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Abstract

In this paper, the entanglement between two atoms and squeezed field via four photon process is
investigated. The dynamical behavior of the entanglement between two atoms and a squeezed
field is analyzed. In particular, the effects of the atomic motion, the initial atomic state and the
field squeezing are examined. A high amount of entanglement is generated by increasing the field
squeezing. Furthermore, we show that a sudden death and sudden birth emerge when the moving
atoms are initially prepared in the excited state.
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1. Introduction

In recent years, the studies focus on the quantum entanglement concept or so called non-local correlation
[1]-[14], which play an important role in quantum information theory, quantum computation and communication
[15] [16], quantum cryptography [17]-[19], quantum teleportation [20], and dense coding [21] [22]. Also, there
is a lot of attention has been focused on information entropies as a measure of entanglement in quantum infor-
mation such as von Neumann entropy (NE) [12], Linear entropy (LE), Shannon information entropy (SE) [23]
and atomic Wehrl entropy (AWE) [4] [24]. The atomic Wehrl entropy had been introduced and applied to the
Jaynes-Cummings model and its relation to the von Neumann entropy had been obtained in [5], all these meas-
ures to test whether a given quantum state is separable or entangled. Some physical phenomenons are observed
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as a result of entanglement measure such as “entanglement sudden death” (ESD) and “entanglement sudden
birth” (ESB) [6] [25] is the creation of entanglement where the initial unentangled qubits can be entangled after
a finite evolution time. The coherent field is a kind of the electromagnetic field which have a minimum-uncertainty
and it’s more classical field than it’s quantum field [7]. Other states of the electromagnetic field, such as
squeezed states, even and odd coherent states and so on, don’t have minimum-uncertainty and they are non-
classical states, and have mare applications for quantum communications and weak signal detection [8].

Quantum and classical correlations are at the heart of quantum information theory. It is seen a great deal of
attention pointed to a subtler but more general kind of quantum correlations. In this regard, there are different
entanglement measures and quantifiers have been used for the pure and mixed states such as concurrence [26]
[27], quantum discord [28] and Fisher information [29]-[31]

Recently, much attention has been focused on the properties of the Tavis-Cummings model (TCM) when the
time dependent coupling with field is considered. The entanglement between two atoms (qubits) is discussed in
the case of open and closed quantum system [32] [33]. Also, the entanglement of two moving atoms interacting
with a single-mode field via a three-photon process is investigated [9]. In [3], the authors studied the atomic
Wehrl entropy of a V-type three-level atom interacting with two-mode squeezed vacuum state and the results
show that the atomic motion and the mode structure play important roles in the evolution of the atomic Wehrl
entropy. In our investigation, we focus the study of the entanglement between moving and non moving two
two-level identical atoms interacting with a strong squeezed field via four-photon process in a closed system and
our main aim is looking for some important phenomenons that accessiable appearance in the interaction such as
entanglement sudden death (ESD) and entanglement sudden birth (ESB) for the system under consideration, and
examine the effects of the atomic motion parameters p; and p,, the atomic position 8 and squeeze parameter r on
the interaction system and we want to be convinced that “Are these parameters have a real effect on the interac-
tion system?”

The paper is prepared in the following order: In Section 2, the Hamiltonian system and the solution for the
system under consideration will be given. In Section 3, we introduce the von Neumann entropy measure and
discussed the results. The main conclusion is summarized in Section 4.

2. The Model

We consider two identical atoms moving in a cavity of length L, and they have the same velocity i.e.
v, =v, =v, and interacting with a strong squeezed field via four-photon process. The shape function
f (zj )(J =AB atoms), which describe the atomic motion for these atoms in the z-axis direction, and take the
form [10].

f(z;)—> f(vt)=p,+sin(pyat/L), (1)

where p; and p, are the atomic motion parameters, well, if we put p; = 1 and p, = 0, then the shape function
takes the form

y(t)=] (vt')dt =t, (2)

which means, there is no atomic motion inside the cavity, but if p; = 0 and p, = 1, the shape function will be

t L vat
t)=| f(v;t')dt'=—|1-cos| — ||, 3
-t o) o
hence, the atomic motion exists inside the cavity. The interaction Hamiltonian of moving two atoms interacting
with a strong squeezed field via four-photon process with a closed system (In other words, there’s not any ex-
ternal fields or external effects can act on the system) in the rotating wave approximation RWA can be written
as [9] (seth =1)
R 2 . .

Hy =43 f(vt)(8'6) +a"6!), (4)

i1

where &' (é) is the creation (annihilation) Boson’s operator, U are the Pauli spin operators for j™ atom,

+
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A; is the atom-field coupling constant of the j™ atom. We suppose that A, B and F denote the first atom,
second atom and radiation field, respectively. We assume that the two atoms are initially in Bell state and the
field in squeezed coherent state as follows

|1//ABf (0)> =3, [cosdle,e,,n)+sind|g,, g,.n)], (5)
n=0

where

(1tanh(r))2 o2
Z—e(tanh(r)—l)TH a
nicosh(r) " ,/sinh(Zr) 7

where r is the squeeze parameter. Using the above initial conditions, the wave function of the whole system
|y/ (t)> att>0, can be easily evaluated as

|z//(t)>:g[xl(n,t)|e1,e2,n>+ X, (n,t)|e, g;,n+4) ©

+X5(nt)]9;.8,,n+4)+ X, (nt)[g,, 9,,n+8)].

where
X, (n,t)= b/”))’l’ [cose{n!(n +8)!+[(n+4)!}2 cos(té, )} +f3,sin 9{cos(t§n)—l}:|, )
X, (n,t)=X;(nt)=—ib, 7 (t)&™ sin(tfn)[cose\/(n:!4)! +sin 6\/2212:} (8)
X, (nt)= b;lr [ﬂz cos 6 {cos(t&, ) -1} +sin H{n!(n+8)!cos(t§n)+[(n+4)!]2}}, 9)
£ = r(t)J2B,/n(n+4), (10)
B, =ni(n+8)1+[(n+4)], (11)
and

B, =(n+4)L/n!(n+8)!. (12)

Thus, one can obtain the atomic density matrix 0,5 (t) by tracing over the field, hence

Pu P P Pu
e (t)z Pan Pn Px Pu , (13)
P Pz P P

Pau Pa Paz P

where

=YX (f L 1=12.3,4, (14)

n=0

are an atomic occupation probabilities of levels |e;,e,),|e;,9,),|g;.€,) and |g;,g,), respectively, and
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P = 3%, (N 1) X5 (n,1),

n=0

Lo =2 X, (N+4,1) X, (n,t),

n=0
Pu = X3 (n+4,1) X, (n,t),
n=0

Pi = P (15)

In the following section, we use the relations obtained above to investigate the atoms-field entanglement
through a statistical aspect, such as von Neumann entropy measurement for the system under consideration.

3. Von Neumann Entropy and Discussion

Due to the crucial role of entanglement in quantum information processes, the study of entanglement has at-
tracted a lot of interest in recent years. Among the various studies on entanglement, the first question which may
be asked is how to know that a quantum state is entangled. For a pure bipartite state, the Schmidt decomposition
[11] can be used to judge whether the state is entangled and the degree of entanglement can be quantified by
partial von Neumann entropy. We use the von Neumann entropy to measure the entanglement between two
two-level atom and nonlinear optical field. The expression of the von Neumann entropy takes the form [12]
[13]

S=-Tr(pInp).

This is zero for all pure states, i.e., for states that satisfy the condition 5* = 5, where 5 is the density op-
erator describing a given quantum state. For this reason, this entropy cannot distinguish between various pure
states, and it is rather a measure of the purity of quantum states. For the system under consideration, i.e.
P = pPag, and the von Neumann entropy can be written as

4

S (t)==21; () In7; (1), (17)

j=1

where 7, (t) are the eigenvalues of p,q (t). The results of moving and non-moving two two-level identical
atoms interacting with a strong squeezed field i.e. o = 5, via a four-photon process are introduced in Figure 1
and Figure 2 with different values of squeeze parameter r and two initial atomic states setting 6 = 0, n/4 for ex-
cited and entangled atoms (Bell state), respectively.

Since the excited identical atoms interacting with a squeezed field in the absence of atomic center-of-mass
motion i.e. ;/(t) =t Figure 1(b), Figure 1(c) show that the interaction takes irregular and unperiodic behavior
with the time evolution Az, which called “a chaotic behavior”. This chaotic behavior appearance also if we put the
squeeze parameter r = 0 and get a coherent field interacting with excited atoms as a special case in Figure 1(a).
However, if the atoms initially prepared in Bell state by setting & ==/4 and interacting with a quantized field,

we get also chaotic behavior in the presence or absence of squeezing in Figures 1(d)-1(f). Moreover, the inte-
raction starting from zero and takes the maximum values of von Neumann entropy S,; (t) approximately 0.9
in Figure 1(a) and 0.7 in Figure 1(b), Figure 1(c), while the interaction starting from 0.5 in Figures 1(d)-1(f), the
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2 4 8 10

Figure 1. The von Neumann entropy S,; (t) for the atoms-field entanglement and « = 5, since the atoms initially prepared

in excited state & = 0 with different values of squeezing parameter r where: Figure 1(a) r = 0, Figure 1(b) r = 1 and Figure
1(c) r = 2. Figures 1(d)-1(f) the same as Figures 1(a)-1(c) but the atoms in Bell state i.e. & = n/4. The atomic motion para-

metersp; =1andp, =0, i.e. y(t)=t.

Saa(t) @ B Sae(t) (d) r=o

. . a 0 . . . , A
3.14 6.28 9.42 12.56 3.14 6.28 9.42 12.56
Sas(t) (b)
L 0 L | L , At
3.14 6.28 9.42 12.56 3.14 6.28 9.42 12.56
Sas(t) ® r=2
1memwmw‘l
0.5}
0 . . t 0 . . . , A
3.14 6.28 9.42 12.56 3.14 6.28 9.42 12.56

Figure 2. The von Neumann entropy S, (t) for the atoms-field entanglement and o = 5, since the atoms initially prepared
in excited state & = 0 with different values of squeezing parameter r where: Figure 1(a) r = 0, Figure 1(b) r = 1 and Figure
1(c) r = 2. Figures 1(d)-1(f) the same as Figures 1(a)-1(c) but the atoms in Bell state, i.e. & = n/4. The atomic motion para-

vt

meters p; =1 and p, =0i.e. »(t) :L[l—cos(TD.
VT

maximum values for von Neumann entropy equal one, i.e. maX(SAB (t)) =1, which the atomic initial state set-
ting is very important to quantify the maximum degree of entanglement between atoms and field, so, the initial
preparations for atoms in the Bell state is much better than the excited state for strongest entanglement through
four-photon process, and the oscillation amplitudes can be weakened by more squeezing to coherent field and
this is the useful thing about the squeeze parameter effects.
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N . N . L t
By considering the atomic center-of-mass motion in Figure 2, i.e. y(t) :—(1—005 (V%D the results are
VT

reported us through von Neumann entropy measurement that the atoms-field entanglement takes a chaotic beha-
vior, appearance for every periodic interval t=2mn (m =1, 2) since the atoms in excited state as in Figures
2(a)-2(c), or in Bell state as in Figures 2(d)-2(f), with different values of squeeze parameter r. Also, we get a
separable state, i.e. S,;(t)=0 for every periodic interval t=2mn(m=12,--), and entanglement sudden
death (ESD) and birth (ESB) phenomenon appearance for periodic interval 2mrn—¢ <t<2mmn+¢&, where
e <1 all that happened in Figures 2(a)-2(c) since the excited atoms interacting with a coherent field i.e. r =0
shown in Figure 2(a), or interacting with a squeezed field in Figure 2(b), Figure 2(c), but since the atoms in-
itially prepared in Bell state, the separable state, ESD and ESB are not existing in Figures 2(d)-2(f). Moreover,
the interaction in Figures 2(a)-2(c) starting from zero and take the maximum values of S,; (t) in Figure 2(a)
approximately 0.9 and 0.7 in Figure 2(b), Figure 2(c), but in Figures 2(d)-2(f) the interaction starting from 0.5
in Figure 2(d) and from 0.7 in Figure 2(e), Figure 2(f), also, the maximum values of von Neumann S,; (t) =1.
On the other hand, the oscillations which appearance in von Neumann entropy in Figures 2(a)-2(c) can be wea-
kened by more squeezing in coherent field, so, in Figure 2(b) the oscillation amplitude occur until 0.2 and 0.7,
and by more squeezing in squeezed field, the oscillations getting weakened and occur in 0.5 and 0.7 in Figure
2(c), but in Figure 2(e), Figure 2(f) the oscillations occur in 0.7 and 1 for entangled atoms. It is clear that the
sudden vanishing of entanglement at t =2n is due to its flow from one subspace to other ones. This phenome-
non of the flow between various spaces were discussed in [34] in the absence of dissipation.

4. Conclusion

In summary, we have investigated the moving and non-moving two two-level identical atoms interacting with a
squeezed coherent field via four-photon process in a closed system. The von Neumann entropy is used as a
measure of the two atoms-field entanglement. The results show that some new important and interesting features
of entanglement such as entanglement sudden birth and sudden death which can be obtained when the moving
two atoms are initially in the excited state. Also, the entropy has a chaotic behavior in the presence or absence
squeezing and atomic motion parameters. On the other hand, the initial state setting for the atomic position 8 and
squeeze parameter r playing an important role to get a high amount of entanglement since the atoms initially in
Bell’s state. Our recommendation as an important future investigation will be the study of two atoms interacting
with a squeezed field in the presence of the decoherence and the dipole-dipole interaction effects.
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