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Abstract

The (2,1)-total labeling number A) (G) of a graph G is the width of the smallest range of integers that
suffices to label the vertices and the edges of G such that no two adjacent vertices have the same label, no
two adjacent edges have the same label and the difference between the labels of a vertex and its incident
edges is at least 2. In this paper, we studied the upper bound of A (G) of S,,,vP, and S, xP,.
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1. Introduction

Our terminology and notation will be standard. The
reader is referred to [1] for the undefined terms. For a
graph G, let V(G), E(G), A(G) and §(G) denote,
respectively, its vertex set, edge set, maximum degree
and minimum degree. We use N(v) to denote the
neighborhood of v and let g4(v)= ‘ N, (v)\ be the de-
gree of v in G. Let d(x,y) denotes the distance of
vertices x,y of G, [x]| is the smallest integer greater
than x.

Motivated by the Frequency Channel assignment
problem. Griggs and Yeh [2] introduced the L(2,1)-
labeling of graphs. This notion was subsequently ex-
tended to a general form, named as [(p,q)-labeling of
graphs. Let p and 4 be two nonnegative integers.
An [(p,q) -labeling of graph G is a function f
from its vertex set }(G) to the set {0,1,2,---k} for
some positive integer £ such that ‘f(x)—f(y)‘Zp
ifxand y are adjacent, and \f(x)—f(y)\Zq if x and
y are at distance 2. The L(p,q)-labeling number
A, ,(G) of G is the smallest & such that G has an
L(p,q)-labeling f withmax {f(v)|veV(G)}=k-

Whittlesey et al. [3] investigated the [(2,1)-labeling
of incidence graphs. The incidence graph of a graph
G is the graph obtained from G by replacing each
edge by a path of length 2. The L(2,1)-labeling of the
incidence graph of G is equivalent to an assignment
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of integers to each element of 7(G)uU E(G) such that
adjacent vertices have different labels, adjacent edges
have different labels, and incident vertex and edge
have the difference of labels by at least 2. This labeling
is called (2,1)-total labeling of graphs, which was in-
troduced by Havet and Yu [4], and generalized to
(d1)-total labeling form. Let ¢ >1 be an integer. A
k —(d,)) -total labeling of graphG is an integer-valued
function f defined on the set V(G)uU E(G) such
that

1, if vertices x and y are adjacent;
|/ (x)— f(»)| =11, if edges xand y are adjacent;

d, if vertex x incident to edge y.

The (d,1)-total labeling number, denoted }/ (G), is
the least integer £ such thatG has a k —(d,1)-total
labeling.

When d =1, the (1,])-total labeling is the well-
known total coloring of graphs, which has been inten-
sively studied [5-7].

It was conjectured in [4] that gg (G)<A+2d -1 for
each graph G, which extends the well-known Total
Coloring Conjecture in which ¢ =1. It was also shown
in[4] }/(G)<2A+d -1 forany graph G . The(d,])-
total labeling for some kinds of special graphs have
been studied, e.g., complete graphs [4], outerplanar
graphs for 4 =2 [8], graphs with a given maximum
average degree [9], etc.

In this paper, we studied the (2,1)-total labeling of
joining graph with star and path S ,, v P, , and the car-
tesian product of star and path S, ,, xP, . The follow-

n+l

ing two lemmas appeared in [4], which are very useful.
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Lemma 1.1. Let G be a graph with maximum de-
gree A,then A/ (G)>A+d-1.

Lemma 1.2. If 4] (G)=A+d -1, then the vertices
with maximum degree of G must be labeled 0 or
A+d-1.

2. The (2,1)-Total Labeling of S,,,Vv P,

Let G, and G, be two graphs, by starting with a dis-
joint union of G, and G,, adding edges by joining
each vertex of G, to each vertex of G,, we can obtain
the join of graph G, and G,, denoted G, VvG,.

Let S, be a star with n+1 vertices v, v;,---v,, in
which d(v;)=n, we call y the center of S, . Let
P, be a path with m vertices u,,u,,---u, . Then
G=3S,.,, v P, has following propositions:

1) A(G)=d(vy)=m+n;

2) duy)=d(u;) =--=d(u, )=n+3
du)=du,)=n+2;

3) dv)=d(v,)=-d(v,)=m+1.

For n=12, §,,, is a path, S. M. zhang [10] had
studied the (2,1)-total labeling of P, v P,. So in the
sequel, we only consider the case n>3.

Theorem 2.1. Let G=S,,, VP, , if m>n+2, then
A (G)=A+1.

Proof. By lemma 1.1, it’s need to prove
A (G)<A+1=m+n+1.

Now, we give a (m+n+1)—(2,1) -total labeling of
G as follows:

For ;j=1,2,..,n and j=12,---,m,let

SOu,)=(>+j-1)mod (m+1),

fyv)=i-1, f(v))=m+n-1, f(v,)=m+2
fOu) =n+j(j=12,-,m=1), f(u,)=n,

f)=n+3, f(u,)=m+n,
f(uj):j_z(j:2737”'am_1)9

m+n, 1<j<m-2and jisodd

1< j<m-2and jiseven

f(ujuj+1) ={

m+n+l,
S(u, u,)=m+n-2.

It’s easy to see that f is a (m+n+1)—(2,1)-total
labeling of S ., v P, so we have

n+l m >
A(G)<A+1=m+n+1.
Theorem 2.2. Let G=S,,, VP, ,
then A (G)=A+1
Proof. By lemma 1.1, it’s need to prove
A(G)<A+1=2n+2.
Now, we give a (2n+2)—(2,1) -total labeling of G
as follows:
For i=12,---,n and j=1,2,---,n+1,let
Su;)=(+j-1)mod (n+2)

if m=n+127
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fyv)=i-1,
o) 2n+2, i=0,
Vv.)=
S n+3, i=12,---,n.

Sy =n+ j(j=1,2,n), [, ) =1,
f(uju,'ﬂ)=j—1(j:1’2’,,,’n)’

2n+1, 1<k<n-land jisodd

2n, 1<k<n-land jiseven

S, ) ={

Let f(u,)=2n-2, f(u,,)=2n+l,
we can see that

fw)—f(vu)=2n-2—(n+1)=n-3>2,
fw)-f(v)=2n-2-(n+3)=n-5>1,.

Since n>6,

It’s easy to see that f is a (A +1)—(2,1)-total label-
ingof G for m=n+12>7.

Theorem 2.3.Let G=S,,, VP, ,if 4<m=n+1<6,
then A (G)<A+2.

Proof. Since (A +2)=(2n+3), we can also give a
(2n +3) —(2,1) -total labeling of G as follows:

Let f(v,)=2n+3, f(u,,)=2n+1,and let

2n+2, 0<k<n-land jisodd
2n+1, 0<k<n-land jiseven

Su,_)= {

Then label other edges and vertices of G as the proof
of theorem 2.2.

Obviously, f is a (2n+3)—(2,])-total labeling of
G,sowehave A (G)<A+2.

Theorem 2.4. Let G=S§

VP if m=n>6, then
= v P .
n+12} (G)<A+2 m

Proof. Since (A +2)=(2n+2), we can also give a
(2n+2) - (2,1)-total labeling of G as follows:

Let f(vu;)=(+j-Dmod(n+2)(,j=12,-,n),
f(vai):i_1$ f(vou‘/.):n+j(j=1,2,---,n) 5
JW)=2n+2, f(v)=2n+1G=12,-,n),

f(ujuj+1):j_l(j:Lzs”"n_l) 5
S,))=n+j+2(j=12,---,n-2),
S, )=2n-3, f(u)=2n-2.

For #n > 6, it’s easy to see that

f(unfl)_f(v_?)un—l):Zn_3_(n+1):n_422:

Then f isa (A+2)-(2,])-total labeling of G, this

prove the theorem.
Theorem 2.5. Let G=S,,,VvP,, if n>m=>5, then
A (G)=A+1.

Proof. For i=1,2,---,n;j=12,---,m, let
SOu;)=(+j-1)mod (n+1),and f(vu,;)=j-1,
Svv)=i-1,
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n+3, jisodd,
Su;)= -
n+4, jiseven.
P ) n+l, jisodd,
uu, )= .
s n+6, jiseven
Let

Syv)=i+m(i=12,---,n-1),

J)=m+n(i=12,-,n-2),

JO)=n+2=71,),
f(vovn):m

Notice that n>m>5, it’s easy to prove that f isa

(A +1)—(2,]) -total labeling of G, this prove the theo-
rem.

S(v)=m+n+l,

3. The (2, 1) -Total Labeling of S ., x P,

The cartesian product of graph G and H, denoted
G x H , which vertex set and edge set are the follows:
V(GxH)={(u,v)lueG,veH},

E(GxH)=

{w,v)' V) |v=V,uu'e E(G);or u=u',w'e E(H)}.
Let w, ;(i=0,1,---n; j=1,2,---,m) denote the vertex

(v,,u;) ofthegraph S, xP,.

Obviously, for m =2,

A(S,., xB,)=n+1=d(w,;)(j=12) , the degree of

other vertexes is 2. For m >3,

AS,, xP,)=n+2=d(w,)(j =1,2,-,m),
dw,)=dw,,)=2(i=12,-,n), the degree of other
vertexes are 3.

For n=12, S, is a path, S. M. zhang [11] had
studied the (2,1)-total labeling of P, xP, . So in the
sequel, we only consider the case n>3.

Theorem 3.1.Let G=S,,,xP,,then A (G)=A+1.
Proof. By lemma 1.1, it’s need to prove A(@G)<A+1.
Casel.If m=2,n>4, then A=n+1.

We give a (n+2)—(2,])-total labeling of G as fol-
lows:

By lemma 1.2, we let Fw,)=0, f(wy,)=n+2,

n
il =12 2] =12
M /

it2, i=[ﬂ+1,[ﬂ+2,---,n—2;j=1,2

2 2
f(wo,,wi,j): i+2, i=n—-Ln; j=1,
0 i=n-1j=2
1 i=n;j=2.

f(Wm) =5, f(Wl,z) =0, f(W1,1W1,2) =3
f(W2,1) =1, f(Wz,z) =0, f(WzJWz,z) =4

Copyright © 2010 SciRes.
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Sw =1 f(w,)=2(=3,4,n-1),
f(wn,l):l’ f(Wn,2)=3 5

Sw,w,) = [g—‘ +2(i=0,3,4,-n).

For n>4,we have
f(Wo,z)_f(Wo,lwo,z) :n+2_(’73—}+2) :n—lrg—}ZZ,

then fis a (n+2)—(2,]) -total labeling of G for
m=2, nz24.
The 5-(2,1)-total label of S, x P, as follows:
Let f(w,)=0, f(w,,) =5, f0,) =2, f(w,)=3;
f(W2,1) =5, f(wz,z) =0, f(W3,1) =1, f(W3,z) =2,
f(Wo,lwo,z) =3, f(Wl,lwl,z) =35, f(Wz,lwz,z) =3,
f(W3‘1W3,2) =4, f(Wo,1W1,1) =4, f(WO,ZWI‘Z) =1,
SWows ) =5, f(w,,ws,)=0;
f(Wo,1W2,1) = f(Wo,zwz,z) =2.
Case2. If m>3,n>4, then A=n+2.

We can also give a (n+3)—(2,1)-total labeling of G
as follows:

n+3, jiseven,
For 1<j<m,let f(w, ;)=

0, jisodd.
itl, i=1,2,~-~{ﬂ;j=1,2,~-m,

it3, i={£~‘+l,{ﬁ—l+2,mn—2;j:1,2,~~~m
2 2

S W, ;) =4i+3, i=n—-1,n;and jis odd ,
0, i=n—1;and jis even,
1, i=mn;and jis even.
4, jisodd, 5, jisodd,
f(Wl,,,') = .. > f(Wz,j) = ..
5, jiseven. 6, jiseven.

For 1<j<m-1,
0, i=1,2;and jis odd,

let f(W;,jWi,jH) = {1

i=1,2;and jis even.

For 1<j<m,

I, i=3,4---n—1;and jis odd,
let f(w, )=
/ 2, i=3,4---n—1;and jis even.
1, jisodd,
Sw, )= ..
3, Jjiseven.

For 1<j<m-1,
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[ﬁ-‘+2, i=0,3,4---n;and jis odd,
f(Wi,jWi,ju) =
[g—‘+3, i=0,3,4---n;and jis even.
If >4, 1<j<m and ; iseven, we can see that

f(WO,j)_f(WO,jWO,jH):n+3_(’72—‘+3) 22,

fWo )= f(w, )=n+3-621,

then fisa (n+3)—(2,1) -total labeling of S, xP, .
Case3.If m>n=3, then A=5.
We give a 6—(2,]1)-total labeling of S,xP, as fol-
lows:

f(WO,jW],j):4(j =12---m) >
0, jisodd,

For 1< j<m, let f(Wo;):{ -
- 6, jiseven.

5, Jjisodd,
f(wo,jwz,j) = ..
0, jiseven.
6, jisodd,
f(Wo,‘/Ws,j) = 1 ..
, Jiseven.
1, i=1,2;and jis odd,
S, ;)= . . .,
2, i=1,2;and jis even.
2, jisodd,
f(Wz,j) = ..
3, jiseven.

For 1<j<m-1,
2, jisodd,

3, jiseven.

let f(Wo,jWO,j+1) :{

5, jisodd,
S w0 = ..

6, jiseven.
4, jisodd,

6, jiseven.

f(wz,/wz,jﬂ) = {

0, jisodd,

S, Jjiseven.

f(w3,jw3,j+]) :{

Copyright © 2010 SciRes.

It is easy to see that 4] (S,,,xP,)=A+1. This prove
the Theorem.
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