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Abstract

A function f(z) defined on the unit disc U is said to be logharmonic if it is the solution of the

f f
nonlinear elliptic partial differential equation ?Z = aTZ, where aeH(U) such that a(U)cU.

These mappings admit a global representation of the form f(z)=z|z|2ﬂh(z)g(z), where

R(p)>—1/2. In this paper,we shall consider the logharmonic mappings f(z)=1zh(z)g(z), where
o= zh(z) is starlike. Distortion theorem and radius of starlikess are obtained. Moreover, we use

star functions to determine the integral means for these mappings. An upper bound for the
arclength is included.
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1. Introduction

Let B denote the set of all analytic functions a defined on the unit disk U ={z :|z|<1} having the property
that |a(z) <1 for all zeU. A logharmonic mapping defined on the unit disk U is a solution of the
nonlinear elliptic partial differential equation

%:a—a (1.1)

where the second dilatation function a< B . Because aeB, the Jacobian
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2
7| (-1af)
f
is positive and hence, non-constant logharmonic mappings are sense-preserving and open on U. If f is a non-
constant logharmonic mapping of U and vanishes at z=0 but has no other zeros in U, then f admits the

following representation

Ji =

f(2)=2"]2f""h(2)g(2) (L2)

where m is a nonnegative integer, ®(f)>-1/2 and, h and g are analytic functionsin U with g(0)=1
and h(0)=0 ([1]). The exponent /3 in (1.2) dependsonlyon a(0) and can be expressed by

_370) 1+a(0)
- (0)1_|a(o)|2'

Note that f(0)¢0 if and only if m=0 and that a univalent logharmonic mapping on U vanish at the
origin if and only if m=1. Thus, a univalent logharmonic mappings on U which vanishes at the origin will be
of the form

f(2)=22" h(z)g(z)
where R(S)>-1/2 and 0¢(hg)(U), and have been studied extensively in the recent years, see [1]-[7]. In
this case, it follows that F (g”) =log f eg) are univalent harmonic mappings of the half-plane
{g“'R(g“) 0} a detail study of univalent harmonic mappings to be found in [8]-[14]. Such mappings are
closely related to the theory of minimal surfaces, see [15] [16].
Let f = z| | hg be a univalent logharmonic mapping. We say that f is starlike logharmonic mapping if

oarg f (re ) a0 #f, — 7,
060 f

forall z<uU . Denote by ST} the set of all starlike logharmonic mappings, and by S* the set of all starlike
analytic mappings. It was shown in [4] that
f(z)= z|z|2ﬂ h(z g( )e ST, ifandonlyif y(z)=2h(z)/g(z)

It is rather a natural question to ask whether there exists a Imkage between the starlikeness of
f(z)=zh(z)g(z) and ¢(z)=zh(z).

In Section 2, we determine the radius of starlikeness for the logharmonic mapping f (z) =zhg where
@ =zheS". Adistortion theorem and an upper bound for the arclength of these mappings will be included.

In Section 3, we discuss the integral means for logharmonic mappings associated to starlike analytic
mappings.

>0

2. Basic Properties of Mappings from S/, .

We start this section by establishing a linkage between the starlikeness of f (z)=zhg and ¢(z2)=1h(z).

Theorem 1 a) Let f(z)=zhg be a logharmonic mapping where ¢(z)=zh(z)eS". Then f maps the disk
{z:|z] <Ry} where R,=0.2956 onto a starlike domain.

b) If (z)=zhgeST}. Then ¢(z)=zh(z) maps the disk {z:|7|<R,}, where R,=0.2956 onto a
starlike domain.

Proof. a) Let f(z)=zhg be a logharmonic mapping with respect to acB and a(0)=0. Suppose that
p(z)=12h(z)eS". Then f(z) can be written in the form

f(z):qy(z)expj:a(s)(o’(s)ds. (2.1)

A simple calculations leads to

darg f (z) _g 27 _n(1-a(2)) 29/ (2) % Z(p’(zz) —*R[a(z) z:;)’(z)}

00 f
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where z=re". Since *J?{Z(p(z) 177 and 9&‘[ (z )Z¢(Z)j<r(l+r)

p(z) 1+ p(z) )” (1-1)’
we obtain
g 2 =7 21—r_r(1+ r)_
f 1+r (1-r)
This gives
2 3
ERzf1—7f721—3r—r -r
o)
zf, - If,

Thus 9’1’% >0 if 1-3r—r>-r®>0. Therefore, the radius of starlikeness , is the smallest positive

root (less than 1) of 1-3r—r>—r®=0 whichis R,=0.2956. We conclude that f is univalent in {z :|z| < RO}
and maps the disk {Z: Z|<R,; onto a starlike domain.

b) Let f(z)=zhg be a starlike logharmonic mapping defined on the unit disk U with respectto acB
h
with a(0)=0. Then by [4] V,(Z):Z (Z)eS*

9(2)

and also,
g(z):expj;%%ds

o(2)=2n(z)=y(2)9(2),

Hence,

and then simple calculations give that

aargfﬂ(Z):me’(Z):m[ 1 ZV/’(Z)J:|1 1 |25R((1_@)2W'(2)J

00 »(2) 1-a(z) w(z) ~a(2)

_ 1 Z(p’(Z) ( 8 ¢'(z)] S 1 {1—r_r(1+r):|
L-a(z) (ﬂ(Z) o(z) )] (1+r)"[1+r (1-1)
1 1-3r-r’-r®
(1+r)”  (1-1?)
Thus ERM(—(Z))>O if 1-3r—r®—r®>0. Therefore, the radius of starlikeness , is the smallest positive
o(z
root (less than 1) of 1-3r—r’—r®>=0 which is R,=0.2956. We conclude that ¢ is univalent in

{z:|z]<R,} and mapsthedisk {z:|z]<R,} ontoa starlike domain. O
Our next result is a distortion theorem for the set of all logharmonic mappings f(z)=zhg where
p(z)=1h(z)eS
Theorem 2 Let f (z) =zhg be a logharmonic mapping defined on the unit disk U where
9(z)=1h(z)eS", thenfor zeU,

CEOR)
T e
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1
ii) ff(z)|s|z|( +|Z!)e*‘2‘
1-[2])
Equality holds for the right hand side if and only if a(z)=7z and go(z)z(;)z which leads to
1-z
f(z)=nf,(nz), where
7 _
f(2)=——e.
0( ) |1_Z|4

Proof. i) Let f(z)=zhg be a logharmonic mapping with respect to a< B with a(0)=0. Suppose that

¢(z)=12h(z)eS". Then f(z) can be written in the form

f(z)= ¢J(z)expjoza(s)¢,(s)ds.

o(s)

For |z|: r, we have

and

?'(2)
(2)

1+r
<

1-r

a(z)
Combining (2.2), (2.3) and (2.4), we get
rl+t r o

|f (Z)| < (1_rr)2 expSR.[OEdt = (1—r)4 e,

Equality holds for the right hand side if and only if a(z)=7z and ¢(z) -2 _ \hichleadsto

(1-2y

f(z)=7f,(n2).
For the left hand side inequality, we have

r

e.

_ i@ T ples  r(-r)
| (2) =|e(2)|expR][ a(s) o0 dsz(1+r)2 ex -[Ol—sds_ T
ii) and iii) Differentiation f(z) in (2.2) with respectto z and Z respectively leads to
¢'(2)
f =f
(D)= 1)
and
a(z)¢'(2)
f,(z)=f(z)———=.
(D=1@=

The result follows from substituting from Theorem 2(i), (2.3) and (2.4) into (2.5) and (2.6).

2.2)

2.3)

(2.4)

(2.5)

(2.6)

O

In the next theorem we establish an upper bound for the arclength of the set of all logharmonic mappings

f(z)=zhg where ¢(z)=zh(z)eS"
Theorem 3 Let f (z) =zhg be a logharmonic mapping defined on the unit disk U where
¢(z)=1h(z)eS". Supposethatfor r, O<r<1, ‘f (re“’)‘ <M (r) then



Z. Abdulhadi

1+r
1-r

Proof. Let C, denote the closed curve which is the image of the circle |z|=r<1 under the mapping
w=f(z). Then

2n
L(r):jcr df = [
Now using (2.5) and (2.6) we have

Aol a2 s a2 5|

L(r)<4aM (r)

2n

of, -7,
f

of, ~7f,[do = [

f| dé.

zf, —7f,
z Ldo<M
a0 <m(n)]

0

Therefore,

L(r)<M (r)jj“m[(l_a(z)) Z‘”'(Z)Jdm M (r) [ S|:(1+a(z)) ZZ)’&(ZZ))} do 27)

=M (r)-1,+M(r)l,. (2.8)

Since m[(l—a(z))w(—(z))J is harmonic, and by the mean value theorem for harmonic functions, |, =2x.
o(z

29'(2) (1+z)2
Also, (1+a(z))¢— is subordinate to ~——~,

o(2) (1-2)
therefore, we have

2 2
do<[” L+ 2) 49 < o (1+]2) .

=[] a2 )

Substituting the bounds for I, and I, in(2.8), we get

1+ r)2

—~

L(r)<2aM (r)+2aM (r)

3. Integral Means

Theorem 4 of this section is an applications of the Baerstein star functions to the class of logharmonic mappings
f(z)=zhg defined on the unit disk U where (p(z)=zh(z)eS*. Star function was first introduced and
properties were derived by Baerstein [17] [18], [Chapter 7]. The first application was the remarkable result, if

f €S then
J‘fn‘f (re“ )‘p dt < fl‘k(re")

O<r<1 and p>0.

" dt, (3.1)

where k(z):(l_z)

If u(z) isareal L' function in an annulus 0<R, < |z| <R, then the definition of the star function of u,
u is

2

u*(re”) = sup [u(re")dt, for R, <r <R,.

[E]=20 &

One important property is that when u is symmetric (even) re-arrangement then
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9
u”(re) = [u(re")dt. (3.2)
-0
Other properties [18], [Chapter 7] are that the star-function is sub-additive and star respects subordination.
Respect means that the star of the subordinate function is less than or equal to the star of the function. In addi-
tion, it was also shown that star-function is additive when functions are symmetric re-arrangements. Here is a
lemma, quoted in [18], [Chapter 7] which we will use later.
Lemma1For g,h realand L' on [—a, a], the following are equivalent
a) For every convex non-decreasing function ®:R - R

zq)(g(x))dXﬁZ@(h(x))dx

b) For every teR,

c) Forevery xe[0,a],
9" (x)<h"(x).

Our main result of this section is the following theorem.
Theorem 4 If f(z)=zhg be a logharmonic mapping defined on the unit disk U where (p(z) = zh(z) e§”

then for each fixed r, 0<r <1 and asa function of @

1 l+preit *
log|f (z) lo ex —d .
(gl (2)) [ g[( "oy pu 1 pre" ”J”
Equality occurs if and only if f, (z)=zh,(z)g,(z) is one of the functions of the form 7 f, (nz), |7|=1
where

H)=g ZZ| exp(3(~2))

Proof. Let f(z)=1zh(z)g(z)=¢(2)g(z)eS;,. then by (2.2), we have

f(z):¢(z)exp(.:[a(pz)Z;;Efzz))dp}

where ¢(z)=S" and aeB.
Then

log|f (2)| = Iog|¢(z)|+ReUa pz) ) pJ, where z = re'. (3.3)

p)

. 2¢'(pz) 1+ o(pz) . . ~
Write a(pz) 5007) =a( Z)—p(l—a)(pz))' where o isanalytic, |w|<1 and ®(0)=0, (see [9]).

As the star-function is sub-additive,
(Iog|f (z)|) s(log|¢(z |) +_:[[Re[a p) %D dp

<(log|¢(z) |) +I[ J dp.

(3.4)
1+ w(pz)

o a(p))

But since
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1+w(pz)| 1+w(pz)
loga(pz) Tw(on) log|a(pz)|+log (o))
each is subharmonic. Iog|a(pz)| is subordinate to log|pz| and log 1+ngzg
-w(pz
Iog‘“—pz. Hence
1-pz
log|a(pz)| <log|pr| =log|pr|,
and
1+ w(pz)| _ |1+pre [
|1—w(pz | |1 pret |’
Then,
1+w(pz) ’ . 1+w(pz)
[Iog|a(pz)| 1—W(pZ)J <logla(pz)| +log w(p2)
<Iog|pr|+log1 pen =(|ng
re
Thus,
1+ z ' 1+w(pz
[exp[log|a Pz |T§ZZ;D Sexp[log|a(pz)|mgﬁ)

It follows that

[|a(pz

)

1+w(pz)
1-w(pz)

4

1+ pre
1- pre

is subordinate to

]* ( 1+ pre" J*
<exp| log pr |——— | .
Z) 1-pr

. *
it
it '

(3.5)

Consequently, by combining (3.4), (3.5) and using the fact that star-functions respect subordination, it follows

that

(Iog|f(z)|)* s[log

(1

=

2

A

0

1+ pre"
pr

1—

eit

Hence, as star-functions are additive when functions are symmetric re-arrangements,

(Iog|f (z)|) <

Now by using Theorem 4 we have

log

St

1-—

1+ pre'
pre

it

7 1
exp| [r
z)2 ‘([

,[ |1+ pre |

1+ pre'
1- pre'

g

]d

o]

(3.6)

(3.7) o
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Corollary 1 If f(z)=2zhg be a logharmonic mapping defined on the unit disk U where ¢(z)=zh(z)e S’

then

and

z=re"

1+ pre"
1- pre"

I,

P
f(z)|pd9s£; : exp(.l[r dpj do, p>0
0

(12

f(2))do <" tog’|—2|ao+ jm(]riﬂ

(1—2) 0

re"

I (10"

dp]d@ﬁ C <o,

the later impliesthat f e N*, hence f has radial limits.
Proof. Let cD(x) =exp(px), this is non-decreasing convex function .The first integral mean can be obtained
using part (a) of Lemma 1 and Theorem 4. Moreover, the choice CD(x) = Iog*(x) yields the second integral

mean. ]
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