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Abstract

We present an alternative sixteen-component hypercomplex scalar-vector values named “space-
time sedenions”, generating associative noncommutative space-time Clifford algebra. The gener-
alization of relativistic quantum mechanics and field theory equations based on sedenionic wave
function and space-time operators is discussed.

Keywords

Clifford Algebra, Space-Time Sedenions, Relativistic Quantum Mechanics, Sedenionic Klein-Gordon
Equation, Sedenionic Dirac Equation, Sedenionic Maxwell Equiations

1. Introduction

The multicomponent hypercomplex numbers such as quaternions and octonions are widely used for the refor-
mulation of quantum mechanics and field theory equations. The first generalization of quantum mechanics and
electrodynamics was made on the basis of four-component quaternions, which were interpreted as scalar-vector
structures [1]-[5]. The next step was taken on the basis of eight-component octonions, which were interpreted as
the sum of scalar, pseudoscalar, polar vector and axial vector [6]-[11]. Scalars and axial vectors are not trans-
formed under spatial inversion, while pseudoscalars and polar vectors change their sign under spatial inversion.
Therefore, this interpretation takes only the symmetry with respect to the spatial inversion into account. How-
ever, a consistent relativistic approach requires taking full time and space symmetries into consideration that
leads to the sixteen-component space-time algebras.

The well-known sixteen-component hypercomplex numbers, sedenions, are obtained from octonions by the
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Cayley-Dickson extension procedure [12] [13]. In this case the sedenion is defined as
$=0,+0s, @

where O; is an octonion and the parameter of duplication e is similar to imaginary unit e? =—1. The algebra of
sedenions has the specific rules of multiplication. The product of two sedenions

5,=0,+0,e,
S,=0,+0,e,
is defined as
5,S, =(0y; +0,,8) (0, +0,¢) =(0,,0,, - 0,,0,, ) +(0,,0,; + 0,0, )e, (2)

where (3ij is conjugated octonion. The sedenionic multiplication (2) allows one to introduce a well-defined
norm of sedenion. However, such procedure of constructing the higher hypercomplex numbers leads to the fact
that the sedenions as well as octonions generate normed but nonassociative algebra [14]-[16]. It complicates the
use of the Cayley-Dickson sedenions in the physical applications.

Recently we have developed an alternative approach to constructing the multicomponent values based on our
scalar-vector conception realized in associative eight-component octons [17]-[19] and sixteen-component sede-
ons [20]-[24]. In particular, we have demonstrated the method, which allows one to reformulate the equations of
relativistic quantum mechanics and field theory on the basis of sedeonic space-time operators and scalar-vector
wave functions. In this paper we present an alternative version of the sixteen-component associative space-time
hypercomplex algebra and demonstrate some of its application to the generalization of relativistic quantum me-
chanics and field theory equations.

2. Sedenionic Space-Time Algebra
It is known, the quaternion is a four-component object
0 =Qedy + 043, +0,8, +0ya3, ©))

where components g, (Greek indexes v =0,1,2,3) are numbers (complex in general), a, =1 is scalar units
and values a,, (Latin indexes m = 1, 2, 3) are quaternionic units, which are interpreted as unit vectors. The rules
of multiplication and commutation for a,, are presented in Table 1. We introduce also the space-time basis e, €,
e, Which is responsible for the space-time inversions. The indexes t and r indicate the transformations (t for
time inversion and r for spatial inversion), which change the corresponding values. The value e, =1 is a scalar
unit. For convenience we introduce numerical designations e, =e, (time scalar unit); e, =e, (space scalar
unit) and e, =e, (space-time scalar unit). The rules of multiplication and commutation for this basis we
choose similar to the rules for quaternionic units (see Table 2).

Table 1. Multiplication rules for unit vectors a,.

a ay as
a -1 az —a
a, —a, -1 ai
az a —a -1

Table 2. Multiplication rules for space-time units.

e 5 €3
e -1 €3 —€2
€ —€ -1 €1
€3 e —€; -1
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Note that the unit vectors ay, a,, as and the space-time units ey, e,, €3 generate the anticommutative algebras:
a,a, =—a,a,, @
e, =—€.e,,
for n=m, but ey, &5, 3 commute with ay, a, as:
€8, =8, ®)
for any n and m. Besides, we assume the associativity of e;, e,, e, a;, ay, a3 multiplication.
Then we can introduce the sixteen-component space-time sedenion V in the following form:
V =gy (Viga + Vi, +Vipa, +Vigas )+ (Vidy +V58, +Vi,a, +Vy5a,)

(6)
+€, (Vyoo +Vpdy +V58, +V,8, ) + 85 (Vagdy + Va3, +V50a, +Vy5a;).
The sedenionic components V,, are numbers (complex in general). Introducing designation of scalar and vec-
tor values in accordance with the following relations

V =eVdy,

V =, (g2, +Vopa, +Vieds ),

Ve =V, =eVea,,

\7t E\71 =€ (Vllal +Vpa, +Via, )’ )

V. =V, =e,V,.a,,

V, =V, =€, (Vya, +V,a, +V,a;),

Vie =V5 =3V,

\7tr E\73 =€; (V31a1 +Vs8, +V333'3)-
we can represent the sedenion in the following scalar-vector form:

V =V +V +V, +V, +V, +V, +V, +V,, . (8)

Thus, the sedenionic algebra encloses four groups of values, which are differed with respect to spatial and time

inversion.
1) Absolute scalars (V) and absolute vectors (V) are not transformed under spatial and time inversion.

2) Time scalars (V,) and time vectors (\7t) are changed (in sign) under time inversion and are not trans-
formed under spatial inversion.

3) Space scalars (V,) and space vectors (\7,) are changed under spatial inversion and are not transformed
under time inversion.

4) Space-time scalars (V,.) and space-time vectors (\7“) are changed under spatial and time inversion.
Further we will use the symbol 1 instead units ay and e, for simplicity. Introducing the designations of scalar-
vector values

\70 = Voo +Voidy +Vool, +Visds,

V, =V +Via, +Vppa, +Visa,, )

V, =Vyo +V58; +V508, +V,as,

V, =V, +V,8; +V,,a, +V,.a,.
we can write the sedenion (6) in the following compact form:

V=V +eV, +eV, +eV,. (10)
On the other hand, introducing designations of space-time sedenion-scalars

Vo = (Voo +€;Vig +8;V50 +85Vy ) '

V, = (Vo +6,Vy; +e,V,, +e,Vs, ), an
2= (Voo +€Vi, +8,Vp + e3V32)’
3= (Vos + e1V13 + e2\/23 + esvas )
we can write the sedenion (6) as
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V =V, +Va, +V,a, +Vaa,, (12)
or introducing the sedenion-vector
V =V +V, +V. +V, =Vja, +V,a, +V,a, (13)
we can rewrite the sedenion in following compact form:
V=V, +V. (14)

Further we will indicate sedenion-scalars and sedenion-vectors with the bold capital letters. ; 5
Let us consider the sedenionic multiplication in detail. The sedenionic product of two sedenions A and B
can be represented in the following form

AB=(A,+A)(B,+B)=AB,+ AB+AB, +(A-B)+[ AxB]. (15)

Here we denoted the sedenionic scalar multiplication of two sedenion-vectors (internal product) by symbol “-”
and round brackets

(A-B)=-AB, - AB,-AB,, (16)
and sedenionic vector multiplication (external product) by symbol “x” and square brackets,
[AX EJ =(AB;—AB,)a, +(AB, - AB;)a,+(AB, - AB,)a,. a7

In (16) and (17) the multiplication of sedenionic components is performed in accordance with (11) and Table 2.
Thus the sedenionic product

F=AB=F,+F, (18)
has the following components:
F = AB,-AB -AB,-AB;,
F, = AB,+AB, +(AB,-AB,),

(19)
F,=AB,+AB, +(ASB1 - AiBs),
F, = AB,+ AB, +(AiBz —AzB1)-
Note that in the sedenionic algebra the square of vector is defined as
A =(A-A)=-A-A-A, (20)
and the square of modulus of vector is
A = —(AA)= K+ AT A7 @
3. Spatial Rotation and Space-Time Inversion
The rotation of sedenion V onthe angle @ around the absolute unit vector fi is realized by sedenion
U =cos(6/2)+isin(6/2), (22)
and by conjugated sedenion U :
U =cos(6/2)-isin(6/2), (23)
with
Uu*=U0"0 =1. (24)
The transformed sedenion V' is defined as sedenionic product
V'=UVU, (25)

Thus, the transformed sedenion V' can be written as
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V' =[cos(6/2)-fisin(6/2)](V, +V )[ cos(6/2) + fisin(6/2) ]

R . N (26)
=V, +V cos - (ii-V ) (1-cos@) [ fixV [sin.
It is clearly seen that rotation does not transform the sedenion-scalar part, but the sedenionic vector V is ro-
tated on the angle ¢ around ni. . . R
The operations of time inversion (Rt) space inversion (Rr) and space-time inversion (Rtr) are con-
nected with transformations in ey, e,, €3 basis and can be presented as

RV =—eVe, =V, —eV, +e,V, —e.V,,
ﬁrv = _91\761 :\70 +e1\71 _92\72 _93\73v (27)
RV =—eVe, =V, —eV, —e,V, +e.V,

4. Sedenionic Lorentz Transformations

The relativistic event four-vector can be represented in the follow sedenionic form:
S=ect+e,r. (28)
The square of this valueis the Lorentzinvariant
SS =2+ x*+y2+72. (29)
The Lorentz transformation of event four-vector is realized by sedenions
L=ch$+e,msh$,
L' =ch9—e,msh g,
where th29=v/c, v is velocity of motion along the absolute unit vector m . Note that
CL=LC=1. (31)
The transformed event four-vector S’ is written as
S'=LC'SL=(chg-e,shgm)(e,ct+e,F)(chI+e,shIm)
=e,ctch29+e, (M-F)sh29+e,r —e,ctmsh29+e, (M-F)m(1-ch29).

(30)

(32)

Separating the values with e; and e, we get the well known formulas for time and coordinates transformation
[25]:

_t-xv/c?

_\/1—v2/c2 '

where x is the coordinate along the m vector. )
Let us also consider the Lorentz transformation of the full sedenion V . The transformed sedenion V' can
be written as sedenionic product

’

t!

X (33)

L XN,
NRIr ’ ,

V'=CVL. (34)
V' =(chg-e,shgm)(V,+V)(ch9+e,sh)
=V, ch’9+e,Vee.sh’3—(e,V, —Vee, )mchIsh9+Vch’ g (35)
—e,MVimie, sh’9—(e, MV —Vifie, )chdsh .
Rewriting the expression (35) with scalar (16) and vector (17) products we get
V' =V ch*9+e, Ve, sh*d—(e,V, —V,e, )mMchdsh 9 +Vch* 9 —e, Ve, sh*9 - 2e, M-V e, msh’3 )
—(etr (m-V)-(V- rﬁ)etr)ch&sh&—(etr [MxV ][V x mJetr)chyshS.

Thus, the transformed sedenion has the following components:
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V=V,

Vt:’ :Vtr'

V/=V, ch29-e, (m-V,)sh2s,
V/=V,ch29-e, (mM-V, )sh2,

e
V'=V ch29—(m-V)m(1-ch29)—e, [ M=V, |sh29, 37)

o =V, ch29—(m -V, )m(1-ch29)—e, [MxV ]sh2,
'=V, +(m-V, )m(1-ch29)—e,V,msh 29,
{ =V, +(m-V, )m(1-ch29)-e,V,msh 2.

5. Subalgebras of Space-Time Complex Numbers, Quaternions and Octonions
The sedenionic basis introduced above enables constructing different types of low-dimensional hypercomplex
numbers. For example, one can introduce space-time complex numbers
Z,=17,+¢e.1,,
Z,=27,+€.7, (38)
Z,=17,+6,7,,
where z; and z, real numbers. These values are transformed under space and time conjugation and Lorentz

transformations. Moreover, we can consider the space-time quaternions, which differ in their properties with re-
spect to the operations of the spatial and time inversion and Lorentz transformations:

0 = 0oy +€, (0ya, +0,a, +0423) , (39)
G, = Gody +€, (0,3, + 9,3, + 0,35 ), (40)
A, = Qedy +€, (03, + 0,3, +053;) , (41)
Oy =GB + € (A + 03, + 033, ) - (42)

The absolute quaternion (39) is the sum of the absolute scalar and absolute vector. It remains constant under
the transformations of space and time inversion (27). Time quaternion @, space quaternion g, and space-time
quaternion @, are transformed under inversions in accordance with the commutation rules for the basis ele-
ments ey, ey, ey For example, performing the operation of time inversion (see (27)) with the quaternion @, we
obtain the conjugated quaternion

étqt =-e,08, =0y —€, (qlal +0,a, + qsas) . (43)

In addition, the sedenionic basis allows one to construct various types of space-time eight-component oc-
tonions:

Gt = GOO + GOlal + GOZaZ + G03a3 + etGlo + et (Gllal + GlZaZ + GlSaS) 1 (44)
ér = GOO + GOlal + GOZaZ + G03a3 + erGZO + er (GZJ.al + G22a2 + GZ3a3) ’ (45)
Gtr = GOO + GOlal + GOZaZ + G03a3 + etrGSO + etr (GSlal + G32a2 + GS3a3) ' (46)

6. Generalized Sedenionic Equations of Relativistic Quantum Mechanics

The wave function of free quantum particle should satisfy an equation, which is obtained from the Einstein rela-
tion for energy and momentum

E®—c’*p? =mjc’, (47)

O,
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by means of changing classical energy E and momentum p on corresponding quantum-mechanical operators:
- .. 0 T
=ih— and p=-inv. 48
p P (48)

Here c is the speed of light, m, is the particle rest mass, 7 is the Planck constant. In sedenion algebra the Ein-
stein relation (47) can be written as

(eE +e,cp+ie,myc’)(e.E +e,cp+ie,m,c’)=0. (49)

Let us consider the wave function in the form of space-time sedenion
W (t,F) =W, (t,F)+W (t,7). (50)
Then the generalized sedenionic wave equation for free particle can be written in the following symmetric form:
(et%% e, V+e, %)[e %% e V+e, %)V\"/ =0. (51)

Note that for electrically charged particle in an external electromagnetic field we have the following sedenionic
wave equation:

e1£+e E(p e V+e, —A+e M€ et£g+e Egp e, V+e, —A+e —°CV\7=0. (52)
‘cot 'he " he o c ot hc " he n

This equation describes the particles with spin 1/2 in an external electromagnetic field [18] [21].
There is a special class of particles described by the first-order wave equation [26]. For these particles the
sedenionic Dirac-like wave equation has the following form:

(etii—eﬁﬂatr %)W =0. (53)
cot h

In fact, this equation describes the special quantum field with zero field strengths [19]. Analogously the electri-
cally charged particle interacting with external electromagnetic field is described by the following sedenionic
first-order wave equation:

e, 19 ¢ E(o e V+e, eA+etr% W =0. (54)
‘cot  'he " he h

This equation also describes particles with spin 1/2 in an external electromagnetic field [19].

7. Generalized Sedenionic Equations for Massive Field

The generalized sedenionic wave equation
etig eV+e, € e lg—eﬁ+e"% W =0, (55)
cot h c ot h

enables another interpretation. It can be considered as the equation for the force massive field [27]. In this case
the parameter my is the mass of quantum of field and W is field potential. Considering the phenomenological

source of field J we can propose the following nonhomogeneous wave equation for the field potential:

(et lﬁ—eﬁ+etr %j[etlg—e V+e %jvv =J. (56)
cot /) 0 h

Seemingly this equation describes the baryon (strong) field [23] [24] and J is baryon current. On the other
hand, corresponding nonhomogeneous first-order equation

(e 16 . V+e, mOCjW:f, (57)
cot h

describes the lepton (weak) field, where T is a lepton current [23] [24].

®
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8. Generalized Sedenionic Equations for Massless Field

In the special case, when the mass of quantum mq is equal to zero, the Equation (56) coincides with the equation
for electromagnetic field. Indeed, choosing the potential as

W=egp+eA, (58)
and the source of field as
J-—ednp—e, 47, , (59)
we obtain the following wave equation:
10 = 10 - - 47 -
(elza—ervj(et Ea—ervj(etqwerA) =—ednp-e,~—]. (60)
After the action of the first operator in the left-hand side of Equation (60) we obtain
10 - o lop 1A o o o re .z
(etga—ervj(etgzwerA) == e EE+etrV¢)+(V-A)+|:VX Al. (61)
In sedenionic algebra the electric and magnetic fields are defined as
E-_1A_g,
c ot (62)
A =[VxA].
Besides we can define the scalar field
1op (= =
f=—Z"Z+(V-A). 63
— (VA (63)

Assuming electric charge conservation the scalar field f can be chosen equal to zero, that coincides with Lorentz
gauge condition [22]. In Lorentz gauge we can rewrite the expression (61) as

10 = - = -
(et Ea—ervj (et¢)+erA) =—e,E+H. (64)
Then the wave Equation (60) can be represented in the following form:
1 a — —4 =3 47[ -
(etza—ervj(—etrEJrH)z—et4np—erTJ . (65)
Performing sedenionic multiplication in the left-hand side of Equation (65) we get
10E - = - = 10H . I 4 -
GFEE+GI(V~E)+et [VXEJ-FetEE—er (V H)—er [VX H]:—et4np—erTj . (66)
Separating space-time values we obtain the system of equations in the following form:
e (V-E)=—emp, (time scalar part)
e, [? x E] —e, 1%, e, n J, (space vector part)
c ot c (67)
e[ VxE|=—¢, Eﬁ (time vector part)
c ot
e, (VH ) =0. (space scalar part)

The system (67) coincides with the Maxwell equations.
Among the solutions of the homogeneous sedeonic wave equation of electromagnetic field (60) there is a spe-
cial class that satisfies the sedeonic first-order equation of the following form [22]:

10 =\~
e,——-eVIW =0. 68
(tcat rjv ( )

O,
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This equation describes the free neutrino field. On the other hand, let us consider the nonhomogeneous equation
of neutrino field

[et%%—eﬁjwv =1, (69)
where 1, is phenomenological source. We choose the scalar source in the form
I, =4no,, (70)
where o, is the density of neutrino charge. Choosing the potential W, in the form (58):
W, =ie,p, +e, A, (71)
we obtain following nonhomogeneous equation for the neutrino field:
(et %%—eﬁj (et¢v +e,R) =4no, . (72)
It follows that in this case only scalar field strength f, (see (63)) is nonzero:
f, =4no,. (73)

The density of neutrino charge for point source is equal

o,=0,6(r), (74)
where @, is point neutrino charge. Then the interaction energy of two point neutrino charges can be represented
as follows:

1
Wvle = g_[ fv1 fv2dV . (75)
Substituting (73) and (74), we obtain
Wvlv2 = 2‘n:qvlqv25(|fé) ’ (76)

where R is the vector of distance between first and second charges.

9. Discussion

The algebra of sedenions proposed in this article is the anticommutative associative space-time Clifford algebra.
The sedenionic basis elements a,, are responsible for the spatial rotation, while the elements e, are responsible
for the space-time inversions. Mathematically, these two bases are equivalent, and the different physical proper-
ties attributed to them are an important physical essence of our sedenionic hypothesis.

In contrast to the previously discussed sedeonic algebra [20]-[23], which uses the multiplication rules of basic
elements a’ and e, proposed by A. Macfarlane [28], the multiplication rules for sedenionic basis elements a,
and e, coincide with the rules for quaternion units introduced by W. R. Hamilton [29]. There is a close connec-
tion between these two basses. The transition from the sedeonic basis to sedenionic basis is performed by fol-
lowing replacement:

There is one disadvantage of sedenions connected with the fact that the square of the vector is a negative value.
However, on the other side the sedenionic rules of cross-multiplying do not contain the imaginary unit and this
leads to the some simplifications in the calculations. But of course, the physical results do not depend on the
choice of algebra, so these two algebras are equivalent.

10. Conclusion

Thus, in this paper we presented the sixteen-component hypercomplex values sedenions, generating associative
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noncommutative space-time algebra. We considered the generalization of the relativistic quantum mechanics
and theory of massive and massless fields based on hypercomplex scalar-vector wave functions and sedenionic
space-time operators.
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