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ABSTRACT

In this work, the mass resulting from self energy is obtained by utilizing the generalized relativity. The expression for
the mass which results from the gravitational field is finite. This expression is found by considering the mass first as
small tiny string and second as small sphere. A useful equation for the propagation of graviton waves in space indicates
that graviton propagates as travelling wave. By treating gravitation waves as wave packets a plank quantum expression
for graviton energy dependent on the frequency is also found. The gravitational constant (parameter) is quantized also

in this work.
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1. Introduction

Einstein’s Theory of general Relativity (EGR) is one of
biggest achievements in physics. This theory describes
gravitation in a geometrical language by utilizing curved
Riemann geometry [1]. EGR is found to be successful in
describing a large number of astronomical observations
[2]. Despite these successes, EGR suffers from notice-
able setbacks. It is the most disastrous, and is the de-
scription of the radiation and pre-radiation eras, where
elementary particles are dominant [3]. The elementary
particles description is done by using quantum theory.
Thus one needs a quantum gravitational theory to de-
scribe the early universe [4,5], from the start of the big
bang, pre plank and blank quantum era [6], up to radia-
tion era. Quantum gravity theory is also needed to de-
scribe the behavior of black holes, neutron stars and pul-
sars [7]. Many attempts were made to construct a quan-
tum gravity model [8]. Some of them are based on super
string or string theory [8]. Others, like the wave function
of the universe are proposed by Dwelt [9] and Hawking
[10].

These attempts, although they are promising, but they
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are still done for from giving a complete full consistent
quantum gravity theory. This failure stems from the fact
that EGR derivation is not inconformity with the conven-
tional method used to derive the field equations. In this
conventional method the equation of motion and the en-
ergy-momentum equation are different. The first one
results from the variation of the field variables, while the
second one results from the space-time variation [11]. In
EGR the equation of motion and the energy-momentum
equation are the same. They stem from the replacements
of the potential field term by a geometrical term, and the
matter term by the energy-momentum term [12]. This
situation makes EGR isolated from other field theories,
including quantum field theory. This bizarre situation ne-
cessitates searching for a new version of EGR, by keep-
ing its beautiful geometrical language and abandoning
Newton Poisson equation. This new version is first pro-
posed by Lanczos [13] and then by Ali Eltahir [14]. It is
based on the conventional action approach [14]. This ge-
neralized EGGR reduces to EGR thus shares with it all
their successes. Moreover, GEGR is proved to be non sin-
gular [15] and capable of solving the gravity energy-mo-
mentum problem, horizon, entropy and flatness problem,
beside galaxy formation problem. This EGGR is intro-
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duced in Section 2. Section 3 is devoted to explain how
gravity can generate mass. Sections 4 and 5, exhibit the
graviton equation of motion and quantization of the grav-
ity field in the form of graviton. In Section 6 the gravita-
tional constant is quantized. The discussion and conclu-
sion are in Sections 7 and 8, respectively.

2. Generalized General Relativity

Since general relativity faces many several problems [16],
different attempts were made to go beyond EGR. One of
these attempts is based on a more generalized field equa-
tion which generalizes EGR. This Generalized General
Relativity (GEGR) was first obtained by Lanczos [13]
and then Ali El-Tahir [14]. In the later derivation the prin-
ciple of least action is utilized by taking the field vari-
ables to be the metric tensor g, . This conventional ap-
proach leads to the EGGR in the form;

L" [gﬂl)gMR;/lR;y - R;ﬂR:U ]

. (1)
+L"[g,,0'R-R,,, |- L'R,, + > 8wl =0

where the lagrangian L depends on R
This equation reduces to EGR by considering the lin-
ear lagrangian;

1
L=pR+y, f=—— 2
BREY, B=1c= 2
Equation (1) then reduces to;
1 gV
R#V—EgﬂvR: ;ﬂ =8nGg 7 (3)

One canset; g, 7 =T, (m)
where, T, (m), stands for the matter energy momentum

tensor. In this case Equation (1) reduces to GR where;

RW —%gwR = —87thﬂV (m) 4)

The fact that EGGR reduces to EGR indicates that this
new Einstein’s version shares with GGR all its successes
[16].

Motivated by the quadratic Lagrangian of the electro-
magnetic field, a Lagrangian quadratic in R was utilized
by some authors to construct a useful gravitational equa-
tion. This equation is used for static field to obtain non
singular solution, and a solution reduced to Schwarzschild
solution [15]. The EGGR cosmological model is also
constructed and found to share with EGR all its successes.
This model is free from the singularity, flatness, entropy
and horizon problems [16]. Moreover, this model can
also solve the galaxy formation problem [17]. Recently
EGGR is utilized to express a quantum model using con-
ventional quantum mechanics. This model is capable to
predicting the universe expanding at its early stage [18].
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The EGGR model shows that Einstein’s GR can still be
capable of rearranging and refurnishing itself to describe
physical phenomena.

3. Gravitational Self Energy Mass

Since the mass of anybody generates gravitational field
thus one expects the inverse process to take place i.e. the
gravitational field frozen out to generate masses. This re-
sembles what happens in the pair production, where a
photon generates a pair of a particle and the anti-particle
annihilate to form a photon. To see how the gravitational
field generates masses one can utilize the contracted
form of the GGR, i.e.; Equation (1) to get;

o’R=(pB/6a)R+y/3a (5)
where the Lagrangian takes the form;

L=aR’+fpR+y

o’R = g’“’R;W = g”“@vR;# —g’“’l“wa’i (6)
OR
R, =0,R=—= ™)
Using the coordinate condition;
A VA
[ =g"r, =0 (®)
Equation (5) reduces to;
v B 4
"o, R=—R+-— 9
& O 6a  3a ©)

To describe the behavior of a certain star it is suitable
to use static isotropic metric;

g, = A(r), =1 - =r’sin’ 0, g, =—B(r),

(10)

The scalar curvature R is a function of » only in this
case i.e.;

R=R(r) (11)

Thus the only non vanishing terms in this case are the
r-r components.
Thus Equation (9) reduces to;
By 7

"o R=L gy L
£ On 6a 3a

2
1 &R 1 d dR_ﬂR+y_ﬁ(R+2_7]

A(r)d?  JAdrJadr 6a 3a 6a

(12)

To simplify this equation, it is convenient to define the
variables;

dx = v/ 4dr, f:R+'%/ (13)
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To get;
&f_ B
&’ 3a
One of the possible solutions of this equation is in the
form;

(14)

L
f= coe\/; (15)
In view of Equation (13);
3 Vadr
R+ — ¢ lod (16)
L JAdr
R=g el ™ 2 (17)

B

The relation between the scalar curvature and the mat-
ter density p can be found by using the contracted form
of GR, i.e., Equation (4) to get;

R =8nGT] = -81Gp (18)

Thus (16) reads;
%fﬁdr _2_}/
B

When the mass is considered to be generated by gra-
vitational field only, the contribution of non gravita-
tional field via the term y is ignored i.e. y =0

Thus, Equation (19) becomes;

8nGp =cye (19)

ﬁ JAdr
p=—0_glod! (20)

To simplify treatments one can consider flat space or
nearly flat space metric, where;

A(r)~1 2D

In this case Equation (20) becomes;

2,
__ % Nea" __%

, [B
e — e/o , - | = 22
8nG 8nG "=\ 6a @2)

The physical meaning of the y can be understood by
resolving Equation (14) i.e.;

P

fr=r'f (23)
In the form;

f=c¢siny,r 24)
This represents a wave number;

K=2n/A=y, (25)

Consider now a particle in the form of a small tiny
string of the length 7.

The mass of this string can be found from Equation
(22) to be.
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, 17r W
"= 8nGIekd m:z;:_oc[ﬂ[eko_l] 20

For very small r;

kny Coly
e ~1+kr,, ~ 27
’ 8nG @)
If the particle is in the form of sphere of volume;
v:ﬂr3, dv = 4w*dr
3
The mass then taken the form;
m= J. nco .[00 rre’ dr,
m :& ien 0 200 J~ro ) o dr
2G| y N 2G}/
c, | 17 R
=2 Lem |- 2 +—°2j°e”dr
2G|y Gyl v |, Gr”
007’6 V4 0 V4] rr
2Gy G]/Z |:r°e ]+ G7/3 [e ]0
2 K
_ Sl o7 _ Coroe:° N c03 [em _1]
2Gy Gy Gy
If ry is very small such that; yry <1, ¢y, <1. In
this case, ¢ =1+ y7,
Hence the mass can be given to be;
et TN
m="21+yr. 7,
{1 )= 2 1 e )
_ Co”o3 _ Coroz
2G  2Gy
2
m=——2 (28)
2Gy

where, one neglects the terms » compared to 7y. Thus the
mass is dependent on the radius 7, gravitational coupling
constant G, the wave number y beside the free parameter
c.

4. Graviton Equation of Motion

The graviton is the energy quantum which results from
gravity quantization, which should be in the form of gra-
vitational waves. Thus, one need to prove that the gravi-
tational field can be propagated in the form of travelling
waves. To do this consider the metric and scalar curva-
ture to be dependent on r and £; i.e.

R :R(l",t), 8 :A(r’t)’ 8t :B(r’t)’ (29)

In view of Equation (9) one gets;
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gyyarrR:gnattRzéR—‘ri’ (30)

2 2
1dR 1dR_B Lo, 7
Adr? Bd® 6a 3a

1 d &R d d gy
+ R=—R+— 31
Ja drJ4dr BdtBdt 6a  3a Gl

Define a and ¢ to satisfy;
dv=/Adr, x=[JAdr, dr=\[pds, 7= [[pdr (32)

Thus, Equation (3) reduces to;

B

o.R+o R=L R+ (33)
6 3a
Outside a given star, one expects the matter density y
to vanish, hence one can consider the solution;

R=Rsin(wt—kx), 8, =—k’R, 0,R=-w'R, y=0
(34)
A direct substitution of (34) in (33) yields;
2 2 2 2
~(F -o )Rz%R, -(¥ -0 ):é (35)
In the 7, ¢ space the travelling wave equation becomes;
R =R, sin(ayt—kyr) (36)

In view of Equations (36), (34), (32) the angular fre-
quency w,, and the wave number k, are given according
to the relations;

o =or=ofJpd, kr=ko=k[Jddr  (37)

It is clear that the frequency and the wave number are
dependent on the gravitational field via the metric com-
ponents B and A. Equation (36) also indicates that the
gravitational field can be propagated in the form of a
travelling wave.

5. Graviton Energy

In quantum mechanics the particle is thought to be asso-
ciated with a wave packet (wave group). The graviton
can be treated equally as a wave packet by integrating
(22) in the k-space to get;

m=—C [fedk=—2(e" —1)x e (38)
8nG -0 8nGr 8nGr

where, one can be neglected in Equation (38) compare

with exponential term. Therefore, Equation (25) in which,

y =k, is used. The radius at which, m is minimum can be

found by differentiating m with respect to r to get;

k
dm:_ Cozekr+ Cy ekr:O’ r:l:i’an:ﬂ
dr  Smr 8nGr k 2n

(39
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Hence the circular circumference is occupied by one
complete wave. This relation resembles the Bohr radius.
Thus, according to Equations (38) and (39), the mass and
the energy of the graviton are given to be;

Co 4 b
m=—"fe 40
8nG (40)
E=me* =SS [2—"}:— O oS8 fohy S (41)
8nG\ 1) 4GA 4G’ ¢

This expression resembles plank quantum photon en-
ergy. This expression can also be obtained directly from
expression (22) for very small radius »—0 where the ex-
ponential term can be expanded by using Taylor series to
get,

2 Gl e 6C

E=pct =0 g Z QS (g
P =5nGS "m0

P ¢, o + €’ _ coc(f/l)r0 (2_nj+ c,c’

8nG 8nG 811G A &G

2

E:

C, 62 . Cc,C N

2°G r0f+8;’t—G:hgj+E0 (42)

6. Spatial and Time Dependent Scalar
Curvature and Gravitational Constant
Quantization

In the previous sections one tries to find R with direct
suggestion of solution for R as a function of » and ¢ di-
rectly. In this section one needs to use the separation of
variables to solve (33) without the source term i.e.
y =0, to get;
_B
o R+0_R=""R 43)
6a
Using the method of separation of variables now let R

to be a product of two functions, 7 which depends on
time ¢, beside X which depends on x.

R=T(1)X(x) (44)
Inserting (44) in (43) one gets;

7o X+X0,T= ﬁTX
6a

Dividing both sides by 7X yields;

iaxxx+la,,r =ﬁ (45)
X T 6a

This means that the first term and the second term on
the left hand side are constants. Hence one can set the
time dependent part to be;

1
—0.T=—1" 46
79 H (46)
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This equation can be solved by suggesting T to be;

T = cleia)t
Whereas, —@” = —u* and o” = 1° 47
1 B _ >
—0 X=—= 48
Y OnX = T H (48)
X =C,sinkx (49)

VB _ B B

24 26 6a

/ 1 2
k= m—ﬂ (1)

To take the source term y in consideration one can de-
fine f'as in (13) and substitute it in (33) to get;

B

axxf:attfzaf (52)

By setting;
f=GT (53)
And following the same procedures done for R in Eq-
uations (43) up to (51) after comparing (52) with (43) to
get;

T =cpe, G =c,sinkx (54)
3 4

1 2
k= m—a) (55)

Recalling Equations (13) yields;

2 it s
f=R+77=GT=c3c4el“” sin kx

R =c,c,e sinkx—%/ (56)

In this expression for R, k is real when;
1 2

ENENC

One can quantize the gravitational field by bearing in
mind that outside the universe both gravity (R) and mat-
ter (y) vanishes outside the universe near the boundaries
ie.;

(57

R=0, y=0 at x=x, (58)
Hence Equation (56) becomes;

0=cyc,e sinkx, =0 (59)
This can be satisfied if,

kxy, =nn, n=0,1,2,3,--
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e b

=4

6
BB
k= 6a " \/605 @ (50)

The term a is found by some researchers to be nega-
tive strictly speaking in the Ph.D. work of Dirar [16] o
was found to be;

JB6 6 1 1

"3 Jeandc  3BG

Hence;
=" 1 _m
X 3\/5\/5 X
1 n’n’ 2 1

NN

G= (60)
Xo

Thus the gravitational coupling is constant is quantized.
At the early universe xy is small thus quantized takes
1

270

place. However at present x,—o0, hence; G = Z

Thus no quantization is observed.

7. Discussion

The mass of the string in Equation (27) is finite for very
small radius which is true also for Equation (28) when
the particle considered as a sphere. If ¢ is positive then
one expects the string to represent the particle while the
sphere representing an anti-particle. The mass in both
versions is directly proportional to the radius, thus in-
creasing with the radius. This in conformity with ex-
periments where the larger the radius the larger the mass
as in case of protons and neutrons compared to electrons.
The mass is also dependent on the gravitational constant
G which is also quite natural as for as the mass general
gravitational field and is also affected by it. However, the
mass of spherical bodies depends on the wave number y
unlike the string mass which is free from this term. The
free parameter ¢, provides as with freedom to adjust its
value to give as the value of all elementary particles. The
gravitational field is shown by Equation (36) to be pro-
pagated in form of a travelling wave. The energy of the
graviton is determined in Equation (42) by treating the
graviton as a wave packet. It is interesting to find that the

1JAA



136 M. D. ABDALLA ET AL.

graviton mass is a function of its frequency in complete
agreement with the Plank energy for the photon but with
new (Plank) gravitational constant, the graviton expres-
sion for the energy can also be obtained by utilizing the
expression for the mass density, when the radius r, is
very small [see Equation (42)]. Again one gets Plank quan-
tum gravity expression but with a background zero en-
ergy. This means that the vacuum E is a media in which
graviton transmit it. It is also amazing to find in Equation
(42) and that the gravity plank constant 4, is dependent
on the gravitational constant G. Equation (60) shows that
the gravitational constant G is quantized. At the early
universe xg is small and quantized term including the dis-
crete number n dominates. Thus, the gravitational para-
meter “constant” G in Equation (60) is quantized and is
no longer a constant. But at present xp—o and the quan-
tized term is smeared out and G is a constant parameter
and is no longer quantized.

8. Conclusion

The capability of EGGR to quantize the gravitational
field and gravitational constant indicates that it can se-
cure a good basis for a full quantum gravitational theory.
The ability of this model to explain the origin of the mass
in relation to the gravitational field, and to be an amena-
ble to quantization, raises a hope of unifying all funda-
mental forces by bridging the gap between GR and quan-
tum mechanics, beside finding a pathway to unify gravity
with other forces by using Riemannian geometry as a com-
mon language.
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