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ABSTRACT 

In this paper we describe a hybrid system approach for high consumption industrial furnace control. The problem is 
observed in systematic way starting from the need for modeling this system as hybrid. For description of this behavior 
we use the Hybrid System Description Language. After that, we design an optimal controller for the furnace and we 
simulate and compare the controller with other relevant predictive controllers. We have shown that using the hybrid 
approach for control of industrial furnaces leads to significant improvement of the control system performances. 
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1. Introduction 

Processes and plant constructions of thermal systems and 
industrial furnaces, kilns and ovens in particular, have 
been subject to both scientific and technological research 
for long time [1]. This is mainly due to the process com- 
plexity of energy conversion and transfer into thermal 
systems, however, their control and supervision have 
recently become topics of extensive research. 

The overall control task is to drive the process to the 
desired thermodynamic equilibrium and to regulate the 
temperature profile through the plant. In industrial oper- 
ating environment, technical control specifications in- 
volve goal and task description of aims and procedures of 
supervision functions. From the general systems theo- 
retical standpoint, it is the thermal systems where it be- 
came apparent that controlled processes in the real-world 
plants constitute a non-separable, unique interplay of the 
three fundamental natural quantities: energy, mass and 
information. 

From control point of view, in thermal systems the es- 
sential impact occurs due to time delay and natural I/O 
operating modes. These modes interact with the control- 
ling infrastructure in the process real-time, provide the 
way the complexity of sensor-actuator problem be prop- 
erly resolved by natural ordering of I/O modes and re- 
spective input-output variable pairing [2,3]. 

In this paper we present a hybrid model for a high 
consumption industrial furnace that should represent the 
real plant more accurately. On the basis of this model, we 
will design controller(s) that will lead to increasing of the 
control system performance. 

The paper is organized as follows. At the beginning 
we explain the principles of hybrid systems and we 
elaborate on the need of using hybrid modeling for con- 
trol of high consumption industrial furnaces. In the third 
section we present linearized model of the furnace and 
we derive hybrid model for designing of the predictive 
controller that is explained in section four. In section five 
the simulation results are presented. At the end we give 
concluding remarks and possible future work. 

2. The Need for Hybrid Model for High 
Consumption Industrial Furnace 

A hybrid system denotes in general a system composed 
of two unlike components. A hybrid control system is a 
control system with both continuous and binary/integer 
signals. Such a system generates a mixture of continuous 
and discrete signals, which take values in a continuum 
(such as the real numbers ) and a finite set (such as a, 
b, c), respectively. 



In the last decade several modeling formalisms have 
been developed to describe hybrid systems. One of the 
most popular and widely used is the class of discrete hy- 
brid automata (DHA) introduced in [4]. DHA result from 
the interconnection of a finite state machine (FSM), 
which is the discrete dynamics of the hybrid system, with 
a switched affine system (SAS), which is the continuous 
dynamics, see Figure 1. as presented in [5]. 

The information exchange of the two basic elements of 
the hybrid automaton is based on the event generator (EG) 
and the mode selector (MS). The EG is responsible for 
activating the logic variables based on the continuous  
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Figure 1. Discrete time hybrid automata. 
 
state and input signals. These logic events and other ex- 
ogenous logic inputs affect the logic states of the FSM. 
After that the MS combines all the logic variables to 
choose the “mode” of the continuous dynamics of the 
SAS. Continuous dynamics are expressed as linear affine 
difference equations. 

Industrial furnaces are usually represented in control 
science as nonlinear mathematical models. In order to 
simplify the model of the furnace in the near surrounding 
of the operating point, researchers usually use lineariza- 
tion. Nevertheless, it is not unusual for a system to have 
more than one operating points so linearization must be 
done in all of them. On the other hand, these systems are 
usually subject to logic and integer variables inputs (fur- 
nace empty/full; door open/closed; line speed: 1, 2, 3, or 
4; and so on). In these cases, there are several possible 
solutions: 
a). Linearization in one operating point and neglecting 

the logic and integer variables. In this case the de- 
signer of the control system should carefully choose 
one operating point to linearize the plant, and design 
the controller as robust as possible. For the integer 
and logic variables the most common value must be 
assumed. Reduced efficiency of the controller is ex- 
pected due to the neglecting of the variables and 
when the operating point is different from the one of 
linearization. 

b). Hybrid approach. Here the designer should model the 
system in one of the popular hybrid modeling lan- 
guages, and design a controller for the hybrid model. 
This approach is very similar to the Switching control, 
but in addition it allows the user to incorporate logical 
rules in the mode selection of the system, as we have 
previously described. In order to implement hybrid 
multi model system, the nonlinear function, must be 
linearized in several operating points before the hy- 
brid approach is implemented. 

c). Nonlinear control techniques. These techniques are 

the method that can achieve best control performance 
if no logic and integer variables are involved in the 
system. Additionally, nonlinear control is too de- 
manding in means of computational power, and in 
other cases this kind of design is not feasible. That is 
why this method is rarely implemented in industry. 

We can summarize that the furnace has complex 
model that consists of continuous dynamics over differ- 
ent segments and integer/boolean logic variables that 
significantly affect the transfer function. That is why a 
hybrid approach for modeling of the furnace is the most 
appropriate choice. As one of the possible representa- 
tions, the authors in [6] have proposed a class of hybrid 
systems definition of the form of Equations (1)-(3). 

         1 2 31 Ax k B u k kx k B zk B      (1) 

         1 2 3y k Cx k D u k D k D z k        (2) 

       2 3 1 4 5E k E z k E u k E x k E         (3) 

     xwhere         c lk x k x k     

is the state vector,  cn
cx k     0,1 ,ln

lx k 

     

 and  
the output vector is 

 0,1 lc
pp

c ly k y k y k       

and the input vector is  

 ( ) ( ) / ( ) 0,1c lm m
c lu k u k u k  

, 

  crz k     0,1 lrk 
, , ,

and  are auxiliary variables. 

i iA B C D iE 5 and  denote real constant matrices, E  
is real vector, cn , and c c c l l l l . 
Without loss of generality, we assumed that the continu- 
ous components of a mixed-integer vector are always the 
first. Inequalities 

0 , , , , , , 0p m r n p m r 

(3) must be interpreted component wise. 
Systems that can be described by model (1)-(3) are called 
Mixed Logical Dynamical (MLD) systems.  

In this paper we will elaborate the hybrid system de- 
sign approach in modeling and control of high consump- 
tion industrial furnace. The operating point of the furnace 
depends on the temperature profile that we want to 
achieve. The most used temperature profile in this fur- 
nace is when we need to regulate the temperature near 
1000˚ Celsius. Nevertheless, if we want to use the fur- 
nace for heating other types of pipes, we need to stabilize 
the output temperature to different operating points e.g. 
500, 700 or 1200 degrees etc. Additionally there are sev- 
eral discrete parameters that significantly influence the 
furnace behavior. The state that represents the presence 
of pipe in each of the furnace zones has great impact on 
the coefficients for the increase/decrease of the tempera- 
ture in the respective zone. Also the state of the doors 
(open/closed) at the beginning and at the end of the fur- 
nace impacts the cooling of the furnace. 
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3. Model of the Furnace 

In our previous work, we have presented different types 
of model predictive control implemented on linearized 
models of industrial furnaces [7,8]. In order to elaborate 
our results we are going to compare our work with pre- 
vious related work. In this section we present the lin- 
earized model of the furnace and the discrete time hybrid 
model. 

3.1. Continuous Time Model 

The modeling of an industrial furnace is not an easy task. 
That is why, in this paper we decided to use the previous 
work [3] where a complete identification of a high con- 
sumption industrial furnace in the factory “FZC 11 Ok- 
tomvri” in Kumanovo, in the Republic of Macedonia has 
been done. 

Structural, non-parametric and parameter identification 
has been carried out using step and PRBS (PseudoRan- 
dom Binary Sequence) response techniques in the opera- 
tional environment of the plant as well as the derivation 
of equivalent state realization. With regard to heating 
regulation, furnace process is represented by its 3 × 3 
system model. The families of 3 × 3 models have 9 con- 
trolled and 9 disturbing transfer paths in the steady and 
transient states. The structural model of the furnace is 
depicted in Figure 2. 

Experiments involved the recorded outputs (special 
thermocouples): temperature changes in the three zones 
in response to input signal change solely in one of the 
zones. Firstly, only the burners at the first zone were ex- 
cited and data for the temperatures in all three zones is 
collected; the temperature jT  and the corresponding 
fuel flow Qi for each input-output process channel (trans- 
fer path) were recorded. 

After collecting the data, the parameter modeling of  
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Figure 2. Diagram of the conceptual MIMO system model 
for gas-fired furnace in FZC “11 Oktomvri”. 

the furnace was conducted and the system’s state space 
model presented in Equations (4) and (5) was derived. 
This model represents a linearization of the furnace 
model near the operating point. 

x Ax Bu                 (4)  
 y Cx Du                 (5)  

xwhere   is the state vector of the system, y is the output 
vector of the system and the values of matrix A are de- 
fined in Equation (6), the values of matrix B are defined 
in Equation (7), and the values of matrices C and D are 
defined in Equation (8). 

 

1 1

2

diag , 1, 2, 9;

1 1

0 1

i

ij

P i

T T

T

 

  
   

A ，

P
         (6) 

 , , ,

0 1.93 0 0 0 0

0 0 0 1.29 0 0

0 0 0 0 0 0.2

S S S

 
   
  

B

S
    (7) 

 
 

0 0

0 0

0 0

1,0,1,0,1,0
, 0

0,0,0,0,0,0

V

V

V

 
   
  






C

V
D

0

        (8) 

The time constants are T1 = 6.22 min and T2 = 0.7 min. 

3.2. Discrete Time Hybrid Model 

Before we introduce the hybrid model we need to elabo- 
rate the furnace dynamics. In this paper we are dealing 
with 3-input 3-output gas fired furnace. The maximum 
temperature that can be achieved is 1300˚ Celsius when 
operating at full power (the valves for the burners are 
opened 100%). The model for the temperature is discrete 
and it is represented with the Equations (9)-(12). 

        

  

    

out out max out

out

max

1 0.5

      0.05 1

i i i

i

i i i

T k T T k T T T

T k T

F u T T k





     

  

  

(9) 

1

2

3

0.945 5
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0.945 5

F B

F B

F B

hc hc

hc hc

hc hc

   

  
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          (10) 


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
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  (13) 

where 1S  = 1.195; 2S  = 0.6232; 1n Fn

2

 = 0.07968; 

Fn  = 0.04155; 1Dn  = 0.01245; 2Dn
T

 = 0.006492. 

max  represents the maximum temperature that can be 
achieved in this furnace and is equal to 1300˚ Celsius. 
Signals Fhc , Bhc  (13) and i  (12) are logic signals 
that can change their value according to the process dy- 
namics and represent disturbances of the system. The 
outdoor temperature around the furnace T  is con- 
tinuous state disturbance to this system. 

out

 
   

It is obvious that the system is both discrete and 
nonlinear by nature but cannot be implemented as a dis- 
crete control system because of the logical conditions in 
the transfer function and the interconnection between the 
states and variables that combine a non-affine set for 
synthesis of the control system. 

In order to overcome this problem we are going to 
propose 2 solutions. 
a). The model could be linearized near the best-fit oper- 

ating point, and after that to be represented as a hy- 
brid system, by decomposing this model to sections 
according to the logic rules. 

b). The model will be divided into several sections and 
linearized in each of them. In this way we will derive 
a multi-model of the furnace that can be later decom- 
posed to more section according to the logic rules. 
This way we will have more complex model and con- 
troller, but improvements in the results are expected. 

Both of the solution will be compared between each 
other, and with a standard MPC controller on a linearized 
model of the furnace. 

4. Controller Synthesis 

Model Predictive Control (MPC) has become the ac- 
cepted standard for complex constrained multi variable 
control problems in the process industries. Here at each 
sampling time, starting at the current state, an open-loop 
optimal control problem is solved over a finite horizon 

[9]. Only the first computed control value in the se- 
quence is implemented. At the next time step the compu- 
tation is repeated starting from the new state and over a 
shifted horizon, leading to a moving horizon policy [10]. 

Controlling a system means to calculate input signals 
in a manner that when the calculated sequence is applied 
to the system it will eliminate the difference between the 
referent signal and the measured output of the system. In 
this paper we will compare three different MPC tech- 
niques to a highly complex nonlinear model of an Indus- 
trial furnace. As mentioned in the previous section the 
controllers to be compared are linear MPC, hybrid MPC 
on a model linearized in one operating point, and hybrid 
multi-model MPC. 

The optimization problem of linear MPC is known for 
a long time and it is not a subject of this paper. The 
reader can find detailed explanations on MPC in [11], 
[12] and many other books. Regarding the hybrid opti- 
mization problem, it should be of the form 

 
     

     
  
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N
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N

u r z rp pk

y r
p

J u z x t

Q x N t x Q x k x

Q u k u Q z k t z

Q y k t y
















  

   

 






 (14) 
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    
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     
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   (15) 

where the explanation of the elements is the same as in 
Equations (1)-(3). 

We use the Hybrid Toolbox for Matlab [13] as a de- 
sign tool for the controller for the high consumption in- 
dustrial furnace. This toolbox can work with several dif- 
ferent types of hybrid system models (e.g. Mixed Logical 
Dynamical Systems, Piecewise Affine Systems and Dis- 

Copyright © 2012 SciRes.                                                                                  ICA 



G. STOJANOVSKI, M. STANKOVSKI 

Copyright © 2012 SciRes.                                                                                  ICA 

408 

crete-time Hybrid Automata) and presents a formal 
mathematical equivalence between these models. We use 
HYSDEL to represent the model of the furnace.  

series of simulations. The Disturbance signals from the 
front and the back door, and the timing of the pipe enter- 
ing in the first zone of the furnace are graphically repre- 
sented on Figure 3. On Figure 3 the logic variable for 
pipes entering zone 1 is resented. The logic variables for 
zone 2 and 3 have deterministic dependence on this value 
with fixed delay. In reality this delay is represented 
through the line speed of the conveyor driving the pipes 
in the furnace, but this is to be done in near future. Dur- 
ing this simulation a fixed delay time of 10 minutes be- 
tween zones is adopted. During the simulation the con- 
tinuous disturbance signal  has value of 15˚ Celsius. 

In order to achieve better results we have divided the 
temperature domain of the furnace in five sections as 
presented here:  1 2section T 10,260  ; 2section   

 2T 260,520 ;  3 2section T 520,780 ; 4section   
 2 ; 780,1040T  5 2 . For each 

of the section a linearized model for the furnace was de-
rived near the midpoint of the respective section (e.g. for 
section4 the model was linearized near T2 = 910˚ Cel-
sius). 

section T 1040,1300

out

The main results are presented on Figures 4-6 where 
the temperatures in the respective zones of the furnace 
are presented long with the reference signal. The control 
signals applied to the three control valves respective are 
presented on Figures 7-9. 

T
MLD hybrid model generated from the HYSDEL file 

for the multi-model linearized problem has 25 continuous 
states, 9 inputs (4 continuous, 5 binary) and 3 continuous 
outputs. The HYSDEL model has 22 continuous auxil- 
iary and 15 binary auxiliary variables. The optimization 
problem to be solved has 118 mixed-integer linear ine- 
qualities. The sampling time of the system is 0.5 minutes. 
If comparison to the hybrid model of the furnace lin- 
earized in one operating point whose HYSDEL repre- 
sentation has only 38 mixed-integer linear inequalities, it 
is obvious that the complexity of the optimization prob- 
lem is significantly increased with the introduction of 
multi-model linearization. This affects the computation 
time of the optimization algorithm and favors the one 
point linearization method for implementation if it has 
satisfactory behavior. 

From the presented results it is obvious that introduce- 
ing the hybrid control approach for high consumption 
industrial furnace improves the quality of the control. 
The controller leads the system faster to the referent set- 
point and the steady state error is acceptable. The hybrid 
MPC—one linearized model method, has also satisfac- 
tory results. Nevertheless we must point out that the 
tracking of the referent trajectory is best when it is near 
the linearization point (s), and as the referent trajectory 
moves from this point we have bigger error in the control 
algorithm. This is more expressed in the hybrid controller 
with only linearization point, which is linearized near 
800˚ degrees. In this case it is obvious that output tracks 
the reference without any problem near this region, but if 
we have work plans that require a lot of temperature 

5. Simulation Results 

To verify the hybrid approach for control of high con- 
sumption industrial furnace the authors have conducted  
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Figure 4. Temperature in the first zone of the furnace during the simulation. 
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Figure 5. Temperature in the second zone of the furnace during the simulation. 
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Figure 7. Valve openings on the first valve of the furnace during the simulation. 
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Figure 8. Valve openings on the second valve of the furnace during the simulation. 
 
changes throughout the temperature domain of the fur- 
nace, the multi-model hybrid approach is to be consid- 
ered. The previous remark, regarding the performance of 
the controller near the linearization point also stands for 
the multi-model hybrid approach. The difference here is 
that we have several models and the difference between 
the set-point and the active model cannot be very big. 
Logically if we introduce more models linearized in dif-  

ferent operating point we will increase the performance 
of the controller, but also we will increase the complexity 
and the time necessary to perform the optimization. 

Regarding the control signals, on all three figures 
(Figures 7-9) we can note that the hybrid controllers 
have fast reaction time to the disturbances. When there is 
new pipe entering in the one of the zones of the furnace, 
the control signal in the respective zone, acts towards  
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Figure 9. Valve openings on the third valve of the furnace during the simulation. 
 
stabilization of the temperature. Also we can note that 
when the furnace is operating near 800˚ degrees, all three 
controller generate the same control value, but if we 
move far from this central linearization point, the calcu- 
lated values for the control action differ a lot. 

6. Conclusions 

In this paper, a hybrid model of the high consumption 
industrial furnace in the factory “FZC 11 Oktomvri” in 
Kumanovo, R. Macedonia was presented. This approach 
resulted with significant improvements regarding to the 
linearized model that have been used before. Also we 
have shown that increasing the complexity of the model 
is not always necessary and depends on the specifics of 
the problem. 

The new model incorporates the logic signals that act 
as disturbances to the furnace (new pipe entering in the 
zone, opening of the back and the front cooling door). 
Also in order to improve the performance of the furnace, 
multi point linearization was implemented on five char- 
acteristic points in the temperature domain. These results 
are confirmed with the presented simulation results. 

We are also currently working to extend the results of 
this paper towards implementation of the line speed con- 
trol of the furnace in the model and practical implement- 
tation of the controller to the furnace. 
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