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ABSTRACT

In this paper we discuss stability theory of the mass critical, mass-supercritical and energy-subcritical of solution to the
nonlinear Schrodinger equation. In general, we take care in developing a stability theory for nonlinear Schrédinger
equation. By stability, we discuss the property: the approximate solution to nonlinear Schrodinger equation # obeying

(i0, +A)ii = F (ii)+e with e small in a suitable space and #, —u, small in H* and then there exists a veritable

solution # to nonlinear Schrodinger equation which remains very close to # in critical norms.

Keywords: NLS; Wellposed

1. Introduction

In this paper, we study the stability theory of solutions to
the nonlinear Schrodinger equation (NLS).
We consider the Cauchy problem for the nonlinear
Schrodinger equation
{iut+Au:,uF(u)} (L
u(0,x)=u,(x)

where F(u)=[ul"u, p=+1 the solution u=u(t,x)

is a complex-valued function in R¢ xR,
The Equation (1.1) is called mass-critical or L*-

critical if p= 7 and it is called mass-supercritical and

energy-subcritical when p <

The solutions to (1.1) have the invariant scaling

2

u(x,t) — /I;u(/lx,/lzt) (1.2)

Definition 1.1 (Solution) Let / R suchthat Oe/.
A function u:IxR? — C is a strong solution to (1.1)

if and only if it belongs to C([,H1 (Rd )), and for all
t eI satisfies the integral equation
t
u(t)=e"u, +iuj e"(’fr)AF(u(r))dr. (1.3)
0

A function u:IxR? — C isa weak solution to (1.1)
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if and only if ueL“’(I,Hl(Rd)), and for all tel
satisfies the integral Equation (1.3).

The solutions to (1.1) have the mass
M [u](t) = M [u,]
where
2
M[u](t) = J;|u(x,t)| dx.
R

Energy E[ul(t)=E[u,] where,
1 2 p+2
E[u](r)=75 j Vu(x, )| dx—ﬁ j e (e, )| .

Definition 1.2 The problem (1.1) is locally wellposed
in H' (Rd) if for any u e H' (R‘{) there exist a time
T>0 and an open ball Bin H' (R‘{) such that
u, € B, and a subset X of C([—T,T],Hl(Rd)), such

that for each u, € B there exists a unique solution
ue X to the Equation (1.3), and furthermore, the map
u, —>u is continuous from BtoX .If T can be taken
arbitrarily large (7 =+w), the problem is globally
wellposed.

Definition 1.3 A global solution u(¢) to (1.1) is scat-

tering in H'(RY) as t—+w if there exists
v eH* (Rd) such that

: itA + _

lim u(r)—e"y HS(R{,)—O.

Similarly, we can define scattering in H“(Rd) for
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t—> —0.

For more definition of critical case see [1-3].

In this paper we discuss stability theory of the mass
critical, mass-supercritical and energy-subcritical of so-
lution to the nonlinear Schrédinger equation. In section
three we discuss the stability of the mass critical solu-
tions and in section four mass-supercritical and energy-
sub-critical solutions are discussed.

Theorem 1.1 Let u, €L’ (Rd) and ¢, €R. Then
there exists a unique maximal-lifespan solution u:/
xR >C to (1.1) with t, €l and initial data
u(t,) = u, . Moreover:

1) The interval / is an open subset of R.

2) Forall tel, wehave M(u(t))=M (u,) so, we
define M (u) :M(u(t)) .

3) If the solution u does not blow up forward in time,
then sup/ =+, and moreover u scatters forward in
time to e™u, for some u, €L (Rd). Conversely,

if u, el’ (Rd) then there exists a unique maximal-

lifespan solution u which scatters forward in time to
eitAM+ .

4) If the solution u does not blow up backward in time,
then inf/=-c0 and moreover u scatters backward in

time to ¢“u_ for some u_ €L <Rd). Conversely, if
U eLfr (Rd) then there exists a unique maximal-

lifespan solution u which scatters backward in time to
eitAu7 .

5) If M(u)<c,' where a constant ¢, >0 depend-

ingonlyon d then
S(u) < e, M (u)

In particular, no blowup occurs and we have global
existence and scattering both ways.

6) For every A>0 and &>0 there exists o >0.
With property: if u:/xR? — C is a solution (not nec-
essarily maximal-lifespan) such that
M(u),S(u)<4 and t,el, vyeL, (Rd) are such
that M (u(,)—v,)<&, then there exists a solution

viIxRY > C with v(¢,)=v, such that S(u-v)<e

and M (u(t)-v(t))<e forall tel.

For proof: See [4-6].

Now in the following we will discuss Standard local
well-posedness theorem.

Theorem1.2Let d>1, 5,20 and let

u, € H* (Rd). Assume that s, <1+p if p isnotan
even integer. Then there exists 7, =7,(d) such that if
between 0<7 <7, and / there is a compact interval
containing zero such that

v < (1.4)

Se LitA
c u
0 Lf;+2L§(d72)+dp (IXR{[)
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then there exists a unique solution « to (1.1) on 7xR?.
Furthermore, we have the bounds

v w b ) 52 (1.5)
”'V% “ s0(1<r?) s WVIY “of 2 ' (1.6)
o) = Mol (1.7)

where S° (Ide
under this norm.

) for the closure of all test functions

2. Strichartz Estimate

In this section we discus some notation and Strichartz
estimate.

2.1. Some Notation

We write X <Y anywhere in this work whenever there
exists a constant ¢ independent of the parameters, so
that X < cY . The shortcut O(X) denotes a finite linear
gathering of terms that “look like” X, but possibly with
some factors changed by their complex conjugates.

We start by the definition of space-time norms

q

q
wmqmm=wmg=[guwpu@rﬁme

The inhomogeneous Sobolev norm H* (Rd ) (when s
is an integer) is defined by:

"f 10 (=) :"f P MZ:O oLf 2w
When s is any real number as
ey =l = (el 7 (1) 0 ]

The homogeneous Sobolev norm H X(Rd) defines
as:

GNE

sy =W, =( [ ny 5)2

For any space time slab K x R?
Weuse LIL (K X Rd) to denote the Banach space of

function K xRY — C whose norm is

1
gy = ([ 00 ) <o

With the usual adjustments when ¢ or r is equal to
infinity. When ¢ =r we abbreviate L/L, as L] .

A Gagliardo-Nirenberg type inequality for Schro-
dinger equation the generator of the pseudo conformal
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def
transformation J = x—2it0 plays the role of partial

differentiation.

2.2. Strichartz Estimate
Definition 2.1 The exponent pair (g,r) is says the

Schrédinger-admissible if
d>1,and 2<q,r<o
ll(l—l], (q.rd)# (2,0,2).
qg 2\2 r

Definition 2.2 The exponent pair (g,r) is says the
Schrodinger-acceptable if

1Sq<oo,2£r£oo,l<d(l_lj
q 2 r
or (q,r) =(0,2).

Let ¢ be the free Schrodinger evolution. From the
explicit formula

il
eitAf(x): 1 _ J.Rde 44 f(y)dy,
(4nit)5

we obtain the standard dispersive inequality

||e"‘A f(x) 2.1)

_d
ey S W

forall t#0.
In particular, as the free propagator conserves the L.
norm,

" f(x) 2.2)

R

(R

Forall t#0and2< p<oo,

where l+L,:l.
p p

If u:IxR? - C solves the inhomogeneous Equa-
tion (1.1) for some

tyel,u, e Li (Rd) and F e Li(;“z)/(d”) ([ x Rd)

in the integral.
Duhamel (1.3). Then we have

||u||c,°L§(1de) + "u

<ci(

U2 g

2.3)

Uy ”Li(Rd) + ||F||Lfff*2)/(d+4)(1x]]§d ) ) >

for some constant 0<Cj <o depending only on the
dimension d .

For some constant C); depending only on d we
have the Holder inequality

Copyright © 2013 SciRes.
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| (u)-F (V)||L§fg+2>/<d+4>(,xRa) <G - V||Lf{;1+2>/d(1xw)

[P Eee—

We now return to prove Theorem 1.2.
Proof Theorem 1.2 The theorem follows from a con-
traction mapping argument. More accurate, defined

O (u)(t)=e"u, —ij).ei(”)AF(u(s)) ds,

using the Strichartz estimates, we will show that the map
u—> ®(u) isa contraction on the set B, 1B, where

Ide)

B = {ue L (162 )il

< 2||u0

e +Cldop)(20)"|

2d(p+2)

B, = {u e Ly 2w, U (1xRY)

2d(p+2)

Se u
sz+2L%(d72)+dp (Ide )

:“|V

2d(p+2)
L;)+2L§(rf*2)+dp(1de)

<27 and ||u

<20(dp)ol |

under the metric given by

2d(p+2)
222 (1)

d(u,v) = ||u—v

Here C(d,p) denotes a constant that changes from
line to line. Note that the norm appearing in the metric
scales like L. Note also that both B, and B, are
closed (and hence complete) in this metric.

Using the Strichartz inequality and Sobolev embed-
ding, we find that for v € B, (1B,

”(D (u) P He (szd)

<Jl,. +C(d.p)|

p+2 _2d(p+2)
L[PH L)Z((d+2)+dp([XRd)

V‘Y‘F(u)

2d(p+2)
2,2(d-2)+d d
P2 A=) "(lxR )

< "“o ||H;[ +(C(d,p)“<v>sc u

|l
u dp(p+2)
4 (/xR")

<Juoll +C(d-p)(20+2¢(d. p)|u]; )

V4
S,
‘u

2d(p+2)
Llp+2L§(de)+dp (Ide)

e +C(dp)(2142C(d. p) |2 ) (2n)

And similarly,

I

< ||u0
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2d(p+2)
Lp+2L (d-2)+dp (Ide)

||CI)(u

P2 2d(p+2)
L[p+1 Li(d+2)+dp (IXRd)

< C(d’p)||“0"L§ +C(d,p)||F(u)|

2 +C(d. p)|uo 2 (2n)

Arguing as above and invoking (1.4), we obtain

H|V| X q)( . 2d(P)+2) ([x]Rd)
§77+C(d,P)‘ F(”) L;iTL;;iig;fd)l’(lde)

<n+ C(d,p)(277)1+p.

Thus, choosing 7, =7,(d) suciently small, we see
that for 0<7n<p,, the functional ® maps the set
B, B, back to itself. To see that @ is a contraction,
we repeat the above calculations to obtain

o)~ ()

2d(p+2)
22002 (lde)

p+2 2d(p+2)
Lp+l 2(d+2)+dp Ide)

SC(d,p)"F(u) v)|

2d( p+2)
12220 (mR") :

<C(dp 277) ||u v|

Therefore, choosing 7, =1,(d) even smaller (if
necessary), we can ensure that @ is a contraction on the
set B, (1B,. By the contraction mapping theorem, it fol-
lows that @ has a fixed point in B, N B, . Furthermore,
noting that @ maps into C'H (not just H>*). We
now turn our attention to the un1queness Since unique-
ness is a local property, it enough to study a neighbour-
hood of #=0. By Definition of solution (and the Stri-
chartz inequality), any solution to (1.1) belongs to
B, 1B, on some such neighbourhood. Uniqueness thus
follows from uniqueness in the contraction mapping
theorem.

The claims (1.6) and (1.7) follow from another appli-
cation of the Strichartz inequality. [

Remark 2.1 By the Strichartz inequality, we know
that

Thus, (1.4) holds with /=R for initial data with
suciently small norm instead that, by the monotone con-
vergence theorem, (1.4) holds provided [ is chosen
suciently small. Note that by scaling, the length of the
interval I depends on the fine properties of u,, not
only on its norm.

Se itA 2d(p+2
e (p+2)

pr2 2= 2)*“P(Rxw’) N ”

Uy

S,
Uyl -
I

3. Stability of the Mass Critical

In this section we discuss the stability theory at mass
critical case. Consider the initial-value problem (1.1)

Copyright © 2013 SciRes.

with p :g .An important part of the local well-posed-

ness theory is the study of how the strong solutions built
in the past subsection depend upon the initial data. More
accurate, we want to know if the small perturbation of
the initial data gives small changes in solution. In general,
we take care in developing a stability theory for nonlin-
ear Schrodinger Equation (1.1). Even though stability is a
local question, it plays an important role in all existing
treatments of the global well-posedness problem for
nonlinear Schrédinger equation at critical case, for more
see [7]. It has also proved useful in the treatment of local
and global questions for more exotic nonlinearities [8,9].
In this section, we will only discus the stability theory for
the mass-critical NLS.

Lemma3.1 Let / beacompact interval and let i be
an approximate solution to (1.1) meaning that

(i0, +A)i=F(ii)+e,

for some function e. Suppose that
<M (3.1)

aLfLi(nR")

for some positive constant M . Let f, e/ and let
u(ty) be such that

) (a ) <0 @2
for some M'>0. Suppose also the smallness conditions
2557 ) < 20 (33)
”ei(t—to)A (u (to)—ii(to)) Lf(:ifm(]xn&d) <e 3.4)
”e"NO([) s¢ (35

for some 0<e<g, where g =¢,(M,M')>0 is a
small constant. Then, there exists a solution u to (1.1)
on (1 de) with initial data wu(z,) at time ¢=¢,
satisfying

”u —i LiiZ) (1xr?) Seé (3.6)
"u _ﬁ”SO(I) 5 M’ (3.7)
||”||so(1) SM+M' (3.8)
|F ()= F (@) o,y < € (3.9)

Proof: By symmetry, we may assume?, =inf /. Let
w=u—u.Then w satisfies the initial value problem

{iwt+Aw=F(ﬁ+w)—F(g)_
W(to):”(to)_ﬁ(to)-

For tel we define
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A(t) = ||F(ﬁ+w —F(ﬁ)”NO([m,t])

By (3.3).
A(0) S |F (4 w) - F (i) 22

18 ()

I+—
Sl sty
L ,? ([t()’t]XRd)
4 (3.10)
g 2 || 15 s
L ([’0 (xR
1+3 d 2(d+2)
S s g [w || (o)

LA ([lo,t]de)
Furthermore, by Strichartz, (3.4), and (3.5), we get

w o IO)AW(to)

2(d+2)

2(d+2)
L[.X‘/ ([’0 t]led N

Lt.xd ([to,t]led)

+4(1) 3.11)

+ "e"NO([ro,t])
SA(r)+e.
Combining (3.10) and (3.11), we obtain

A() S (A1) +2) 7 4 (A(r) &) e

A standard continuity argument then shows that if &,
is taken sufficiently small,
A(t)S e forany tel,

which implies (3.9). Using (3.9) and (3.11), we obtained
(3.6). Furthermore, by Strichartz, (3.2), (3.5), and (3.9),

"W"SO(I) S "W(ZO) F(ﬁ)";\/ﬂ([) "e"NO(l)

2 +||F(d+w)—
<M'+e,

which establishes (3.7) for &, =¢,(M") sufficiently
small.
To prove (3.8), we use Strichartz, (3.1), (3.2), (3.9),

and (3.3):
"u"S“(I) N "u(to) 2 +"F (u)”/v"u)

Slat); +to) =),

+|[F (u)=F (@)] o, +[F ()

NO(1) ||N°(1)

4
SM M+ e+ i,
L4 (IxJR")

4
1+—
SM+M'+e+¢g, ¢

Choosing &, =&,(M,M") sufficiently small, this
finishes the proof. [

Based on the previous result, we are now able to prove
stability for the mass-critical NLS.

Copyright © 2013 SciRes.

Theorem 3.2 Let / be a compact interval and let &
be an approximate solution to (1.1) in the sense that

(i0, +A)i=F(ii)+e

for some function e. Assume that condition (3.1) in
Lemma 3.1 holds and

o222 < L

for some positive constant M and N . Let ¢, €/ and
let u(f,) obey (3.2) for some M'>0 . Furthermore,
suppose the smallness conditions (3.4), (3.5) in Lemma
3.1.Forsome 0<e&<¢g where

& =& (M,M',L)>0 is a small constant. Then, there
exists a solution u to (1.1) on ([ de) with initial
data u(f,) attime ¢=¢, satisfying

(3.12)

Joe =], 5 o <eC(M,M',L) (3.13)
=i, < C(M.M", L)’ (3.14)
””||s°(1) SC(M.M'.L) (3.15)
2(d+2)
Proof: Subdivide / into J~ (l+£ ‘ subin-

&y

tervals I —[t t

Jorj+H
|

where &, =¢,(M,2M')>0 is as in Lemma 3.1. We
replaced M' by 2M' as the mass of the difference
u—u might grow slightly in time. By choosing ¢
sufficiently small depending on J,M and M', we can
apply Lemma 3.1 to obtain for each j and all
O<e<g

J 0<j<J, such that

2(d+2) <
S €
L[,Xd ([j de) 0

”u - ﬁ"Li(Xi'+2)(1_,xn§") < C(j)g
"u_ﬁ"SO 1) S C(j)M,
o, ) < €M+ M)
||F(u)—F(ﬁ)||NO(Ij) SC())e
Provided, we can prove that their counterparts of (3.2)
and (3.4) hold with replace ¢, by ¢, . To verify this, we

use an inductive argument. By Strichartz, (3.2), (3.5),
and the inductive hypothesis

“ 2 ~|| )_a(to)

+||F u)—F (i "e”"’o([’O”JD

2
Lx

IINo@O,,_,D

—1

C(k)e+e.

~.

<M+
k

Il
o
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Similarly, by Strichartz, (3.4), (3.4), and the inductive
hypothesis,
2(d+2)

e’(t’tf)A (u (tj ) _ﬂ(tj )) L (1Y)
<[ ) - (1,))

+ "e"NO([tﬂ 4 ]) + "F (u) -

2(d+2)
1,4 (1xrY)

F o sy

Choosing ¢, sufficiently small depending on J,M,
and M', we can ensure that hypotheses of Lemma 3.1
continue to hold as j varies. [

Lemma 3.3 (Stability) Fix u and d . For every

A>0 and £>0 there exists 0 >0 with the property:

if u:IxRY—>C is such that S(u)<A4 and that u
approximately solves (1.1) in the sense that

||iut +Au—F (14)||L3£éf+2)/(d+4)(1xﬂz<d) <o (3.16)

And t,el, vyel (Rd) are such that

( (1-t9)r ( (to) ))352(‘”2)/",

Then there exists a solution v:I/xR? - C to (1.1)
with v(#,)=v, such that

S(u-v)<e.

Note that, the masses of ¥ and v, do not appear
immediately in this lemma, although it is necessary that
these masses are finite. Similar stability results for the
energy-critical NLS (in H'R?) instead of L (Rd), of
course) have appeared in [10-14]. The mass-critical case
it is actually slightly simpler as one does not need to deal
with the existence of a derivative in the regularity class.
For more see [15].

Proof: (Sketch) First let prove the claim when A4 is
suciently small depending on d .Let v:I'xRY - C be
the maximal-lifespan solution with initial data v(z,)=v, .
Writing v=u+w on the interval [":=1(I', we see
that

iw, +Aw:(F(u+w)—F(u))—(iuz +Au—F(u))

and
S]" (ei(t—to)Aw(to)) < 52(d+2)/d )

Thus, if we set
X = ||W||L3F;1+z)/d(lanfz)
by the triangle inequality, (2.3), and (3.16), we have

X<+ C;; |:||F(u + W) - u)||LfF:+z)/(d+4)(1,,de) + 5:' >

Copyright © 2013 SciRes.

hence, by (2.4) and the hypothesis S(u)< 4
X <C,[ 4" x 1 x5

where C , dependsonlyon d.If A issuciently small
depending on d, and & is suciently small depending
on ¢ and d, then standard continuity arguments give
X <¢ as desired. To deal with the case when 4 is
large, simply iterate the case when A is small (shrink-
ing &, ¢ repeatedly) after a subdivision of the time
interval 7.

4. Stability of the Mass-Supercritical and
Energy-Subcritical

In this section we discuss the Stability theory of the
mass-supercritical and energy-subcritical to the nonlinear
Schrodinger equation. Consider the initial-value pro-
blem (1.1) with p=2 and d =3 wechose py=-1.

In this case the initial-value problem u =u(x,0)=1u,
is locally well-posed in H'. Now we rewrite (1.1) as

iu, +Au+|u|2 u=0
u(x,0)=u,(x)eH' (R3)
We discuss the stability by the following proposition.

Before beginning we need define the Kato inhomogene-
ous Strichartz estimate. See [16]

L i(t-t")A
.[0e f dt” 1/2

Proposition 4.1 For each N[ 1 there exists
& =6 (N)U 1, and ¢c=¢(N)U 1, such that the fol-
lowing holds.

Let u=u(x,t)e H, foralls and solve

(1.1

<c|f ||S'(H"/2) (4.0

i61u+Au+|u|2 u=0

Let i =ii(x,t)eH, forall ¢ and define
o= io,i+ A +|if i
If
i) < N Dellim) < 2o
And
“ s ( ( )_ ( )) 1/2)§50' 4.2)
Then

||u|| 1/2 <c—c N)<oo,

Proof: Let w be defined by u=id+w. then w
solves the equation
i0,w-+ Aw+ (5w + 2] w)
, , 4.3)
+(2L7|w| +ﬁw2)+|w| w—e=0
IIMNTA
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since ||L7|| s(i2) < N .Can be divided [to,tw) into
A=A(N) in intervals [, = [tj tﬁ,] Such that for
all j, the quantity ||zZ|| (i) <0, is Appropriate small
(0 to be selected below).

Integration (4.3) with initial time 7, is

. [
w(e)=e (e )+i[IW(Ls)ds @4
tj
where
w =(ﬁ2v_v+ 2|12|2 w)+(212|w|2 +L:tw2)+|w|2 w—e.
Applying the Kato Strichartz estimate (4.1) on [, to

obtain
<[ty (tj )

¥l ) <

s(#2.1;)
+citw ‘i:§+c||ﬁ gL; . @45)
+ewl 25 +lelsgn,
Note that
[l <0 ool
i L
< ||”||s(yvz,1/) Wl -
< 8% e
Similarly,
vl <01l
and

3
35 <l

35 S/2 )
el T

v
Substituting the above estimates in (4.5), to get,

ol < w0 )] el ol
) (’)swm) T )

* C(sHW"z(m/Z,,/) + C"W”Z(HVZJJ) +ceg,.

0 <min (1,Lj
6¢

. 1
<
) +ceOJ < mm[l, Zﬂj

As long as

an

U\ "

We obtain

(4.7)

Copyright © 2013 SciRes.

i(e-1;)A
[l <2 () gy 25 @)
Taken now tr=¢,, in (4.4) and apply e"(’*’fn)A to
both sides to obtain
Gt )AW( ()

49
_ ei(x—xj)AW(tj)_H. J‘ ei([—s)AW("S)dS. (4.9)

1j

Since the Duhamel integral is restricted to /; = [t ol :l,
by again applying the Kato estimate, similarly to (4.6) we

obtain,
HGI(HM Pa(t,)

< ei(t—t/-)Aw(tj )

s(aY2.15)

2
S(Hl/z,[j) +co ||W||S(H]/2,1/)
* C5”W"Z(m/2,1 ) te "W"Z(H]/Z,[j) +cg.
By (4.8) and (4.9), we bound the Former of expression
to obtain

+2cs,.
S(H‘/2 ,1/)

Start iterates with j =0, we obtain

ei(t—tj)AW<tj )

s(#'72.1))

<27l (1) - )+(2j—1)2080
S(a2.1;

<2 ce

To absorb the second part of (4.7) for all intervals 7,
0<j<A4-1, werequire

1
cg, <min| l,——|.
’ ( 2\/6cj

We review that the dependence of parameters ¢ is an
absolute constant chosen to meet the first part of (4.7).
The inequality (4.10) determines how the small ¢,
needs to be taken in terms of A (and thus, in terms of
N). We were given N which then determined A. [

2A+2

(4.10)
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