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ABSTRACT
Let a,n>2 be two natural numbers. C. K. Chui and X. L. Shi proved that for any affine frame
{y/b:j‘k(x):aj/zyx(ajx—kb),j,keZ} of L’(R), and the family {n’”zy/jyk/n,j,kez} is also a frame with the

same bounds if n is relatively prime to a. In this paper we prove that n is relatively prime to a which is
also necessary.
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1. Introduction

Let I =L° (R) denote, as usual, the space of all complex-valued square integrable functions on the real line

with inner product (,) andnorm | |. Forany y eL®=L*(R), we will use the notation
Wik (X) =2y (a'x—kb), j.k e Z, @)
where a>1 and b>0.A function y e L? issaid to generate an affine frame
{‘/’b;j,k :j,keZ} )

of L*, with frame bounds A and B,where 0<A<B <o, if it satisfies
A"f”ZS Z ‘<f,V/b;j,k>‘2£B||f||2,Vf ELZ. (3)
jkez

The frame (2) of L? is called a tight frame, if (3) holds with A =B, see [1] and [2]. In 1993, C. K.Chui and
X. L. Shi [3] proved the following oversampling theorem:

Theorem A. Let a>2 be any positive integer and b>0. Also, let yel® generate a frame
{Wyjx 1.k €Z} with frame bounds A and B as given by (3). Then for any positive integer n which is
relatively prime to a, the family

{n‘]/zx//b/n;j'k ke Z} (4)

remains a frame of L2 with the same bounds. If (n,a) =1, this result does not hold. But they only gave a
countexample for the case where a=2,b=1,n=2 as in [4]. For other positive integer n and a which
satisfy (n,a)=1, they did not prove. The aim of this paper is to establish the inverse proposition of Theorem A,
and then we following:
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Theorem 1.1. Let a>2 be any positive integer and b>0. Also, let |y, j,k e Z; be any affine frame
of L2 with frame bounds A and B. The family (4) remains a frame of L? Wlth the same bounds: that is,

DAL < 3 [(Fpyn )| <mBJFF, T < L2, 5)
j.keZ
ifandonly if n and a are relatively prime.

2. Proofs

The sufficiency has been included in the theorem 4 of [3]. In the following we will prove the necessary part of
the theorem.

Suppose for any affine frame (2) of L* with frame bounds A and B, the family (4) is also a frame of L*
with the same bounds. Then when (1) forms an orthonormal basis, the family (4) forms a tight frame with frame
bound 1. So we just need to prove that there exists a function y such that the family (1) forms the ortho-
normal basis, but for any two positive integers n and a which satisfy (n,a)> 2, there exist two functions

f, and f, such that

Z ‘ l’l//b/njk

j.kez

Doesn’t equal

Z‘ 2 Wik ‘ .

j.kezZ

Let w(x)=yw, (x):;([ovl)(x)sgn(%—xj, then {'//,k i keZ} forms an orthonormal basis, which is
called Haar basis. Set
1
L00=w (x43 | and 10214240 (0
We prove that if (n,a)=m=>2,me N, then
S(f,)-S(f,)=0. (6)

z ‘ 1ll//H Jk/n

j.kez

w2l (3K 1}2 W“(Bk 5)2 o (3 k)z
= =—— —+=| + —+—=| + —+—
Zg( j k= ZLn:/zJ(“ 2 k;n n 2 k:—%:n/ZJ 2.n
= j=0 j=0

LS (A [“’z””JJ o[l ) (2 (L

k:Lajn—nJJrl a'n a’ 2 k=l aln/2-n/2 |1 2 aln k=—{ /2] 'n k=—n+1 a’ a'n
i1 i1 = =
,[ain/ZJ—l j K 1 2 7[ain/2+n/2J—1 j K 1 1 2 Lajn/ZJ ]- 1 K 2
+ Z a T"'— + Z a T+—+—j + Z a PR
k:—Lajn/ZJrn/ZJ aln 2 k:—Lajn/ZJrnJ aln 2 a .kiol 2 an
i>1 i>1 1=
1 _ 2 —Ln/Z—ajn/ZJ 2 o _ 2
+ > a’(1+4j + (l—%—&j + a‘(1+ij+%j
k:—tajn/z 2 aln k:j;L”{ZJ a a'n k:—[n+ajn/2J 2 a an
j-1 o =1

J . J
an k=-|n/2+aln/2|-1 a an
je-1

—Ln—ajn/zj—l ) 2 -[n/2]1 ) 2
+ Y a‘(l—i—Lj + > a‘(1+i.+ﬁj,

2 a’ ] | !
and
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2 2 kY &1 kY
S(f,)= 2. Kfz:l//H;j,k/n> = ;)[E_HJ +k2_n(5+;j

j.kez
j=0

a1 (3 k) Lajn/Z—n/zJ " 1 1V
+ Y (—+—j + a‘[m+;—5)

4 2 i
k= ,ng/zj n k:LaJrjiZl—nJﬂ
Lajn/zJ j 1 K 2 {ain/zj—l j K 1 2
+ Z a PR + z a T"'—
k:[a’n/Z—n/Z}l 2 an k:—[ajn/2+n/2} aln 2
j21 j>1
—Lajn/2+n/2J—l _ 2 Lajn/ZJ ) 2 1 ) 2
+ Y a‘(L+l+ij + a‘(l—ij + a’(l—Lj
| an/2n] aln 2 a = 2 a'n | atn/2] 2 a'n
j21 . j-1
—Lajn/zj—l _ —Ln/Z—ajn/ZJ—l N 2k 2 ~[n/2)1 1 2k 2
+ Z al+ Z aj(—Jﬂ'#j + Z a’(—j—ij
k:—tn/Z—ajn/ZJ k=—[n/2] a an k:—tajn/2+n/2J a amn
j<-1 j=t j<-1
—Ln/2+ajn/2J—l ‘ —Ln—ajn/ZJ—l ‘ 2 Cnet - 2
+ oy al+ a'[£+ij+4j + a’(1+ij+#j .
k:—Ln—ajn/ZJ k;:g 2 a an k:—Ln+ajn/2J 2 a an
j==t j<-1

Denote A=S(f)-S(f,). We have
A=A+A+A+A+A+A,

where
< (3 1) 3k 5y (1 kY o2k w1 kY
= —+=| + —+—=| - —+—1, = all— | + 4a’l| —+— |,
knz(n Zj kzn( 2) kzn(z nj & k:gz (ajnj k:—zml (8.] a'n)
T2 = = To/2) ;
j=0 j=0 j=0 i>1 j=1
a1 . 2 1 ‘ 2
A=Y aj[h#)— ) a‘G—#)’
k:—LaJn/ZJ 2 a'n k:—[ajn/ZJ 2 a'n
j<-1 =1
—[n/Z—ajn/ZJ—l _ 1 ok 2 -{n/2}-1 . 1 2k 2
A4 = Z a.J (1——J—TJ + Z a] [1+—]+Tj
k:j_<LE§_2J a an k:—tn/2+ajn/2j—1 a an
= j<-1
-[n/z-ain/zJ-lj 1 2k V2 nj2)1 (1 % 2
- o v swnel B vy me I
k:j_gLﬂZJ a an k:—[a_jn/2+n/2“ a an
j<-1
—Lajn/ZJ—l —[n/2+ajn/2J—1
A== Y @- ¥
k:—tn/Z—aJn/2J k:—Ln—aJn/ZJ
j<-1 j=-1
and
A= S (22 jz_“E/z“aj(i 1K)
K 2 a' aln K 2 a' aln
j<-1 j<-1

In order to prove the theorem, we have three cases.
JAMP
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Case 1. When a=n.
We have La’n/ZJ =0 if j<-1.Thus,if n isaneven integer, we can get

2 .
=—+— A= ; =0;A,=> a';A=> (2-n)a’;A =0
A 6+3nAz (a 1)+3n(a—1) A =0A ,-Sz_:l A ,;( JaA
So, we have
n _5n+18+ 4 N 2 50
6(n-1) 3n 3n(n-1)
If n isanodd integer, we have
n 1 2-n 1
=——— A = - (A =0; =—= l-nja!+——==-1A =0
6 6n e = 3(a-1) 3n(a-1) & A AS ,Z‘z( ) n n %
So, we have
2 2
A:n -6n+9 n“-5n+4

6n 3n(n-1)

Case 2. When a>n+1.
If n isaneven integer, we have

A= A T T e A0 AR LA T2 naiA 0

Thus

an? —5n? +18n+8a—4 N(n°—5n+7)+19n-4
6n(a-1) g 6n(a-1)

A= > 0.

If n isanodd integer, we can get n>3 because of (n,a)>3. Asinthecase 1,we also have

1 1-n
=—— = : =0;A, =0A=——A =0.
A 6 6n Ay = (a 1) 3n(a—l) A A & a—lA6
So, we get
2 2 — 2 —
A an’-5n +6n—a—12n(n 2)" +n 2 0

6n(a-1) 6n(a-1)

Case 3. When a<n.
If n isaneven integer. Let

A= {j <-1;jeZ and a‘n/2 is a positive integer}
and
A, :{j <-1;jeZ and ajn/2 is a not positive integer}
When A, =, there exists an integer J satisfying J € A,,J -1 A, . Therefore we have

A+A+A+A= Y (3a%n/2-aln)+ Z f(x)+ §J:(3 n)a’,

J<j<-1

where xj:La"n/ZJ,fj(xj):—%[xf—(a‘n—l)xj}. When %ajn<1, we have %a"n>a"n—l and

f; (%ajnj < 0. Thus we have
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> Hlg)= X filx)z X (2 j Zf( j Z—3aj+gn§j.

j<3-1 |oga%£jsJ71 |09a%5j£.] a IS =34
Therefore
2 2
n*(a-2)"+(a+2) +7a’-8
A> 5 > 0.
6n(a —1)

When A, =, similar to the case A, =, we also have

j;_lfj(xj)z > filx)z ZZ 1 (Zanj>2f[ j > -3al+= né’

log,—<j<-1 log, << Jst j<1
So we have

n(a-2)" 4 2

A= 6(a” 1) "3 3n(a1)

> 0.

If n isanodd integer. We have

A+A+A+A = 3 g(x)+h(y;)+al-na’

Ioga%SjS—l

where
% =[an/2].g,(x) = -Z[xi ~(aln-1)x,
h, =|a'n/2+3/2,h, (yj)=—%(yf ~alny).

A familiar calculation shows

A> ——Iog n+1—l.
48 6n
Since (a,n)23 and a<n,wehave n>9,a>3.Alsowhen n=9 and a=3, we have
A:E>0.
27
When n=9 and a=6, obviously we have
AZE > 0.
27
When n>15, ——Iog n+ 418_6l > % So we have A >0 in this case. This completes the proof of the

theorem.
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