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Abstract

In this paper, a modified variation of the Limited SQP method is presented for constrained optimization. This
method possesses not only the information of gradient but also the information of function value. Moreover,
the proposed method requires no more function or derivative evaluations and hardly more storage or arith-
metic operations. Under suitable conditions, the global convergence is established.
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1. Introduction

Consider the constrained optimization problem
min f(x)
st. h(x)=0, icE O
g,(x)<0, jel

where f, h;, g;:R" = R are twice continuously diffe-

E={12,--,m"}, I={m+Lm+2--,m+[},[>0
is an integer. Let the Lagrangian function be defined by

Lx,1,2) = () + 4 g(x) + Zh(x) @)

where g and A are multipliers. Obviously, the La-

rentiable,

grangian function L is a twice continuously differenti-
able function. Let S be the feasible point set of the

problem (1). We define I” to be the set of all the sub-
scripts of those inequality constraints which are active
atx’,ie, I"={ilieland g,(x)=0}.

It is well known that the SQP methods for solving
twice continuously differentiable nonlinear programming
problems, are essentially Newton-type methods for find-
ing Kuhn-Tucher points of nonlinear programming
problems. These years, the SQP methods have been in
vogue [1-8]: Powell [S] gave the BFGS-Newton-SQP
method for the nonlinearly constrained optimization. He
gave some sufficient conditions, under which SQP me-
thod would yield 2-step Q-superlinear convergence rate
(assuming convergence) but did not show that his mod-
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ified BFGS method satisfied these conditions. Coleman
and Conn [2] gave a new local convergence qua-
si-Newton-SQP method for the equality constrained non-
linear programming problems. The local 2-step
Q-superlinear convergence was established. Sun [6]
proposed quasi -Newton-SQP method for general [ (!
constrained problems. He presented the locally conver-
gent sufficient conditions and superlinear convergent
sufficient conditions. But he did not prove whether the
modified BFGS-quasi-Newton-SQP method satisfies the
sufficient conditions or not. We know that, the BFGS
update exploits only the gradient information, while the
information of function values of the Lagrangian func-
tion (2) available is neglected.

If xe R" holds, then the problem (1) is called un-
constrained optimization problem (UNP). There are ma-
ny methods [9-13] for the UNP, where the BFGS method
is one of the most effective quasi-Newton method. The
normal BFGS update exploits only the gradient informa-
tion, while the information of function values available is
neglected for UNP too. These years, lots of modified
BFGS methods (see [14-19]) have been proposed for
UNP. Especially, many efficient attempts have been
made to modify the usual quasi-Newton methods using
both the gradient and function values information (e.g.
[19,20]). Lately, in order to get a higher order accuracy
in approximating the second curvature of the objective
function, Wei, Yu, Yuan, and Lian [18] proposed a new
BFGS-type method for UNP, and the reported numerical
results show that the average performance is better than
that of the standard BFGS method. The superlinear con-
vergence of this modified has been established for un-
iformly convex function. Its global convergence is estab-
lished by Wei, Li, and Qi [20]. Motivated by their ideas,
Yuan and Wei [21] presented a modified BFGS method
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which can ensure that the update matrix are positive de-
finite for the general convex functions. Moreover, the
global convergence is proved for the general convex
functions.

The limited memory BFGS (L-BFGS) method (see
[22]) is an adaptation of the BFGS method for
large-scale problems. The implementation is almost
identical to that of the standard BFGS method, the only
difference is that the inverse Hessian approximation is
not formed explicitly, but defined by a small number of
BFGS updates. It is often provided a fast rate of linear
convergence, and requires minimal storage.

Inspired by the modified method of [21], we combine
this technique and the limited memory technique, and
give a limited SQP method for constrained optimization.
The global convergence of the proposed method will be
established for generally convex function. The major
contribution of this paper is an extension of, based on the
basic of the method in [21], the method for the UNP to
constrained optimization problems. Unlike the standard
SQP method, a distinguishing feature of our proposed
method is that a triple {s,,y,,4’} being stored, where

=%, ¥, =V, L(z,)) -V L)+ 4s,,
Ki> s i) > 20 = (0 15 4) 5 and 4, are the
multipliers which are according to the Lagrangian objec-
tive function at x;, while x4, and A, are the mul-

Si = Xin Z,, =

tipliers which are according to the Lagrangian objective
and 4/
gian function value. Moreover, a limited memory SQP
method is proposed. Compared with the standard SQP
method, the presented method requires no more function
or derivative evaluations, and hardly more storage or
arithmetic operations.

This paper is organized as follows. In the next section,
we briefly review some modified method and the L-BFGS
method for UNP. In Section 3, we describe the modified
limited memory SQP algorithm for (2). The global con-
vergence will be established in Section 4. In the last sec-

tion, we give a conclusion. Throughout this paper, || ||

function at x is a scalar related to Lagran-

i+l

denotes the Euclidean norm of vectors or matrix.

2. Modified BFGS Update and the L-BFGS
Update for UNP

We will state the modified BFGS update and the
L-BFGS update for UNP in the following subsections,
respectively.

2.1. Modified BFGS Update

Quasi-Newton methods for solving UNP often need to
update the iterate matrix B, . In tradition, {B,} satisfies

Copyright © 2010 SciRes.

the following quasi -Newton equation:
B .S, =9, 3)

=X 5 0, =V (x) = Vf(x;) .The very
famous update B, is the BFGS formula

where S, = x,,,

B,S.SI'B, 6,0
Bk+1:Bk_ grkBg k+Sl;~é]f (4)
k =k~ k k Yk

Let H, be the inverse of B,, then the inverse up-
date formula of (4) method is represented as

51{(Sk _Hkak)SkSkT +

H,,=H, -

(308,
(Si _Hké‘k)SkT +8,(5; _Hké‘k)T 5)
(5 8,)°
S8, 5.8 . S.S{
=(] - kY k H ,
( 5kTSk) - 57S, A oS,

which is the dual form of the DFP update formula
in the sense that H, <> B,, H,, <> B,,;,and s, <> y,.

It has been shown that the BFGS method is the most ef-
fective in quasi-Newton methods from computation point
of view. The authors have studied the convergence
of fand its characterizations for convex minimization

[23-27]. Our pioneers made great efforts in order to find
a quasi-Newton method which not only possess global
convergence but also is superior than the BFGS method
from the computation point of view [15-17,20,28-31].
For general functions, it is now known that the BFGS
method may fail for non-convex functions with inexact
line search [32], Mascarenhas [33] showed that the non-
convergence of the standard BFGS method even with
exact line search. In order to obtain a global convergence
of BFGS method without convexity assumption on the
objective function, Li and Fukushima [15,16] made a
slight modification to the standard BFGS method. Now
we state their work [15] simply. Li and Fukushima (see
[15]) advised a new quasi—Newton equation with the fol-

lowing form B _ 5, =¢," ., where 5" =5, +1,g,[S,.

e+ ko

4, >0 is determined by 7 =1+ max{- S0,

[
der appropriate conditions, these two methods [15,16]
are globally and superlinearly convergent for nonconvex
minimization problems.

In order to get a better approximation of the objective
function Hessian matrix, Wei, Yu, Yuan, and Lian (see
[18]) also proposed a new quasi-Newton equation:
B,.,(2)S, =67 =6, + 4,(3)S,, where

2 f )= G +ord )V (5 +0,d ) + VI (x)T'S,
1S 1P
Then the new BFGS update formula is

,01. Un-

Ak 3=
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B,(2)S,S{B,(2) , 676" (6)
¢ B,(2)S, S, 8"
Note that this quasi-Newton formula (6) contains both

gradient and function value information at the current

and the previous step. This modified BFGS update for-
mula differs from the standard BFGS update, and a

higher order approximation of V* f(x) can be obtained
(see [18,20]).
It is well known that the matrix B, are very impor-

Bk+1(2) =B, 2)-

tant for convergence if they are positive definite [24,25].
It is not difficult to see that the condition S8 >0
can ensure that the update matrix B,,,(2) from (6) in-
herits the positive definiteness of B, (2) . However this
condition can be obtained only under the objective func-
tion is uniformly convex. If f is a general convex
function, then S/ and S;&, may equal to 0. In
this case, the positive definiteness of the update matrix
B, can not be sure. Then we conclude that, for the gen-
eral convex functions, the positive definiteness of the
update matrix B, generated by (4) and (6) can not be
satisfied.

In order to get the positive definiteness of B,(2)

based on the definition of & and &, for the general

convex functions, Yuan and Wei [21] give a modified
BFGS update, i. e., the modified update formula is de-
fined by

B,(3)S,S/B,(3) . 55"

e @)
S B (3)S, oy S,

Bk+1 3)= Bk 3)-

b

where 8" =5, +4,S,, A, =max{4, (3),0} . Then the
corresponding quasi-Newton equation is

B, (3)S, =5 (®)

which can ensure that the condition S/5;" >0 holds
for the general convex function f (see [21] in detail).
Therefore, the update matrix B,,, from (8) inherits the
positive definiteness of B, for the general convex
function.

2.2. Limited Memory BFGS-Type Method

The limited memory BFGS (L-BFGS) method (see [22])
is an adaptation of the BFGS method for large-scale
problems. In the L-BFGS method, matrix g, is ob-

tained by updating the basic matrix H,(7>0) times

using BFGS formula with the previous m iterations.
The standard BFGS correction (5) has the following
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form
Hy, = VkTHka +kakSkT 9
1
where =——
pk S[ﬁk
trix. Thus, H,,, in the L-BFGS method has the fol-
lowing form:

, V,=1-p,5,S;, Iis the unit ma-

Hy, = VkTHka +kakSkT
= VkT[VkIL]Hk—IVk—I + pk—ISk—ISZ—I]Vk ""kakSkT

= [VkT o VkT-ﬁH ]Hk—rrm [Vk-ﬁm o Vk ]
+ Pr_iin [ijil "'Vkamz ]Sk—r%+lSZ—ﬁ+2[Vk—rﬁ+2 Vil
+ cee
+p,S.S/.
(10)

3. Modified SQP Method

In this section, we will state the normal SQP method and
the modified limited memory SQP method, respectively.

3.1. Normal SQP Method

The first-order Kuhn-Tucker condition of (2) is

Vi(x")+pu'Vg(x")+ A'Vh(x") =0,
g(x") <0, 4; 20, 11,8,(x")=0, for jel, (11)
h(x")=0.
The system (11) can be represented by the following
system:
H(z)=0, (12)
where z=(z,u,A)eS and H:R"™" - R™™*" s
defined by

VI (x)+ u"Vg(x)+ A Vh(x)

H(z) =| min{-g(x), u} : (13)
h(x)

Since vf,vg, and Vi are continuously differentia-
ble functions, it is obviously that H(z) is continuously
differentiable function. Then, for all d € R™""*", the
directional derivative H'(z:d) of the function H(z)
exists. Denote the index sets by

a(z) =1y >-g,(x)} (14)
and f(2)= {i| 1, <—g, (V). (1s)
AM
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Under the complementary condition, it is clearly that
a(z) is an index set of strongly active inequality con-

straints, and f(z) is an index set of weakly active and

inactive inequality constraints. In terms of these sets, the
directional derivative along the direction d =(d,.,d,.d),)

is given as follows

Gd

-Vgld).

( gz x)zea(z) , (16)

min{d, , (-Veg/d, Micpes)
Vh(x)'d,

H'(z:d)=

where G is a matrix which elements are the partial deriv-
atives of V L(z) to d., d,, d,, respectively. If

min{d,, ,(-Vg/d )} p., =d, holds, then the set

4 Vg, (x) Vgu(x) Vh(x)

\% r 0 0 0

w(zy=| 8« Can
0 0 1, 0
Vh(x)" 0 0 0

By (33) in [6], we know than the system
W.d, =—H(z,), (18)
where d, =, .d, .d,) and W, =W(z,), define

the Kuhn-Tucker condition of problem (2), which also
defines the Kuhn-Tucker condition of the following qua-
dratic programming QP(z,,V,):

Hi?

. X 1
min  Vf(x,)"s +EsTVks,

st g, (x)+Vg,(x) s=0, (19)
gﬂ(xk)+Vgﬂ(xk)TS <0,
h(x,)+Vh(x,) s =0,

where s=x-x,,V, =V L(z,).

Generally, suppose that B, (1) is an estimate of V)
and B, (1) can be updated by BFGS method of qua-
si-Newton formula
Bk(l)skSZBk(l) i J’kJ’/{

SIZBk (s, J’/{Sk
Sp =X =X 5 Vi =V, L(z;,) -V, L(z)
Zpor = s Myirs Aen)s 2 = (0, s &),y and - 4,

are the multipliers which are according to the Lagrangian
objective function at x,, while g,,, and A4,,, are the

B,()=B,0)- (20)

where

multipliers which are according to the Lagrangian objec-
tive function at x,,. Particularly, when we use the up-

date formula (20) to (19), the above quadratic program-
ming problem can be written as QP(z,,B,):

Copyright © 2010 SciRes.
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min  Vf(x,) s+ %STBk s,

st g,(x,)+Vg,(x) s=0, @1
gﬂ(xk)+Vgﬂ(xk)Ts <0,
h(x,)+ Vh(xk)Ts =0.
Suppose that (s, ¢, 4) is a Kuhn-Tucker triple of the
sub problem QP(z,,B,) , therefore, it is obviously
thats =0 if (x,,x,,4) isa Kuhn-Tucker triple of (2).

3.2. Modified Limited Memory SQP Method

The normal limited memory BFGS formula of qua-
si-Newton-SQP method with H, for constrained opti-

mization (2) is defined by
Hy, = VkTHka + pkskslz
= VkT[VkT-IHk-le-I + pk—lsk—lskr—l W+ kakSkT

[VkT "'VkT-aH]Hk-mn[Vk-rzn ‘”Vk]

T T T
+ PV Vi i anSianVian Vil
+ e

(22)

1 . .

where p, =——, V,=I-p,ys., [ is the unit
Sk Vi

matrix. To maintain the positive definiteness of the li-

mited memory BFGS matrix, some researchers suggested

to discard correction {s,,y,} if s/y, >0 does not

hold (e.g. [34]). Another technique was proposed by

Powell [35] in which y, is defined by

_ e if s,y 20.2s{B,s,,
g 6,y +(1-6,)B,s,, otherwise,

0.8s, B,s,

, B'=H, of (22). How-
SI{BkSk_Slfyk

where 6, =

ever, if the Lagrangian objective function L(x,u,A) is
a general convex function, then skT vy, may equal to 0.

In this case, the positive definiteness of the update matrix
H, of (22) can not be sure.

Whether there exists a limited memory SQP method
which can ensure that the update matrix are positive de-
finite for general convex Lagrangian objective func-
tion L(x, 1, A). This paper gives a positive answer. Let

s 2AL(z,) = L(z ,DI+[V  L(z,,) +V Lz, )]Tsk '

A, Con-

2
Il
sidering the discussion of the above section, we discuss
A, for general convex Lagrangian objective function

AM
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L(x,u,4) in the following cases to state our motivation.

case i: If Zk >0, we have
SO+ As) =5t + A ls P>sln 20, @)
case ii: If Zk <0, we get

7 2AL(z,)— Lz, DI+ [V L(z,, )+ V. L(z, )]Tsk

0>4, >
[l |l
> =2V L(zj)Sk +[VXL(Zk+l)+vxL(Zk)]Tsk
- s 117
_ —Si Vi
s 1P

24

| which means that s; y, >0 holds. Then we present our
modified limited memory SQP formula

* *T *yr¥ * T
Hi, =V HV + 08,5,

*T *T * * * T * * T
Vi W SH Vo + PaSiasia Ve + pesisy

[Vk*T o VZTM ]H;ﬂml U/k*—rhﬂ T Vk* ]

* *T *T T * *
+ PranlVis  Vitao ianSiean Wsaen - Vol

+ PSSy
(25)
* 1 * * % T
where Pi =~ Vi =1-p.yisi, and

Sk Vi
Vi =, +max {Zk,O} s, . It is not difficult to see that the

modified limited memory SQP formula (25) contains
both the gradient and function value information of La-
grangian function at the current and the previous step if

Zk >0 holds.
Let B, be the inverse of H . More generally, sup-

pose that B, is an estimate of V, . Then the above
quadratic programming problem (19) can be written as

OP(z, ,BZ) :
min Vf(xk)Ts+%sTB,fS,
st g,(x)+Vg,(x) s=0, (26)

gﬂ(xk)+Vgp(xk)TSSO,
h(xk)+Vh(xk)Ts =0.

Suppose that (s,4,1) is a Kuhn-Tucker triple of the

subproblem QP(z,,B,), therefore, it is obviously that
s=0 if (x,,u,,4) isaKuhn-Tucker triple of (2).
Now we state our algorithm as follows.

Copyright © 2010 SciRes.

Modified limited memory SQP algorithm 1 for (2)
(M-L-SQP-A1)

Step 0: Star with an initial point z, =(x,, £, 4,)
and an estimate H, of V,=V’L(z,), H; is a
symmetric and positive definite matrix, positive con-
stants 0<d <o <1,m, >0 is a positive constant. Set
k=0;

Step 1: For given z, and H,, solve the subproblem
min Vf(xk)Ts+%sTH;’ls,

st €,(x)+Vg,(x) s =0, 27
g5(x)+Vg,(x) s <0,
h(x,)+Vh(x,) s =0,

and obtain the unique optimal solution d, ;
Step 2: o, is chosen by the modified weak
Wolfe-Powell MW WP) step-size rule
L(z, +a,d,) < L(z,)+ 6,V L(z,) d,, (28)
and
V. Lz, +ad) d, 2oV L(z)'d,, (29
then let x,,, =x, +a,d,.
Step 3: If z,,, satisfies a prescribed termination cri-
terion (18), stop. Otherwise, go to step 4;
Step 4: Letm =min{k +1,m,}. Update H, for m
times to get H,,, by formula (25).
Step 5: Set k=k+1 and go to step 1.
Clearly, we note that the above algorithm is as simple
as the limited memory SQP method, form storage and

cost point of a view at each iteration.
In the following, we assume that the algorithm updates

Bj -the inverse of H, . The M-L-SQP-A1 with Hessian

approximation B, can be stated as follows.

Modified limited memory SQP algorithm 2 for (2)
(M-L-SQP-A2)

Step 0: Star with an initial point z, = (x,, &, 4,)
and an estimate B, of V, =V’ L(z,), B; is a sym-
metric and positive definite matrix, positive constants
0<d<o<l, my>0 1is a positive constant. Set
k=0;

Step 1: For given z, and B, solve the subproblem
QOP(z,,B)) and obtain the unique optimal solution d, ;

Step 2: Let m=min{k+1,m,}. Update B, with

k
i=k—m+1 >

the triples {s,,y;, 4"} ie.,

forl=k—-m+1,---,k , compute

AM
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# *

1* T pl* *  *T
_ By 5,5, By +)’1J’l

*T
Vi S

, (30)

where s, =x,,-x,, y =y, +4's, and B for
all k.

Note that M-L-SQP-A1 and M-L-SQP-A2 are mathe-
matically equivalent. In the next section, we will estab-
lish the global convergence of M-L-SQP-A2.

4. Convergence analysis of M-L-SQP-A2

Let x"be a local optimal solution and z* =(x", ", 1")

be the corresponding Kuhn-Tucker triple of problem (1).
In order to get the global convergence of M-L-SQP-A2,
the following assumptions are needed.

Assumption A. 1) f,h and g, are twice conti-

nuously differentiable functions for all xe.§ and §
is bounded.

2) {Vh(x"),ie E}U{Vg,(x"),jel"} are positive li-
near independence.
3) (Strict complementarity) For j e ", u; > 0.

(iv) s"Vs >0 for alls#0 with Vi (x")'s =0,ie £
and Vg,(x")'s=0,jel", where V=V>L(z").

(v) {z,}convergesto z"where V L(z")=0.

(vi) The Lagrangian function L(z) is convex for all

zeS§.
Assumption A(vi) implies that there exists a constant
H >0 such that

|V I<H, VzeS. 31

Due to the strict complementary Assumption A(3), at a
neighborhood of z*, the method (26) is equivalent to
the following equality constrained quadratic program-
ming:

. 1 .
min  Vf(x,) s +5STBkS,

st.  g,(x)+Vg, (x,) s=0, (32)

h(x,)+Vh(x,) s =0.
Without loss of generality for the locally convergent

analysis, we may discuss that there are only active con-
straints in (2). Then (18) becomes the following system

with B; instead of V:

B Vg, (x) Vh(x) dxk V. L(z,)
Vg, " 0 0 1d, =1 &) |[=-H(z)
Vh(x)" 0 0 )\d, h(x,)

(33)
In the case of only considering active constraints, we

Copyright © 2010 SciRes.
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can suppose that

Vi Vg, (x) Vh(x)

W, = Vga(x)r 0 0 34
Vh(x)" 0 0
And
B; Vg, (x) Vh(x)
Dy =| Vg, (x) 0 0 | (35)

Vh(x)" 0 0

when B, iscloseto V,, D, , iscloseto WV, .

Lemma 4.1 Let Assumption A hold. Then there exists
a positive number M, such that

* 12
MSMI, k=0,1,2, .
Sk Vi
Proof. By Assumption A, then there exists a positive
number A such that (see [36])

MSMO, k> 0. (36)
Sk Vi

Since the function L(x) is convex, then we have
L(zi) = L(z,) 2V L(z,) s, and
L(z,)-L(z,,)>-V L(z,.,)"s,, the above two in-

equalities together with the definition of Zk imply that

T
|Ak|S|Skyk2|. (37)
sl
Using the definition of y;, we get
SV =Sfyk+max{2k,0}2~?;fyk (33)

and

1y Il i 1+ | max {4, Obs, I<Il vy 1+ 1w (1< 211 e I
(39

where the second inequality of (39) follows (37). Com-
bining (38), (39), and (36), we obtain:

2 2
[yl _ 4l
T_x = T
Si Vi Si Vi

Let M, =4M, we get the conclusion of this lemma.

<4M,.

The proof is complete.
Lemma 4.2 Let B, is generated by (30). Then we have

~ 1k k STy*
det(B;,,) =det(B; """ [] == (40)

T p*
I=k—m+1 8] B] S

where det(B;) denotes the determinant of B, .

Proof. To begin with, we take the determinant in both
sides of (20)

AM



14 G.L.Yuan ET AL.

Det(B,.,(1)) = Det(B, (1)(I % s, B M, B Wyl )

TB (1)51( SkyA
T 1T
= Det(B, (1))Det(I - S/;Sk B, (1) i Bk(l)r Yk )
+ B (s Sk Vi

=Dez(Bk(1)>[(1—ATL)”)(H(B My -
s, B (Ds, J’kS/c
T yA )((B (l)?A)

o yk Sk TB , (Ds,

B.()"y)]

yksk
= Det(B, (1)) ———,
GO T s,

where the third equality follows from the formula (see,
e.g., [37] Lemma 7.6)

det(Z +uud +uyug )= 1+ uy )1 +uduy) — (u] u,) Wl uy).
Therefore, there is also a simple expression for the de-
terminant of (30)

T _ %
det(B;.,) = det(B- ") H S

I=k—, m+1S1 B S[

Then we complete the proof.
Lemma 4.3 Let Assumption A hold. Then there exists a
positive constant O, such that

-V.L(z)"d,

II's; [I=0,m,, where 77, =
lld I

Proof. By Assumption A, we have
(V. L(z) =V, L(z,) d; =
akd,ff;V(zk +tad)d dt<a, | d, | (H+1).
On the other hand, using (29), we get
(V.L(z,.))-V. . L(z,)' d, 2-(1-0)V L(z,)" d,.

l-o

1-
s, ||Z2—— .
s 112 il

H+1

Therefore, The

77k9 let 6 =

proof is complete.

Using Assumption A, it is not difficult to get the fol-
lowing lemma.

Lemma 4.4 Let Assumption A hold. Then the sequence
{L(z,)} monotonically decreases, and z, €S for all

k > 0. Moreover,

Z(—akVXL(zk)Tdk) < 00,
k=0
Similar to Lemma 2.6 in [38], it is not difficult to get
the following lemma. Here we also give the proof
process.
Lemma 4.5 If the sequence of nonnegative numbers
m, (k = 0,1,---) satisfy
k
HijClk,cl>0,k=1,2,~~, (41)

Jj=0

then limsup, m, >0.
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Proof. We will get this result by contradiction. As-
sume that limsup, m, =0, then, for 0<¢, <c¢,, there

exists k, >0, such that m, <g, for all k =k, . Hence,
forall &>k,

cf <Hm H51

=0 j=hk

k
+oo_l1msup,{ J {Hm j 7 < oo,
]

which is a contradiction, thus, limsup, m, >0.
Lemma 4.6 Let {x,} be generated by M-L-SQP-A2 and
Assumption A hold. If %im inf ||V _L(z,)|>0, then, there

exists a constant &, > 0 such that

k
[1n, =(&)"", forallk>o0.
J=0
Proof. Assume that iim inf ||V L(z,)||>0, i.e., there
exists a constant ¢, > 0 such that

V. L(z)||Z¢c,, k=012,--. (42)

Now we prove that the update matrix B;,, will al-
ways be generated by the update formula (30), i.e., B,
inherits the positive definiteness of B; ors; y; >0
always holds. For k& =0, this conclusion holds at hand.
For all k>1, assume that B, is positive definite. We
will deduce that s y; >0 always holds from the fol-
lowing three cases.

Case 1. If 4, >0. By the definition of y; and As-
sumption A, we have
s'y? =sTy, +max{4,,0}>s"y, >0.

Case 2. If 4, <0. By the definition of y], (24), and

Assumption A, we get s, y; =5, ¥, >0.

Case 3. If Zk =0. By the definition of yis (29), As-
sumption A, d, =-B;'V_L(z,), and the positive defi-
niteness of By, we obtain

slyr =5y, = —(1-0)a,d[V L(z,) = (1- ), d[ Bid, >0
So, we have 7y >0,and B;  will be generated by the
update formula (30). Thus, the update matrix B;,, will

always be generated by the update formula (30).
Taking the trace operation in both sides of (30), we get

Tr(Bi,) =

- k| B's, || k
Tr(B]/:—erl*)_ Z [ Tz i” +
I=k-m+1 S B[ A

Ly P @3

T, *x 2
I=k-m+1 S; YV

AM



G. L. Yuan

where Tr(B;) denotes the trace of B;. Repeating

this trace operation, we have

* P B’ 2 k ® 12
iy -maey- § L, & LK
kme 8; BlS; iSia S Y,
IBis I, <~ I
=Tr(By)— Z . ! Tl L
s Bis; 1= sy
(44)

Combining (42), (44),
Lemma 4.1, we obtain

d, =-B'V_L(z,) , and

k c2
Tr(B;,)) <Tr(By)—. -~
ol Y BV.L(z) HV,L(z))

+(k+1D)M,.

(45)
Using B, .,
By (45), we obtain

k

< Tr(By)+(k+ 1M,

2
¢
_ < (46)
;VXL(ZJ.)TH].VXL(ZJ.) c
and
Tr(B;,)) < Tr(B))+ (k+1)M,. (47)

By the geometric-arithmetic mean value formula we
get

k
[1V.L(z) HV,L(z,) >

Jj=0

[ (k +1)c2 } h
" . (48)
Tr(B)) + (k + )M,

Using Lemma 4.2, (30), and (38), we have

- k ST *
det(B;,,) =det(B{ ™) [ -2

I=k- m+lSlle

k
1—
> det(BS ") 9
I=k—mi+l @
> ...
crxrl—0o
> det(B)[ [—
=0 &

This implies
det(B;)

H (49)

det(B;,)) o

By using the geometric-arithmetic mean value formula
again, we get

Copyright © 2010 SciRes.

is positive definite, we have Tr(B;,)>0.
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. T B* n
det(B;,,) < {M} . (50)
n
Using (47), (49) and (50), we obtain
k det(B;)n"
Hl e [Tr(B)+(k+1)M,]"
J=
1 det(B))n"

T k+1[Tr(B)+M,]"

j min{ detEBg)n” 1
[Tr(By)+M,]"

(1)

{
exp(n)

[Tr(By)+M,]"

> C}k+l

where ¢; > ! min {
exp(n)
-V.L(z))"d,

$O, =— .
IV.L(z)ld, |l
Multiplying (48) with (51), for allk >0, we get

2
s VLG ) [[cos6, st &¥De2_qea
j=0 Tr(By) +(k+1)M,

det(B;)n"
[Tr(By)+M,]"’

1} . Let

> L kel (52)
Tr(B))+ M,

According to Lemma 4.4 and Assumption A we know
that there exists a constant M, >0
such that

180 =l =2 (<2 [T+ [T (1€ 2M5 . (53)

Combining the definition of ; and (53), and noting
that ||V L(z,)| cosd,

k eyl
Hﬁj 2[ - 32 ’ ]k+1 :Séﬁl,
Jj=0 (Tr(By)+M,)2M,

The proof is complete.

Now we establish the global convergence theorem for
M-L-SQP-A2.

Theorem 4.1 Let Assumption (i) hold and let the se-
quence {z,} be generated by M-L-SQP-A2. Then we

have

=n;, we get for all k>0,

liminf | V,L(z,) = 0- (54)

Proof. By Lemma 4.3 and (28), we get
L(Zk+1)SL(Zk)_5||Sk an (55)
< L(z,) -~ 65,7}

By (55), we have Zm: nl < 400 this implies that

AM
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lim 7, =0 (56)

Therefore, relation (54) can be obtained from (56) and
Lemma 4.6 directly.

5. Conclusion

For further research, we should study the properties of
the modified limited memory SQP method under weak
conditions. Moreover, numerical experiments for practi-
cally constrained problems should be done in the future.
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