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ABSTRACT 

In this paper, we discuss the average errors of function approximation by linear combinations of Bernstein operators. 
The strongly asymptotic orders for the average errors of the combinations of Bernstein operators sequence are deter- 
mined on the Wiener space. 
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1. Introduction 

Let F  be a real separable Banach space equipped with 
a probability measure   on the Borel sets of F . Let 
X  be another normed space such that F  is continu- 

ously embedded in X . By 
X

  we denote the norm in 
X . Any  such that :T F  X  

X
f f T f  is a 

measurable mapping is called an approximation operator. 
The p-average error of  is defined as T
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Then  0 ,
C

F    becomes a separable Banach space. 
Denote by  0FB  the Borel class of  0 , F 

C
 and by 

0  the Wiener measure on  0FB  (see [1]). From [1, 
p. 70] we know 
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The Bernstein operator on  0,1C  defined by 
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This operator turned out to be a very interesting ope- 
rator, easy to deal with and having many applications in 
approximation theory and practice. 

Since Bernstein operators cannot be used in the inves- 
tigation of higher orders of smoothness, Butzer [2] in- 
troduced combinations of Bernstein operators. Ditzian 
and Totik [3, p. 116] extended this method and defined 
the combinations as 
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where  and in  iC n  satisfy the following conditions: 
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independent of  and n x , which may be a different 
constant in different cases. 

For  

 1 0,1 0,1L p  ,    , 

the weighted pL -norm of  0,1f C  is defined by 
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2. Main Result 

Recently G. Q. Xu [4] studied the average errors of Bern-
stein operators approximation on the Wiener space. Mo-
tivated by [4], we considered the average errors of func-
tion approximation by linear combinations of Bernstein 
operators. The strongly asymptotic orders for the average 
errors of the linear combinations of Bernstein operators 
sequence are determined on the Wiener space. We ob-
tain:  

Theorem 1. Let ,  be given by 
(2), 

1 p   , ,n mL f x
    0x 1  and 0,1L ,  x  is continuous on 

. Then we have  (0,1)
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Here and in the following the notation  n na b   for 
sequences  and   means that   na nb

lim 0n n na b  . 

3. Proof of Theorem 1 

To prove Theorem 1 we need the following two lemmas. 
Lemma 1([5, p. 15]). If  
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for each , the constant  depending only on 0k  C   

and . k
Lemma 2 ([5, p. 15]). For fixed  
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holds uniformly for all values of  satisfying the ine-
quality 
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In other words, 

   , ,lim 1n k n k
n

p x P x


  

uniformly for all  satisfying (4). k
Proof of Theorem 1. From [1, p.107] we have 
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On using (1), we obtain 
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by (1), we have 
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From [4,(3.24)], we know 
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Combining(3) and (9) we get 
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Now, we estimate the term  3A x . From (2) and (8), 
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Using Lemma 1 and (3), we have 
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By (8) and (12), we obtain 
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By a simple computation we know where 
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Combining (11) and (20), we obtain 
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From (5)-(7), (10), and (21), we complete the proof of 
Theorem 1. 
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