, we obtain

e e d —yr
[4y/3+3p11//2+2p21//+ p,+e " (204 +0,)—1e” (qu/2+q2t//+q3)}£=l//e v (qll//2+qzl//+q3). (25)

Therefore
(ggyiﬁwhﬂmW+Z%W+m+fw@%”m”-i- (26)
dr Ve (G’ + Gy +) Y
We can obtain here
{@} .. 0
r=r

Verifying numerically it has been obtained that the transversality condition holds and hence Hopf bifurcation
occursat 7=r,.

2.2.2. Stability and Direction of Periodic Solutions

In this section, we will derive explicit formulae for determining the direction, stability and period of the bifur-
cating periodic solutions arises through Hopf bifurcation. The method we will follow is based on the normal
form theory and center manifold theorem as given in [10]. Without loss of generality we denote any of the criti-
cal values of 7 by 7, at which Equation (20) has a pair of purely imaginary roots *i@, and system under-
goes Hopf bifurcation. Hence for any root of Equation (20) of the form y (z)=v(z)+iw(7), v(7,)=0,

dv

o(r)=w, and #0.Let r=7,+u, peR,sothat £=0 isHopf bifurcation value for the system.

T=Ty
Define the space of continuous real valued functionsas C=C ([—1,0], R“) . Using the transformation

u (t)=B(t)=B", u(t)=1(t)-1", us(t)=T(t)-T" and u,(t)=T,(t)-T, and g (t)=u;(t) for
i =1,2,3,4; the delay model system (4), then transform to FDE in C as,

d

=t () (28)
where  y(t)=(x (1), 2, (). 25 (). 2 (t))T eR', £ (0)=x(t+0©), ®€[-10] and L,:C—>R* and
f :CxR—R* aregiven by

L. =(z + 1) M £ (0)+ M, (-1)] (29)
and
Zl
ZZ
f(,u,é’):(z'k+,u) 2 (30)
0
where
aAl” T, xAB oA uhA
1~ 2__10 - 2 *1020 21020_1103O
ey K SO o e A0SO R 05074050
+4¢1(0)¢,(0),
, :_rlgzi_(o)_ azA'I*Z 412 (0)+ Oler* _ aZArB*Z é,l(o)é,z (0)_a2A'§12 (0)4;2 (0)’
(1+87) +B (1+87) (1+87)
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Z, :_724/1(0)§3 (0)'
Z,=0.

For ¢ =(¢1:¢21¢5¢,) €C.
By the Reisz representation theorem there exists a function 7(®, ) whose components are of bounded
variation for ©® €[-1,0] such that

L,¢ = [ dn(® u)¢(©). (31)
In view of Equation (29) we can choose
7(0,4) = (7 + 1) M5 (©) -M,5(0+1) ], (32)
where ¢ e Cl([—l,o], R“) , define
4e(®) 0 c[-10),
A(u)¢ =y d® (33)
[Lan(p.u)¢(p)=L¢, ©=0,
and
0, 0 <[-1,0),
= 34
R(40)¢ {f(w), o<l (3)
The system (28) is the equivalent to
I = A(/J)Zt + R(/“)Zt ) (35)
where 7, (0)=x(t+®) for ®€[-1,0].
For & C*([-1 0],(R*)' ). cefine
_4ele) (01
Ne(p)=y O oee) (36)
[Ldn" (t0)&(-t) p=0.
and a bilinear inner product
(€.6)=£(0)0¢(0)- | [ <" (v-0)dn(0)¢(v)dv (37)

0=-1v=0

where 7(©)=7(©,0). Then A(0) (from here onwards we shall refer A(0) by A)and A" are adjoint op-
erators. We know that +im,z, are the eigenvalues of A. Thus, they are also eigenvalues of A". We need to
compute eigenvectors of A and A" corresponding to +iw,r, and —im,r, respectively.

Suppose q(®)= (1,a1,a2,a3)T e'»® be the eigenvector of A corresponding to eigenvalues iw,z, then

Aq(0) =im,7,a(0), (38)

which for ® =0, gives

r Aal’ a,B'A .

iw, + B 7,B —-¢B”

(1+B) ] 1+B 0
* * * * 0
7, _O‘ZAYI* +0!2ArB |2 Ia)0+r1| 0 0 q(O): ol (39)
1+B (1+ B*) L 0
A Q iw, + 38, +7,B" 0
e 0 0 i@, + ¢y |
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Solving the system of Equation (39), we get
a,Al'L 2 a,ALI'Q,

(148 (igL+nl") * iy +5,+7,B (1+8°) (igL+117) (i, + 6, +7,B")

—img7y
and a, =- _¢e .
Iy + ¢ .
Similarly calculating q* (p) = (L a;,a;,a;) € such that
A'Q"(p)=-ioyn g (p), (40)
where
. B'Q a,B° ) 7B
a =- rl*yl 1 _ B°A — aZ:—ia) _5_78*
(—ia)o-i-ll_J(ia)o—é'o—yzB*) (l+ B*)(—iw0+1l_j 00 e
* B*
= A0
h —1,

Now the normalization condition gives

@ - .
-[ q (0)e " (V'O)dn(G)) xq(0)e" " dy =1

0=-1v=0

| —y o

q'(0)-q(0)-D

D[1+aa +a,a +aa - rga; |=1.
Thus, D is so chosen such that
1
1+a3 +a,a, +a,3, — gl 7,03, '

Proceeding same as [10] and using same notation, we compute the coordinates to describe the center manifold
C, at u=0.Let y Dbesolution of Equation (35) when u=0.Define

Z(t)=(d" 1), W(t.©)=x(©)-2Re{Z(t)a(O)}. (42)

On the center manifold C,, we have

D= (41)

W(t,0)=W(Z,Z,0) (43)

ZZ =2

W (2,2,0) =Wy (©) -+ Wy, () 22 +W, (@)%+.... (44)

z and Z are local coordinates for center manifold C, in the direction of gq° and §". Note that w is
real if y, is real. We only consider real solutions. For solution y, €C, of Equation (35). Since x=0, we

have
2=imyr,z+q (0)- f (O.W(2,7,0)+2Re{zq(0)}) @)
=iwyr,z+7q (0)- f,(2,7).
We rewrite this equation as
1=imyr,2+9(2,7), (46)

where
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N _ z? _ 72 7’7
g(z,z):q (0) fO(Z,Z)z gzo?*‘guzz +goz?+gz17+"'- (47)
It follows from (42) and (44) that
2% (©)=W(2,7,0)+2Re{zq(0)}, (48)
2 =2
—W,, (@)% W, (©)2Z +W,, (@)%Jr 2(La,a,,a,) € +7(1,3,a,a,) e 1., (49)
Also we have
Vl
= % ~ —k % ——k T V2
g(z,z):q (O) fo(O’Zt):TkD<1’a1 !azvas) vV
3
0
where

Vl:_ L_ alAI* 12t 0 alAB* - alA 1t 0 2t 0 alA 12t 0 2t 0
[K (1+B"‘)2 7 (0)* (1+B*)2 148 [© (0) 72 (0)+ Lo B’ 7 7 (0) 72(0)

AV AT (0) At (0)+¢1Zn (0)7(4t (0)’

Vo= (0)- AL o)+ A AR (0) 1 (0)-—2R 22 (0) 2 (0
7 (0) e O+ 5 e )| (0) 22 (0) e (0) 2 (0)
Vs =—7220 (O) st (0)

So that
=52

2
7 (©) =W (0) 5+ W) (0)ZZ + W (©) -+ 267 + 7671 +...

2

2 =
Aat (®) =W2(02) (@)Z? +Wl(12) (@) 27+W0(22) (@)Z?+ aizeiwork@ " 51784‘”07*@ e

=2

2
A3t (®) =W2(03) (@)% +W1(13) (@) 77 +W0(23) (@)%+ azzeiwork@ N nge—iwork@) .

2

2 —
At (®) :W(4) (@)% +W1(14) (@) 77 +W0(24) (@)Z?-i- aszeiwork@) +§37e7iw07k@ .

20

Thus
=2

2
2 (0) = 2+ 7+ W) (o)z?+wl<f> (0)zz +wY (o)%+...

52

2
Zx(0) =z +aZ + Wy (0)%+w1<f) (0)zZ+W2 (o)z?+ "

=2

2
Zx(0)=2,2 +§27+W2(03) (o)%+wl(13) (0) ZT+WO(23) (0)27+

=2

2
Za (0)=aaz+a_37+Wz(;)(O)Z?+W1(14)(0)27+W0(24)(0)27+..._

Now
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_ k[_) r Al _g'l*azArl* 12t 0
! [K (1+B) ) (1+B) #(0)

1B { “AB @A }+§;{azpt B azAB*z} 2 (0) 2 (0)

(1+ B*)Z 1+B* 1+B (1+ B*)

alA' a1 aZA’
_(1+ B*) (1+ B’ )2
—7, [_){}/1 + 52*7’2} 21 (0) 22 (0)
+7, 5¢1)(1t (0) X (0)

_ T
Tk Da:l. _Iilzzt (0)

Xt (O)ZZt (O)

+7,D

Comparing the coefficients in (37) with those in (50), we get

gzozszﬁ L aAl” aia?AfI +a aleB*z_ alAr*
K (1+B*) (1+B) (1+B7) 1+B

— B — —
+a,9, {10_(:2 (Tj—z*)z}"az{?/la272}+a3¢1a1%312 '

0 =25,0] —| L BAL  EOALL oo WAB @A
K (1+B*) (1+B) (1+B*) 1+B

A AR
A {1+B (s B*)Z}Re(ai)

. r
~Re(a,){n +& 7, | +ARe(a;) & 1|a1|

T aAl’ alaZArI +3, aAB oA
K (1) (1+B) (1+8°) 1+B°
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21:2Tk5 - L_ alArI aiOlZArI Wzo 0 2W1(11) 0
’ [K (1+B°) (1+B)2 (' (0)+ 20(0)

+{ oA B oA +aZA§f a,ABa }{al 5 ( ) a—lwz(;)z(o) Wz(oz;(o) +W1(12)(0)J

2 * * +
(1+ B*) 1+B 1+B <1+B )
(3)

n {(1alg )2 _ (j;a;f;Z }(231 + 51)—(7/1 =+ 52*}/2 )[azwl(ll) (0) +§_22W2(;) (O) + WZOZ(O) +W1(13) (O)j
+ +

W' (0)

+¢1{a3W1(11)(0)+%W2%)(0) T (o)} airl{alw20 (0)+ 22 (0)} |

In order to compute g,,, we needto W,,(©) and W,,(®). From Equations (42) and (45) we have
W = j(t -q-2q

AW —2Re{q" (0)- f,q(®)},  ©€[-10), 61
AW —2Re{q" (0)- f,q(0)}+ f,, ©=0,
=AW +H(z,Z,0) (52)
with
H(22.0) = Hig (0) 2+ Hiy (0) 27+ Hi (0) 5+ 53)
Also, on C,, using chain rule, we get
W =W,z +W,Z. (54)
It follows from (46), (52) and (54)
(A=2iayr )Wy = —Hy, (55)
AW, =-Hy, (56)
etc. Now for © €[-1,0)
H(2,2,0)=-T"(0)- f,q(©)-7(0)- £, ()
=-9(27)a(®)-9(2.7)a(o) ®7)
:_(gzoq(®)+go (®)) (gllq(®)+gllq_(®)) Z+:-,
which on comparing the coefficients with (53) gives
Hy (©)=-0,0(©)-3,,8(0). (58)
Hy (©)=-9,0(0)-8,d(®). (59)
From (56), (58) and the definition of A, we have
Wy, (G)) = 2im,r W,y (®) + 020 (®) + gozq(e)) . (60)
Note that q(®)=q(0)e""*°, hence
W, (©) = 1920 q(®)+ 1020 q(©)+ Fe?™e. (61)

0,7, 30,7,
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Similarly from (56), (59) and the definition of A, we have

W, (©)=0,,9(©)+8,,0(®) (62)
W, (0)= —;)g—l;q(®)+ai)g—l;q(®)+ F, (63)

where F, = (Fl<1), F?, RO, Fl(“)) and F, = (Fz(l), HONSON FZ(“)) e R* are constant vectors, to be determined.

It follows from the definition of A and (45) that
0

.[ d77(©) W, (©) = 2,7, Wy, (0) — Hy (0) (64)

-1

0

[dn(®)w, (®)=-H,(0). (65)

-1

From Equations (61) and (63) we get

raAl" xaAB aaA
S - I8 oy -agh
[K (1+8) (1+B7) 1B 7 }
Ha(0)=-020(0)-000(0)+ 25|  aAl" | &A  %AB | &l |, (66)
(1+8) [1+B" (14m7) ) L
—a7,
0
and
H,, (0)
| aAl - alABZ— alA'* Re(a,)+Re(a,)7 —Re(a,)¢
K (1+8') [(1+87) 1+B
o (67)
=-9,10(0)- G, (0)+ 21, @Al o) A @AB | il
(1+B°) 1+B" (14m) ] L
—Re(a,)7,
0
Using (61) and (66) in (64) and noting that q(®) is eigenvector of A, we have
r aAl"  aaAB aaA
. - + —+a,7, —ag
[K (1+87) (1+B7) 1+B° ]
0
(Zia)orkl — [ ®dp (®)JF1:2rk _ A" A AB | nal (68)
' (L+B)  |1tB (em) ) L
e
0
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. R 1 B* R R
diwy +B°| LAl | @B A 7B 4B )
(1+8) 1+B o
" B[ . F?
—aZA'* +a2A > 2i 0+r1— 0 0 )
148" (1+8Y) L R
(4)
72T* Q 2wy +6, +7,B° 0 R
g0 0 0 2ic, + ¢,
(69)
r oAl" « B" «
_ E_ lAf* > _ la'.lAr* . + 11a’_lBA: +3271—33¢1
(1+8) (1+B ) +
=2 _ Al + A _ a,AB’ _ﬁ
(1+8°) [1+B" (14B7)) L
_3'272
0
Similarly using (63) and (67) in (65), we get
LT a,l” o,B” . .
B - A’ 1 > 1 é’ le —¢18 (1)
K (1+B*) 1+B F,
I Bl rl* R
_aZA' . + aZA > r1 0 0 (3)
1+8"  (14B') L F,
. . Y
7 T Q O, +7,B 0 2
¢ 0 0 )
(70)

|r Al _ A B B a A
K (1+B*)2 (1+B*)2 1+8

Re(a,)+Re(a,)y, —Re(a;)¢

_ * N 2
=2 _ azA': _+Re(a,) ]-azgr*_ aZAr*BZ _r1|i1|
(1+B ) + (1+B )
-Re(a,)7,
0

We solve system (69) for F, and (70) for F, and using these values are determine W,, and W,, and
hence g,,. Now to determine the direction, stability and period of bifurcating periodic solutions from critical
point at the critical value 7 =17, we can compute the following necessary quantities as given by [10].

C1 (0) = Za)ioz'k {gngzo _2|911|2 _%J +% (71)
Re{c, (0)}

, == 72

= Rely () (72)

b, = 2Re{c, (0)} (73)
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T2:_|m{01(0)}+ﬂ|m{‘/"(fk)}l (74)

Hence, using the results of [10]. We have the following theorem.
Theorem (3.2.1): If 1, >0 (1, <0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcat-
ing periodic solutions exist for z > 17, (r<z’k). The bifurcating periodic solution is stable (unstable) if

b, <0 (b, >0) and the period increase (decrease) if T, >0 (T, <0).

3. Numerical Support
In this section, we present numerical simulation to illustrate the results obtained in the previous sections. The
system (4) is solved using the MATLAB software package under the following set of parameters.
(@ r=2, K=100, =02, A =06, =001, L=100, o,=01, Q,=1, Q =02, §, =05,
7, =001, =1, ¢=0.01, ¢ =0.02, ¢ =028.
The interior equilibrium point of system (4) with data (a) is
B* =99.1014, 1" =145.94, T"=20.2466, T, =0.449306.

Then, we can easily obtain that (H,) to be satisfied. By computation, we have @ =0.395806, 7, = 5.82023.
. o o d(Rey)
The transversality condition (27) is satisfied as T =1.20963=0.
T
=10

The stability behavior of the system (4) for z =0 can be depicted by Figure 1. To check the dynamic beha-
vior of the system (4) for =0 can be seen by Figure 2 and Figure 3. A Hopf bifurcation occurs at
ES(B*, I",T*,T,) when 7=r,=5.82023 and small amplitude periodic solution around E, B*,I*,T*,Tc*)
and this can be visualized from Figure 2 and Figure 3. From Figure 2 and Figure 3 we can see that when
7=1<17,=5.82023 the system is stable and for =8> 7, =5.82023 the system becomes unstable. An alter-
native resource has a strong impact on the depletion of forestry biomass which can be seen from Figure 4. From
this we can see increasing the value of alternative resource the concentration of forestry biomass increases and
also controlling the instability of the system (4) when 7 =8> 7, =5.82023 see Figure 4(b). Now see impact
of other factors on forestry biomass. Increasing the value of ¢, the concentration of forest biomass increases

180

160 -i 1

140 -,%f :
c 120 -°K .
R
=
= o,
g_ 100
o o B
) . .
cﬁ I
3 CoT
~ 60 -
T
C

IN
S

N
OO o

10 20 30 40 50 60 70 8 90 100
Time(t)

Figure 1. Stable behavior of B, I, T and T, with time, when z=0
and other parameter values are same as (a).
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50 100 150 200 250 300 350 400 450 500

Time
(b)

Figure 2. Trajectory portrait and phase portrait of system (4) for
7 =1<17,=5.82023 and other parameters are same as (a).

o

refer Figure 5. From Figure 6 we see that the concentration of forestry biomass decreases when the value of ¥,
increases. Increasing the values of ¢ and ¢ the concentration of forestry biomass increases refer Figure 7
and Figure 8.

Now to verify the result of Theorem (3.2.1), we have shown the variation of variables B, I, T and T, for
r=1and r=8 in Figure 2 and Figure 3 respectively. Also for the above set of parameter values, we get
c,(0)=-0.19028-15.1071i, u, =0.157305, b, =-0.38056 and T, =6.00118. Since u, >0, the Hopf

bifurcation is supercritical and the direction of the bifurcation 7>7,. Also b, <0 and T, >0, this implies

that the bifurcating periodic solutions arising from E, (B*, " ,T*,Tc*) at 7, are stable and the periods of limit
cycle increases.
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Figure 3. Trajectory portrait and phase portrait of system (4) for
7=8>17,=5.82023 and other parameters are same as (a).

4. Conclusion

In this paper, a nonlinear mathematical model is proposed and analyzed to see the effect of alternative resource
and time delay on conservation of forestry biomass. We have obtained the explicit formulae that determine the
stability and direction of the bifurcating periodic solutions by using the normal form theory and the center ma-
nifold theorem. For the given set of parameter values in (a), we found that, the Hopf bifurcation was supercriti-
cal with stable periodic solutions and the direction of bifurcation was > r,. Forests serve as a source of life for
the forest based small and large scale industries. However, due to shrinking forests area, the industries are facing
wood crisis. To overcome wood crisis, alternative resources like synthetic, liquid wood, plastic, wood composite
lumber etc are good alternative for wood based products. For preserving our forestry biomass we can control the
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Figure 4. (a) and (b) show variation of the forestry biomass with time for
different values of A, whenz =1<7,=5.82023 and 7 =8> r,=5.82023

respectively and other parameter values are same as (a).
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Figure 5. Variation of the forestry biomass with time for different values
of ¢, and other parameter values are same as ().
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Figure 6. Variation of the forestry biomass with time for different values
of y; and other parameter values are same as (a).
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Figure 7. Variation of the forestry biomass with time for different values
of ¢ and other parameter values are same as (a).
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Figure 8. Variation of the forestry biomass with time for different values
of ¢, and other parameter values are same as (a).
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wood based industries by human awareness or some government action. Hence, we conclude from our analysis
that the forestry biomass may be conserved by applying technological effort and alternative resources.
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