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ABSTRACT 

This paper deals with a direct derivation of Fisher’s information matrix for bivariate Bessel distribution of type I. Some 
tools for the numerical computation and some tabulations of the Fisher’s information matrix are provided. 
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1. Introduction 

The role of the Bessel functions in probability distribu-
tions can be trace back to [1,2]. The application of the 
univariate Bessel distribution in creating a robust alterna-
tive to the normal distribution is investigated by [3]. Un-
ivariate Bessel function distributions have been also used 
to the signal processing, [4]. Basic properties of these 
distributions with their links with some well-known dis-
tributions are described in [5]. More discussion on Bessel 
Distributions can be found in [6]. The bivariate Bessel 
distribution of type one (BB1) is specified by the fol-
lowing joint density function  
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The density (1.1) is introduced by [7], by using a cha-
racterization of Bessel distribution due to the [8]. Refer-
ence [8] showed that if U and V are independent 
chi-squared random variables with common degrees of 
freedom v, then the distribution of 1 1X a U bV 

Y a U 

 sub-
ject to  is a Bessel distribution. In a nice 
generalization, Reference [7] have proved that the joint 
pdf of 1 1  and 2 2  

 is given by (1.1). They have called this 
distribution as bivariate Bessel distribution of type I. For 

more information about Bessel distribution, see [7,8]. It 
is well-known that under certain condition, the inverse of 
Fisher Information Matrix (FIM) is the covariance matrix 
of the estimate of the parameters. The FIM has many 
application in statistics and other sciences. For an excel-
lent recent references on applications of the FIM see [9]. 
The aim of this paper is to compute FIM for the bivariate 
density function (1.1) and is organized as follow: an ex-
plicit expression for the FIM for Bivariate Bessel distri-
bution of type I is given in Section 2. Computing FIM for 
a special case of bivariate density function is given in 
Section 3. In Section 4, we provide some tools for the 
numerical computation of the FIM. Some tables of the 
FIM are also given. 

 1 1> > 0a b

1 1X a U b 
2 2> > 0

2. An Explicit Expression for the FIM 

For a given observation  , ,x y  the FIM has the form  

 2

, , 1

, =1

ln
,

p

p

j k j k
j k

j k

L
I E

 

  
            

θ
      (2.1) 

where    , ,L f x yθ θ  and  1, , p  θ

1 2 1 2, , ,a a b bθ
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 are the 
parameters of the density. According to (1.1), the un-
known vector of parameters is  The 
log likelihood of (1.1) for observation 

 , .v
, ,x y  is Finally,  
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Take 1 2 2 1m a b a b   and 1 2 2 1n a . In the fol-
lowing, we compute all the second derivatives of log 
likelihood (2.2) subject to parameters.  
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where  x  is the derivative of digamma function. 

For computing the elements of FIM, following [7], let 
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1 2a Y a X a 

 and  then,  
, and .b X  
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a b V mV  b1 2 2 1 2 1

We have found these identities take the computations 
easy. 
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Therefore, the elements of FIM can be calculated as 
below. 
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and finally 
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E
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3. Special Case 

Since above experessions are very tedios, we also com-
pute FIM for some assumtions as below. We assume that, 

1 1a b k   and 2 2a b k   for some fixed k. Then the 
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elements of FIM can be computed as below. As we see 
the experessions are easier than the former experessoins 

and the dimension of the parameters is shorter than the 
peremier parameters.  
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and finally, 
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4. Numerical Computation and Tables of the 
FIM 

In this section, some numerical tabulations of the FIM 
are given to illustrate the computations in the last section. 

Take,  

   2 2

1 22
1 2

ln , ln ,
,

2
,

f x y f x y
E E E E

a

    
             a

 

   2 2

3 42
1 2

ln , ln ,
,

2
,

f x y f x y
E E E E

b

    
          b


 

   2 2

5 6
1 2 1 1

ln , ln ,
, ,

f x y f x y
E E E E

a a a b

   
            





 

   2 2

7 8
1 2 2 1

ln , ln ,
, ,

f x y f x y
E E E E

a b a b

    
               

 

and 

   2 2

9 10
2 2 1 2

ln , ln ,
, .

f x y f x y
E E E E

a b b b

    
               

 

In the Tables 1-6, we have computed the elements of 
FIM for the Bivariate Bessel distribution of type I, for  

Table 1. Elements of the FIM for (a1, b1, a2, b2) = (2, 1, 3, 1). 

v 5 7 8 9 10 

E1 3131 5223 7097 9479.8 12411 

E2 301 351 409 476.2 551 

E3 859 1479 1861 2287.8 2759 

E4 394 648 808 986.8 1184 

E5 –421 –477 –553 –641.8 –741 

E6 311 635 839 1071 1331 

E7 –161 –341 –455 –585 –731 

E8 –224 –456 –602 –768 –954 

E9 124 260 346 444 554 

E10 –576 –972 –1218 –1492.8 –1796 

 
Table 2. Elements of the FIM for (a1, b1, a2, b2) = (2, 1, 3, 2). 

v 5 7 8 9 10 

E1 3314 5520 7460 9914.8 12924 

E2 301 351 409 476.2 551 

E3 949 1479 1825 2212.2 2639 

E4 394 648 808 986.8 1184 

E5 –482 –576 –674 –786.8 –912 

E6 272 584 782 1008 12621 

E7 –211 –439 –583 –747 –931 

E8 –148 –324 –436 –564 –708 

E9 124 260 346 444 554 

E10 –606 –972 –1206 –1467.6 –1756 
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Table 3. Elements of the FIM for (a1, b1, a2, b2) = (3, 1, 3, 2). 

v 5 7 8 9 10 

E1 368.2 613.3 828.8 1101.6 1436.1 

E2 67.8 76.3 88.5 102.9 119 

E3 105.4 164.3 202.7 245.8 293.2 

E4 95.4 164.3 206.7 254.2 306.5 

E5 72.4 –82.6 –95.7 –111 –128 

E6 30.2 64.8 86.8 112 140.2 

E7 –40.1 –81.4 –107.4 –137 –170.1 

E8 –19.1 –43.1 –58.4 –76 –95.7 

E9 34.5 70.5 93.2 119 147.8 

E10 –96.5 –159.6 –199.2 –243.4 –292.1 

 
Table 4. Elements of the FIM for (a1, b1, a2, b2) = (3, 2, 3, 1). 

v 5 7 8 9 10 

E1 347.8 347.8 788.5 1053.1 1379 

E2 88.2 88.2 128.8 151.2 176 

E3 95.4 95.4 206.7 254.8 306.5 

E4 105.4 105.4 202.7 254.8 293.2 

E5 –72.4 –72.4 –95.7 –111 –128.1 

E6 34.5 34.5 93.2 119 147.8 

E7 –19.1 –19.1 –58.4 –76 –95.7 

E8 –40.1 –40.1 –107.4 –137 –170.1 

E9 30.2 30.2 86.8 112 140.2 

E10 –96.5 –96.5 –199.2 –243.4 –292.1 

 
Table 5. Elements of the FIM for (a1, b1, a2, b2) = (3, 2, 2, 1). 

v 5 7 8 9 10 

E1 1421 2367 3209 4277.8 5591 

E2 794 984 1160 1361.2 1584 

E3 394 648 808 986.8 1184 

E4 949 1479 1825 2212.2 2639 

E5 –482 –576 –674 –786.8 –912 

E6 124 260 346 444 554 

E7 –148 –324 –436 –564 –708 

E8 –211 –439 –583 –747 –931 

E9 272 584 782 1008 1262 

E10 –606 –972 –1206 –1467.6 –1756 

Table 6. Elements of the FIM for (a1, b1, a2, b2) = (3, 1, 2, 1). 

v 5 7 8 9 10 

E1 1421 2367 3209 4277.8 5591 

E2 611 687 797 926.2 1071 

E3 394 648 808 986.8 1184 

E4 859 1479 1861 2287.8 2759 

E5 –421 –477 –553 –641.8 –741 

E6 124 260 346 444 554 

E7 –224 –456 –602 –768 –954 

E8 –161 –341 –455 –585 –731 

E9 311 635 839 1071 1331 

E10 –576 –972 –1218 –1492.8 –1796 

 
different values of  

 
     
     1 1 2 2

2,1,3,1 , 2,1,3,2 , 3,1,3, 2 ,
, , ,

3, 2,3,1 , 3,2,2,1 , 3,1, 2,1
a b a b

   
  

 

and  5,7,8,9,10 .v  
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