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ABSTRACT

The interrelation between analytic functions and
real-valued functions is formulated in the work.
It is shown such an interrelation realizes nonli-
near representations for real-valued functions
that allow to develop new methods of estimation
for them. These methods of estimation are ap-
proved by solving the Cauchy problem for equ-
ations of viscous incompressible liquid.
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1. INTRODUCTION

The work of L. Fadeyev dedicated to the many- dimen-
sional inverse problem of scattering theory inspired the
author of this article to conduct this research. The first
results obtained by the author are described in the works
[1-3]. This problem includes a number of subproblems
which appear to be very interesting and complicated.
These subproblems are thoroughly considered in the
works of the following scientists: R. Newton [4], R.
Faddeyev [5], R. Novikov and G. Khenkin [6], A. Ramm
[3] and others. The latest advances in the theory of SIPM
(Scattering Inverse Problem Method) were a great sti-
mulus for the author as well as other researchers. Anoth-
er important stimulus was the work of M. Lavrentyev on
the application of analytic functions to Hydrodynamics.
Only one-dimensional equations were integrated by
SIPM. The application of analytic functions to Hydro-
dynamics is restricted only by bidimensional problems.
The further progress in applying SIPM to the solution of
nonlinear equations in R3 was hampered by the poor
development of the three-dimensional inverse problem
of scattering in comparison with the progress achieved in
the work on the one-dimensional inverse problem of
scattering and also by the difficulties the researchers
encountered building up the corresponding Lax’ pairs. It
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is easy to come to a conclusion that all the success in
developing the theory of SIPM is connected with ana-
lytic functions, i.e., solutions to Schrodinger’s equation.
Therefore we consider Schrodinger’s equation as an in-
terrelation between real-valued functions and analytic
functions, where real-valued functions are potentials in
Schrodinger’s equation and analytic functions are the
corresponding eigenfunctions of the continuous spec-
trum of Schrodinger’s operator. The basic aim of the
paper is to study this interrelation and its application for
obtaining new estimates to the solutions of the problem
for Navier-Stokes’ equations. We concentrated on for-
mulating the conditions of momentum and energy con-
servation laws in terms of potential instead of formulat-
ing them in terms of wave functions. As a result of our
study, we obtained non-trivial nonlinear relationships of
potential. The effectiveness and novelty of the obtained
results are displayed when solving the notoriously diffi-
cult Chauchy problem for Navier-Stokes’ equations of
viscous incompressible fluid.

2. BASIC NOTIONS AND SUBSIDIARY
STATEMENT

Let us consider Shrodingerse equation

—Acp +qp = k> M
where g is a bounded fast-decreasing function,
3

k|2 = ZTk]-Z.

=

k € R3,

Definition 1. Rolnik'’s Class R is a set of measurable
functions q,

q(x)q(y)
lgllr = fT—dxdy < oo,
) -yl
R
It is considered to be a general definition ([7]).
Theorem 1. Suppose that q € R; then a exists a
unique solution of Eq.1, with asymptotic form (2) as
x| = o0 .
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Pk, x) = ') 4

exilk|lx]
Ak k) +0 () @
where
3
' X
x € Rk = |k|—=, (k, x) = ZTlcjacj,
x| 4
Ay(k,A) = 1 qu(x)qJ (k, x)e "t AN dx
#0009 |
R

The proof of this theorem is in [7].

Consider the operators H = — A, + q(x), Hy = — A,
defined in the dense set W (R?) in the space L,(R?).
The operator H is called Schrodinger’s operator. Povz-
ner [8] proved that the functions ¢+ (k,x) form a
complete orthonormal system of eigenfunctions of the
continuous spectrum of the operator H, and the operator
fills up the whole positive semi-axis. Besides the conti-
nuous spectrum the operator H can have a finite num-
ber N of negative eigenvalues Denote these eigenvalues
by —Ej2 and conforming normalized egenfunctions by

¥; (6, —E)( = 1,N),
where ; (x, —E?) € L,(R?).

Theorem 2 (About Completeness). For any vec-
tor-function f € L,(R®) and eigenfunctions of the op-
erator H, we have Parsevals identity

If1E, = TSl 1 + [aTlf ()12 ds,
where f; and f are Fourier coefficients in case of dis-

crete of and continuous spectrum respectively.
The proof of this theorem is in [8].

Theorem 3 (Birman - Schwinger’s Estimate). Sup-
pose q € R. Then the number of discrete eigenvalues of
Shrodinger operator satisfies the estimate

N(q)_(4 )Zf fq( )q(y)

The proof of this theorem is in [9].
Definition 2. [7]

Te(l k') = f 95t kK )e¥ED g (x)dx.

(2m)3
T+(.,.) is called T-matrix. Let us take into consider-
ation a series for Ty:

[oe]

ISEDY

n=0

T, (k k),

where

TOi(kP k’)

(2 )3 fTeL(k +kx)q(x)dx
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1 (D"
(2m)3 (4m)"

Tni(k'k’) = f feFilkxo)

R3(+1)

etilk llxo—x1]
| = x4

ei”k [lxn—1—xn|

X q(xo) q(x1)...q(xn—1)

g(x)el® m)dx,.. . dx,.
|.X,n_1 —an q( TL) 0 n

As well as in [7] we formulate.

Definition 3. Series (4) is called Born s series.

Theorem 4. Let q € L;(R*)NR . If PqP§ < 4m,
then Born's series for T(k, k') converges as k, k' € R3.
The proof of the theorem is in [7].

Definition 4. Suppose q € R; then the function
A(k, A), denoted by the following equality

1
Al D) = s qu(x)
R3

@4k, x)e —iAn gy,
is called scattering amplitude

Corollary 1. Scattering amplitude A(k,7) is equal to
T-matrix

A(k, l) = T+(l’ k)
1 .
= W qu(x)(p_'_(k' x)e_l(l,x)dx.
R3

The proof follows from definition 4.
It is a well-known fact [5] that the solutions ¢ + (k, x)
and ¢ - (k,x) of Eq.1 are linearly dependent

p+=5¢- €)
where S is a scattering operator with the nucleus
S(k,A) of the form

S 1) = f 04 (t, )@ (4, X)dx.

Theorem 5. (Conservation Law of Impulse and
Energy). Assume that q € R, then

S§*=1,5S=1,

where [ is anunit operator.
The proof'is in [5].
Let us use the following definitions

Gk = f (e ) dx,

R3
Gk —2) = [1q(x)e!c=*dx,
R3
Gmy (k) = ITQ(/{ — )S(|k|* = |A1*)dA,
R3
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Ay (k) = fTA(k, DIS(IkI* = |1I*)dl,

R3

f £k, Ddey, = f (e, DS — 112 dk,
R3

f if(k, Dde, = f 1F (k, DSk — [12)dl,
R3

i
e =—.

where k,1 € R® and ¢, = m

LS
Ik
3. ESTIMATE OF AMPLITUDE MAXIMUM

Let us consider the problem of estimating the maximum
of amplitude, i.e., in%%(lA(k, k)|. Let us estimate the n
€

term of Born’s series |T;, (k, k)]|.

Lemma 1. |T,,(k, k)| satisfies the inequality

1
T (6101 S Gy s
leq(k)F
(Zn)Z(nH) |k|2 k,
\/_

=C6 + 4nTMGs,Cod = 2—,
14 llqll q N
where 8-is a small value, C is a positive number,
Mq = max|g|.

Theorem 6. Suppose that y <16m® , then
anaR%dA(k, k)| satisfies the following estimate
€

=1 (2
1 leq(k)l

maxlAk, IOl < 33 Ters = k|2

dk,

where y = C6||q|| + 4nM§s, & is a small value,
T ~
Céd = 2\/;, Mé§ = aréaR%clql.

4. REPRESENTATION OF FUNCTIONS
BY ITS SPHERICAL AVERAGES

Let us consider the problem of defining a function by its

spherical average. This problem emerged in the course

of our calculation and we shall consider it hereinafter.
Let us consider the following integral equation

f 1G(©8(1t — k|? — [kP)dt = £(2Kk),
R3

where k,t € R3, § is Dirac’s delta function,
feWERY), |k|* = X711k, (k,t) = X Tk;t;.
Let us formulate the basic result.

Theorem 7. Suppose that f € WE(R3), then
@m)*q(r,&,m
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T 27
2
r6r2 Tf (ek, s)' )
00
—e sinf do do,
(ek.es) "))< o) v
where
F—e o) = A ey,
—— e,
(ere)) Mewe’
sinf df do = de,,
siné dédn = deg, r = |t|.

Theorem 8. Fourier transformation of the function q
satisfies the following estimate
Ova
072

aqmv Q'mv

2
L1 dz* |,

Z

1
|q|L1 < Z

5. CORRELATION OF AMPLITUDE AND
WAVE FUNCTIONS

We take the relationship for ¢, ¢_ from (3)

@k, x) = @_(k, x)
—2mi o181k = |1]%) 4)
x A(k, D)g_ (1, x)dA.

Let us denote new functions and operators we will use
further

0o (Vzey, x) = elVzern),

Do (Vzey, x) = @o(Vzey, x) + @o(—Vzey, x),
D, (Vzey, x) = ¢, (Vzey, x) — el(Vzerx)
+o, (—Vzey, x) — e i0Vzewn),
D_(Vzey, x) = p_(Vzey, x) — e!0V7er)
+o_(—Vzey, x) — e i0zek),

Dif = —2mi fTA(k, A6z —Df (4, x)dA,

D,f = —2mi f 1A(=k, )8(z — Df (A, x)dA,

Ds3f = Dif + Dyf,
where z = |k|?, | = |A|?, £k = +V/ze,. Let us intro-
duce the operators Ty, T for the function f € W (R)
by the formulas

T.f =— lim L ) ds,

7Tl Imz -0 S—Z

—00o

where Imz > 0,

1 [oe]
T_f =— lim Tf(\/g) ds,
Tl Imz -0 S—Z

—00

where Imz < 0,
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1
Tf =5 @ +TOf

Use (4) and the symbols e, = Illz_l to come to Rie-

mann’ problem of finding a function @,, which is ana-
lytic by the variable z in the top half plane, and the func-
tion @_, which is analytical on the variable z in the bot-
tom half plane by the specified jump of discontinuity f
onto the positive semi axis.

For the jump the discontinuity of an analytical func-
tion, we have the following equations

f=0, - )
f = D3[®_] = Ds[o-] (6)
where ¢_ = @p_(—4,x).

Theorem 9. Suppose that q € R,

(pi|x=0,z=0 = 0;
then the functions

¥ = &, (Vzey, X) |0 — Po(Vzey, X) |z,

Y2 =Teflx=o
are coincided according to the class of analytical func-
tions, coincide with bounded derivatives all over the
complex plane with a slit along the positive semi axis.

Lemma 2. There exists 0 < || < oo such that it sa-
tisfies the following condition @, |y=0,=0 = 0 holds for
the potential of the form v = &q, where q € R.

Now, we can formulate Riemann’s problem. Find the
analytic function @, that satisfies (5), (6) and its solu-
tion is set by the following theorem.

Theorem 10. Assume that q € R,

(pi|x=0,z=0 =0,
then
&y =Tyf + &y,
f = Ds[f[T-f + ®o]] = D30_,
where @_ = @_(—1,x).
Lemma 3. Suppose that q €R, @i|y=0,=0 =0,
then
A T+[f]|x =0 — T+A [f]lx =0

Theorem 11. Suppose that q € R,

(pi|x=0,z=0 =0, q(o) *0,
then
q(0)flx=0 = D3T. ooCif|x 0

—D3[qp_]lx=0 + D3 | Tfds|,—o-

o")

6. AUXILIARY PROPOSITIONS

For wave functions let us use integral representations
following from Lippman-Schwinger’s theorem

Copyright © 2010 SciRes.

90k, x) = €0

1 etivzlx—y]
ta J‘TﬁCI(}’YPi(k'}’)d%
R3 Y
9s(—kx) = e
1 e?i\/Elx—y|

+ o 3 qu(y)coi(—k. y)dy.
R

Lemma 4. Suppose that q € R,
(pi|x=0,Z:0 =0;

then

where ¢y =

A(k, k') = cod(k — k)
J- .f ) n/—lx Ul
- —i X x
qx)——— Xyl

X q(y)el(k Ndydx + As(k, k),
A=k, k') = cog(=k — k)
—h/—lx d!
o f f RO
X q(y)e L(k Ndydx + A;(=k, k),

(271r)2’ and As(k, k), As(—=k, k) are terms

of order higher than 2 with regards to q.

Theorem 12 (Parseval). The functions

f.9 € L,(R%)

satisfy the equation

where (-,) is a scalar product and cy =

(f'g) = CO(_ftg*):

@em¥

Lemma 5. Suppose that q € R, ¢ | =9 ,=0 = 0, then

Ak, k) = coG(k — k)
o2 fTﬁ(k +p)qp — k)
0 Ip|2 —z—i0

dp
R3
+As(k, k),
A(=k, k') = cog(=k — k)
) f G-k +p)gp— k)
—C f 2 ;
Ip|? —z —i0

dp
R3

+A3(=k, k).

Corollary 2. Suppose that q € R,
@lx=02=0 = 0,

then

,Vz

-5 —

2

Amv (k) = COQmV (k)
T 2%T ,
G(k G(p—k

1 |p|? =z —i0
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where

gy (K) = f 1A3(k K )8 (z — [K D)k
R3
and

Amv (_k) = CquV (_k)
T 2%TT ,
Gg(—k Gglp — k
_ngm Tqu( +p)q(p — k)

pE—z—0 P
+A3mv (—k),
where
Agmy (=) = j A3 (~k, k)8(z — [k [Pk .
R3

Lemma 6. Suppose that q € R and x = 0, then
etiVzlyl

(¥l

N 1 J-TJ-Teiu/—lyl eii«/?ly—ﬂ
@ny? bl 15y

x q(t)e’(k Ddtdy + ¢ (k, 0),

q(y)e'*¥dy

@+(k,0) = 1+—fT

where gof)(k, 0) are terms of order higher than 2 with

regards to q., i.e.,
1 f exivzlx=y|
TfT IT—Q()')
3 _
@y ) )] e

exiVzlt—s|
[t —s|

q)f) (k,x) =

exiVzly—t|
ly —tl

q(t) q(s)p+(k,s)dsdtdy.

and
eTivzlyl
(54

s 1 ITJ-Teﬁ\/EIyI ()e¢iﬁ|y—t| ©
@y ) ) Y !

q(y)e ' *Ndy

1
@+(—k0)=1 +E fT
R3

ly —tl
x e~k dtdy + ¢ (—k, 0),

where (pf)(—k, 0) are terms of order higher than 2
with regards to q., i.e.,

ok = )3f f fT ;ﬂxy_lqu(y)

e+L\/_|y t] e+L\/_|t S|
=1 q(t) T q(s)e+(—k,s)dsdtdy.
Lemma 7. Suppose that q € R, ¢4 |y=0,=0 = 0, then
Gk +p)
k0)=1—c, [1—LETP)
@1 (k, 0) Co leplz — 270
R3

Copyright © 2010 SciRes.

G(k+p)

2
*60 Jeal e @)
g(p +p1) ®)
X |fo————=—<dpidp + (k,0)
Jg(|p1|2—z+L0) PP s
_ g(—k +p)
(0 =1-0 [Tlplz—z%’o
2 [y ACktD)
3 +C0 f 3 (|p|2—Z+lO) (8)
d(p +p1)

1 7 (3)
| [T =7 0y PP ¥ 0 0

Lemma 8. Suppose that q € R, x = 0, then

T 27

F(k,0) = —nicO\/EfTJ. TGk —Vze,)de,
00

m 2m

+mcmfffﬂ/ fq(k Vze,)

—Z

X §(—Vze, — p;)dp,de,
T 27T

+micgzV. p. fff “()TZ__pZ)

— \/Eepl)depldp
»® (k,0).

X q(—p
+oP (k, 0) —

and

n 27

F(—k,0) = —nicox/E.fo 1G(—k —Vzey,)de,
00

n 27

, Vz
+mc§ﬁofq v fTQ( |ka2 _Zep)

X Q(_\/Eep - pl)dpldep
n 2w

+mici\z V. p. fff ql(pll;—f)

X §(—p —Vze,,)de, dp
+0P (—k,0) — 9@ (=k, 0).

7. TWO REPRESENTATIONS OF
SCATTERING AMPLITUDE

Lemma 9. Suppose that f € W3 (R), then
T.f = ¥f +Tf.
Lemma 10. Suppose that q € R, @4|y—0,=0 =0,

then

f(k,0) = F(k,0) + F(—k, 0).
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Lemma 11. Suppose that q € R, @4|y=0,=0 =0,
then

Amv (k) + Amv (_k) =0 (va (k) + va (_k))

T 2T

eV [ 1] 1@k = Vae) + (- ~V7e)
0 0
X Gy (Vzey)de;
T 27T
tmicg f | 1@tk = vze) + -k ~vze)
0 0

X C7mv (_\/Eel)del

n 2w

—rici7 [ 1] 10k = Vae) + -k ~V7e)
0 0

X (T[qmy 1(Vze3) + TG, 1(—Vze))de;

n 2w

N f : f 1@k —Vzey) + G(—k —vZe))
0 0

» |2 dpdeﬂ

l—2z

+c0—V J'jf Gk — )+ G(—k — )

X G(—1— \/Eep)depd/l —2mi(F® (k,0)
+F®(=k,0) + Q3(k, 0) + Q¥ (k, 0),
where Q3(k,0), Q® (k,0) are defined by formulas

03k, 0) = —4nc f (4 (k, 2) + Ay (—k, 2))
R3
X 8(2 = 1) Gy () + Gy (—2))dA.
+2mic, f 1Ay (k, 2) + Ay (—k, )8 (2 — 1)
R3
x f,(1, 0)dl + 472l J-T(Az(k, ) + Ay (—k, 1))
R3

X 8(z = D(T[Gmy (D) + T[Gmy1(=4))dA

—2micy fT(AZ (k, D)+ A (=K, D)
R3
x 8(z — DT[f,](4, 0)dA. )
Q¥ (k,0) = 2mic§ fT(Q(k - +q(=k—-2)

R3
x §(z — D@ (—1,0)dA

+2mick f 1(Ay(k,A) + Ay (—k, 1))
R3

Copyright © 2010 SciRes.

—p)
X o(z l)(f| Z—1+i0
+<p£2>( 1,0))dA. (10)
correspondingly,

F®(k,0) = (pf) (k,0) — 3 (k,0),
F®(=k,0) = ¢ (=k,0) — & (—k, 0),

and (p(3)(+k, 0) are terms of order 3 and higher w.r.t.
g in the representations (7), (8).

Lemma 12. Suppose that q € R, @4|y—0,=0 =0,
then
Ay (K) + Ay (=F)

= f f 1(Ak,VZe,) + A(—kVZe,))

X f 1f(se;, 0)dsde;.

o

8. NONLINEAR REPRESENTATION OF
POTENTIAL

Let us proceed to the construction of potential nonlinear
representation.

Lemma 13. Assume that q € R, @4|y=0,=0 =0;
then

Gmy (k) + Gy (_k)

T 2T

= —nicoﬁfo Gk —Vzey)
5[ﬂ 211: \/_el))qmv(\/_eﬂ)del
ey [1] 160~z + a(k ~ Vze)
0 z X Gmy (—Vz€1)de
+ﬂico«/5jfonT(67(k —Vzey) + G(—k —Vzey))
X (T[;;mvo] (Vze) + TlGme 1(—V7e1))de,

n 27

oz f T f 1@k —Vze) + G(—k —vZe)
0 0

X V.p. JTWC&?CIQ
R3
Gk =D +q(=k—-2)
_CO—VP fffT =7
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X (=l —ze,)de,dA
m 2m
e f f (A, VZe) + Ak, V7))

2mi
X fo(seA, 0)dsde; + C—(F(3)(k, 0)
0
0

+F® (=k, 0) + Q3(k, 0) + QP (k, 0)),

where Q3(k,0), Q®(k,0) are defined by Eqs.9 and
10 accordingly,

F®(k,0) = ¥ (k,0) — @ (k, 0),
F®(=k,0) = <pf)(—k, 0) — B3 (—k,0),

and (p(3)(+k, 0) are term of order 3 and higher w.r.t. §
in representations (7), (8).

Lemma 14. Suppose that q ER, @4|y—9,=0 =0,
then

T 27
Gglk—A)+q(—k—2
v [if LGRDLL ()
R3 0 O
X G(—l —ze,)de,dl
2r

= i [ 1] 10 = Vze) + a(—k = Vze)
0 0
X qmv (_\/Ee/l)del-
Lemma 15. Let § € W4 (R) and q € R, then

n 27

f T f 1@k —VZey) + G(—k —VZey))
0 0

X (T[Gmy1(VZ€2) + T[Gmy 1(—Vze;))de;

T 27
= [1] 1@t~ vzen + -k ~ vze)
0 0
X (va (\/Eel) + va (_\/Eel))de}u
2m

j T f 1@k —Vzey) + G(—k —vze,))

00

X

2 _
Tl
2m

= i f : f 1@k —Vzey) + G(—k —v7Ze))
0 0
X qmv (_\/Eel)del'

Theorem 14. Let q € R, Q4|0 ,=0 = 0, then
va (k) + va (_k)

Copyright © 2010 SciRes.

n 2

— —micy7 [ 1] 120k = Vae) + 4~k — V7e)
0 0

X Gy (—Z&;)des + k),
I
k() = == (FO (&, 0) + FO(~k, 0)
0

+Q3(k, 0) + QP (k, 0)),
where ¢y = 4m.

Theorem 15. Suppose q € R, @|y—9,=0 = 0; then

n 2r m 2w

w0 =z [1[ 1] 1@k =7en
0 0 0 O

+G(k —zey))i(Vze, — Vzey)
X #O(ﬁes)deldes’
where |yg] < C|qmy |

9. THE CAUCHY PROBLEM FOR
NAVIER-STOKES’ EQUATIONS

Let us apply the obtained results to estimate the solu-
tions of Cauchy problem for Navier-Stokes’ set of equa-

tions
—VAq + Z qx Gx,,
=—Vp + Fy(x, t) divg = 0, (11)

qle=0 = qo(x) (12)
in the domain of Q7 = R3 x (0, T). With respect to q,,
assume

div qy = 0. (13)

Problem (11), (12), (13) has at least one weak solution
(q,p) in the so-called Leray-Hopf class, see [3].
Let us mention the known statements proved in [10].

Theorem 16. Suppose that

q0 EWF(R?), f € Ly(Qr)
then there exists a unique weak solution of problem (11),
(12), (13), in Qr,, Ty € [0,T], that satisfies

e» Gxx, VP € L2(Qr)
Note that T; depends on qq, f.

Lemma 16. If q, € W5 (R?), f € L,(Qy), then

t
2 2
sup Jlall o) + Ojﬂquuwg)dr
< ”‘10”52(123) + |Follz,c0p
Our goal is to prove the global unicity weak solution

of (11), (12), (13) irrespective of initial velocity and
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power smallness conditions.
Therefore let us obtain uniform estimates.

Statement 1. Weak solution of problem (11), (12),
(13), from Theorem 16 satisfies the following equation

G(z(ex —e1),t) = Go(z(ex — €3))

t
+ et (@ Tl + P

0

X (z(e, — €y),1)dT, (14)

where F = —Vp + F,.

Proof. The proof follows from the definition of
Fourier transformation and the formulas for linear diffe-
rential equations.

Lemma 17. The solution of the problem (11), (12),
(13) from Theorem 16, satisﬁes the following equation

ZT Y IR
|k|2‘“’f AT

and the followmg estimates
3 1

||p||LZ(R3) < 311Gl o 101 s,
|F | oF 0g°
|ak = |k| TikE +m 7k
Proof. We obtain the equation for p using div and
Fourier transformation. The estimates follow from the

obtained equation.
This completes the proof of Lemma 17.

Lemma 18. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities

sup [fT|x|2|q(x, 0)[2dx
0<t<r 53

+ 3|z

t
+fT fT|x|2|qx(x,T)|2dxdT] < const,
0 R3

sup [jﬂxr*m(x, £)[2dx
0<t<T 73

t
+fT fT|x|4|qx(x,T)|2dxdT] < const,
0 R3

or

sup [
0<t<T

62
Ly(R%)

t
+jT szz|E[;(k,‘L')|2dde] < const,
0

R3

Copyright © 2010 SciRes.

Ly(R%)

t
+fT fTZZME{(k, 7)|2dkdt] < const.
0 R3
Proof. The proof follows from Navier-Stokes’ equa-
tion, the first priori estimate formulated in Lemma 16
and obtained from Lemma 17.
This completes the proof of Lemma 18.

Lemma 19. Weak solution of problem (11), (12), (13),
from Theorem 16, satisfies the following inequalities

max|g| < max|g
ax|q| < max|qo|

t
+ZSUPIIQII2 3 -l‘lequll2 3,dT,
2 o<t<T L2(R?) ) L2(R?)

94
<
max|az| m 62|
+ L sup | | +ijTz2|a,;(k,r)|2dkdr,
2 o<<r |10z .
La(R°) 0 RS
0%q 024,
gl Pre) = 0z2
T 02§ . ,
+—- sup 12| G (k, T)|*dkdz.
2 o<t<T 622
Ly(R3) 0 RS

Proof. We obtain these estimates using representation
(14), Parseval’s equality, Cauchy - Bunyakovskiy in-
equality (14) by Lemma 18.

This proves Lemma 19.

Lemma 20. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities

04, (2, t
|G (20| < zM, %SZMZ,
aZQmV(ZPt)
oz |

where My, M,, M3 are limited.
Proof. Let us prove the first estimate. These inequali-
ties

n 2w

G (2] < 2 f f l(z(e, — e,),t)lde,

< 27rzml?xlq| < zM;,

where M; = const.

Follows from definition (2) for the average of q and
from Lemmas 18, 19.

The rest of estimates are proved similarly.
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This proves Lemma 20.

Lemma 21. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities

C; < const, (i =0,2,4), where

Co = f \FPdr, B =(qV)q+F
0

t t
Cz=f1 dr, c4=f1
0 0

The proof follows from the apriori estimate of Lemma
16 and the statement of Lemma 18.
This completes the proof of Lemma 21.

92F, |’
0z2

oF,|°

57 dr.

Lemma 22. Suppose that q € R, m]flx|c7| < oo, then
q(x )q(y)
f fT dxdy < C(lql,, + max|q))?

Proof. Using Plansherel’s theorem, we get the state-
ment of the lemma.
This proves Lemma 22.

Lemma 23. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities

1G(z(ex =€), )] < |Go(z(ex — el

1

1)2_%
+(2v) zler—e; | (15)

where

Co = fﬂFnZdr,Fl = (¢.V)q +F.
0

Proof. From Formula (14) we get

|g(z(ex — er), )| < |Go(z(ex —e))l
+ f;Te—vzzlek—mlz(t—r) (16)
x F(z(e, — e;),T)dT|
where
F, =(q,V)q +F.

Using the denotation

t
| = |.[Te_vzz|ek_e/1|2(t—f)
0

X Fl (Z(ek - el)ﬁT)dTll
Taking into account Holder’s inequality in / we obtain

t P
I < J-Tle_vzzkzk_e/ﬂz(f_f)|PdT

0

Copyright © 2010 SciRes.

1

. 1
X fT|F1|qdr
0

where p, q satisfies the equality %+ % =1.
Suppose p = q = 2. Then

1 oty

< 1 )7 (fy11F2dz)
“\2v/)  zley— el

Taking into consideration the estimate I in (16), we
obtain the statement of the lemma.

This proves Lemma 23.

Now, we have the uniform estimates of Rolnik norms
for the solution of problems (11), (12), (13). Our further
and basic aim is to get the uniform estimates |g;|;, g3y

N =

a component of velocity components in the Cauchy
problem for Navier-Stokes’ equations. In order to
achieve the aim, we use Theorem 8 it implies to get es-
timates of spherical average.

Lemma 24. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities
- C .a -
|Gy |1, r3) < E(Ag )+ By Gy |L1(R3))

+ulp, (r3) a7
the function p is defined in Theorem 15,

T 2T

A0 = [z [1] 1ascates - e
R3 0 0

1\2 1
X | (263, Oldeydl fy = () B7CE,

and Cy is defined in Lemma 23.
Proof. From the statement of Theorem 14, we get the
estimate

m 2m

C
iy <5 [12 1] TlaGee = o)
R3 0 0

X |Gmy (zey, )|deydk + |ply, r3)-

(15) in the integral, we obtain

n 2T

C
o iy < 5 C[ 12 [1] 0 ater = e
R® 0 0

X |va (Ze}u t) |d€}Ldk

T 27

+(5 cZHTfﬂqmv(k o)

« e dk) + |u|
S EE— 7 3y.
lex — el LR
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Let’s consider the influence of the following large
scale transformations in Navier-Stokes’ equation on K

Let us use the notation
m 27
® _ ~ F
AP = [1z 1] ascatee = el _ S
0 0R“REk T E2 t =tA, V= V= FO—A—Z.
X |Gmy (zey, t)|de; dk, Statement 2. Let
then 4
1 A=
c N2 3 v3(CC + 1)3
~ 1 2 0
|Gy |1, r3) <= (4 +(—)C
i) =g v/ 70 then K < 2.
m 2 7
f J. j oy e, t)| die) + 1l 23y Proof. By the definitions C and C,, we have
el 1 47‘[CC0
= (—)2((—) )~
Let us use the notation
T 2T 11 47TCC0 _1 8
=v2(v2 — ) < =
=[] =2 A7
lex — el .
00 This proves Statement 2.
and obtain fo. Since 1 1 Lemma 25. Weak solution of problem (11, (12), (13),
ley —e;] = ((ex — ey, e, — €))2 = (1 — cosh)Z from Theorem 16 satisfies the following inequalities
where 6 is the angle between the unit vectors ey, €, it |04 (z(ex — €), t)| |9G0 (z(ex — €1))
follows that | 0z 0z
e L d
sin 1\2
Iy = 47rfT—1d6 = 277 +éa (;) pr— (19)
o (1 —cosf)z . 1
Using Iy in the estimate |Gy |y, r3), We obtain the (i)f C;
statement of the lemma. 2v) zle, — el
This completes the proof of Lemma 24. where
Theorem 17. Weak solution of problem (11), (12), - 2
(13), from Theorem 16 satisfies the following inequali- C, = J.T % dr
ties z 0z '
0
Amv < ¢ ( Ay + By dmv ) Proof. The underwritten inequalities follows from re-
z @y 2 Z L@ presentation (14)
o A (18) |3Q(Z(€k — &) f)| [9%0(z(ex — e1))
L1(R?) Az 0z
where t
(7 +2vzle, — % fT(t - T)e‘”2|ek—e/1I (t-7)
ao= [1]1] HaoGatee - e )
B0 x Fy(z(e, — €1), 7)d1]
X |Gmy (ze;, t)|de; dk e e
and By is defined in Lemma 24. ) )
+|J-Te—vz lex—ey|“(t—7)

Proof. Proof follows from (16), (17).
Corollary 3. Weak solution of problem (11), (12), (13), c
from Theorem 16 satisfies the following inequalities y % (z(eq — €1), T)d1].
Let us introduce the following denotation

C U
<40+ [ K,
LRy \2 zlL 3
t
I, = 2vzle, — ¢ |?| fT(t - T)e—vzzlek el*(t-1)

x Fy (z(e, — e3), 1)d1|,

va

where

N =

— 4nCC?
OPEN ACCESS
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348
t where
I = | [lem et F(00ee — e)
o = Jre 115
- z
« OB e, — e vydrl LR
9z F\Ck e ' X Iqmyr(g?.t)ldezdk,
then ao= [12 1] f12ocaer ~ el
~ ~ 2 = Z qolZ(e, — €y
|aCI(Z(ek —e)t) < |aCI0(Z(€k —e)) &b
0z - 0z 0Gmy (zey, t
41, x M| de,dk,
Estimate [; by means of 1 % 1 1 1 % 1
—(Z -5 2 — (= 2
sup|t™e”t| < a, h = <v> 2zmaly,fs = (v) 8mC2,
t
. and C, is defined in Lemma 25, C = const.
where m >0 we obtain Proof. From the statement of Theorem 14 we get the
t following estimate
4a —v22|e —e |2t;r
11 < —| Te k=eal =2 ~ m o2m
z 0Gmy ¢ -
SSCfTT TaCz(e, = e, t)l
0z liyw% 2
R3 0 O

0
x Fi(z(e, — e)), 1)d1].

On applying Holder’s inequality, we get X |Gy (z€3, £)|de; dk

T 27

1
t P
L < J i T fTZf f |aq(z(ek —e)t)
z
0
t 7 X |Gy (zey, t)|deydk
leFllda ' m 2T
) v szM llaCaex = e, )|
. S
where p, q satisfy the equality ;+ .= 1. . | anv (Ze,1, t)| dedioy + |2 ou
For p = q =2 we have 1 2 9z LG
1 % c2 Let us introduce the following denotation
11 <4a (—) —0, m 27
v) z%le, — e
L h= [1[1] e - en.ol
1y 3
I, < (2—) BE— R3 0 0
v e el X [dme (26, 8)|dey
C j ORI F 70
= — . G(z(e, —ey),t
2 Taz T Iz=fTZfTJ.T| q(z(e, —€),t)
0 0z
) . 0 . R® 0 0
Inserting I;,1, in to |—Z|, we obtain the statement of X |Guy (263, £)|dey dk,
the lemma. m 2m
This completes the proof of Lemma 25. -
pletes the p = [z [1] nace - .ol
Theorem 18. Weak solution of problem (11), (12), B oo
('13), from Theorem 16 satisfies the following inequali- G, (ze3, )
ties X |————=| deydk,
da c 0z
ﬂ <=4y +4A,+4, then
0z L1(R3) 2 Ehi C P
) - I R Y AR e
+B31Gmy |1, &%) + (B +.32)| z | 0z |y, w3~ 2 0z, 3
+B |aqmV au ! (20) The estimate of I; was obtained in theorem 16,
1oz L1(R3) ozl (r3)’ therefore from (15), (18), it follows that

Copyright © 2010 SciRes. OPEN ACCESS
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va

V4

LiRY)
Inserting inequality (19) into I,, we get

T 21
L < szfo T|a%(z(gkz—e,1))|
0 0

R3

x |qmv (Ze/b t)lde,ldk

1
1\2 L Gy (K,
+aa(S) 2y f o G O1

z
()
2v
Let us take into account the estimate of I, obtained
in Lemma 25,

R3
1
2

1
31y [ 1w e 0ldk,
R3

T 2T
IO=J-TJTL=2%T[.
lex — el
0 0

Inserting this value in I,, we obtain

T 27
0Gy(z(e, — e
b [ i PR
R3 0 0
X |(7mv (Ze}u t)ldeldk
1
1\Z 11 1 G (k,t
(3 2rac memv( 1
v A 7
R

1\2 1
+ (—) 8nC? f Gy (k, £)|dk.
v A
Let us introduce the following denotation

T 2m
A = szfTJ' T|a%(z(gkz— )
0 0

R3

X |Gmy (zey, t)|de, dk,

then
<+ B Bl by
Z @)
where
1 % 11 1 1 % 1
By = (;) 22maCé, Pz = <;) 8mC’.

Using inequality (16) in I3, we get

n 2

< [z [1] naute - e
R3 0 0

0Gmy (zey, t)
x [Fmo = de i

Copyright © 2010 SciRes.

1
12 1 Gy (k. t)
_ 2 mv ’
() i [P ae
R3

Similarly as we estimated I,, obtain
anv
0z

I3<A;+ B

LR

where

n 27

Ap = fTZfo Mdo(z(ex — €ex))
RS 0 0

0Gmy (z€3, 1)
X HWT‘ deldk.

9qmy
dz

we obtain the state-

Inserting Iy, I, I3 | &’
Li(R

ment of the theorem.
This completes the proof of Theorem 18.

Lemma 26. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following inequalities

0*q(z(ex — e, t) < 0%Go(z(ex — e)|
0z? - 0z? |
1 1 1 1
(1)7 16aCy (1)7 8aC;
v) Z3|e, — e v/ z%|e, — e
L
1\ _ G
+ (ZV) zlex—e; |’ (21)
where
sup|t™e”t| < a,
t
as m> 0,

t ~ 2
= JT 0°F,
£ 022
0
Proof. From (14) we have the following inequalities
0*q(z(ex — e, V)| _ |0*Go(z(er — &)
0z2 0z2 |

dr.

<

t
+4v2z2|e, — e |4 fT(t —1)?
0
x e V2 ke’ =D (z(e, — €;), 7)d1]

t
+4vz|e, — e |?| fT(t -7
0
oF,
% e—vzzlek—éﬂz(f_f) a—l(z(ek —e;), T)dt|
Z

C 2, 02F
n fTe_vz lex—el (t—f)?(z(ek —€,), 1)dz|.
0
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Let us introduce the following denotation
t
b= 42 e, — el [16 -0
0
x e V2l ke’ =D, (z(e, — ), 7)d1],

L = 4vzle, — || fT(t —-1)
% e—vzzlek ey |?(t— T) (Z(ek —ey),1)dt|,

I = |J-Te_"22|ek_el|z(f—f)

2F,
X W(Z(ek —€),1)d1|,
then
0*q(z(ex — 1), t)l
0z2 | =
Using the estimate
sup|t™et| < a,
t

0%Go(z(er — €1))
0z2

as m > 0, we estimate I, I,
t
16a 2 2t—T
< — e—vz lexk—ej| -
1 72 |fT
0
X Fi(z(e, — ey), T)dT|,
t

—vz2|e,—eq 22T
L<—||te™ lek—eal—

0

oF,
X5 (z(ex — ex), Ddr|.

Using Holder’s inequality

1
t P
16
L = zZa f| vrtleelt" |pdT
0
, 1
fﬂﬁﬂqdr ,
0
8 P

a 20, 2T
I, <— fTIe vatlek=eal™ v dr
z

. 1

X faqud q
Taz Bk
0

where p,q satisfy the equality % + é =1

Copyright © 2010 SciRes.
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For p =q =2 we get
1 1
Nz
11S16a(—) S TOE—
v/ Z3|e — ¢
1

1z 7}
pese(lf S
v) z2%|e, — ¢
Taking into account Holder’s inequality for I3, we get
1

1 1 ¢
[<(1)7 c; C_J.T
3=\2v) zle, —e|”

0

. . |0%G
Inserting I;, I, I3 in |aTZ|’ we get the statement

92F, |’

? dr.

of the lemma.
This completes the proof of Lemma 26.

Theorem 19. Weak solution of problem (11), (12),
(13), from Theorem 16 satisfies the following estimate

2~
d mv
z

C
522 <=(2(4; +4; + 43)

L1(R%)
va
Z

+A, + As + (28, + Ba)

L1(R%)
+(2B3 + Bs)| Gy |1, r3) + 6|28y |1, r3)

w2+ p || s
1 1
9%4my ﬂ
+B, |z—az2 Ll(Ra))+|Zaz2 pC)
where

A = szz_f fn 9qo (z(ex —‘3,1))|
R3 0

x |66mv (Zell' t)| d

Ay = fTZ

X |qmv (Ze/l; t)ldeldk,

n 2

4g = szZM 113o(2Cex — )
2

a qmv (Ze}u t)
0z2

e/ldk,

CIo (z(ex —€))
T 9z2

e;{dk,
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and Cy is defined in Lemma 26.
Proof. From the statement of Theorem 14 we have the

estimate
azqu
2522 S J- ff |G(z(ex — ), V)|
L1(R%)
a mv ;t
x |M| dedk
T 21
+2 szff |aq(z(6’k e, t)|
X |qmv (Ze,b t)ldeldk +
+2 f 122 f f [Pt a0
0 N
X |M| de,dk +
T 21 62
~ et
+ szszJ-T G(z(ex — ), t)
0z2
R3 0 0
X |C~lmv (Ze,l: t)ldeﬂdk +
T 21
+ szszf 11G(z(e, — €),t)]
0% Gy (z€), 1)
|a—2/1 de,dk)
+ |2 ZTI + .
022 LR 2 Ll(R3)

Let us use the estimates for Iy, I,
m 27
w2 i
R3 0 0
0., (zey, t
% qmv( A )|d

G (z(ex — €, O]

e/ldk

q'mv

<2 <A1 + B, + B3 |Gmy |L1(R3)>'

L1(R%)

L= ZRl f f aq(z(e" _ez) t)

x |qmv (Ze/b t)lde,ldk

Gy )
0z |

Let us use inequality (19) to estimate I3, then we get
n 2
0G(z(e, —e)),t
13=2fTZZJTfT| G(z(ex —ey) )|
0z
R3 0 0

Copyright © 2010 SciRes.

<2<A2+B1

e dk

<2(f7z2foT|W|
R3 0 0

% |aqmv (Ze)u t)‘ d

a ,t
><| va(zel )|d

(5] dk

1
1\z 1 0Gmy (k, 1)
- 2 mv \""»
+4“(v) Colo [T| 0z |dk
R

1

1\2 1 0y (k, t)

il 2 mv 'y

() el ot
R

Inserting the value of the integral I, from Lemma 18,

we get
13—2(f ff |aq0(z(ek ez),t)|

a ,t
><| va(zel )|d

e,dk

1 ; 04, (k,

7 1 o (e t
+<;) 272 C2f| a ( )|dk

o 2 nct 1P

J

% |aqmv (Ze}u t)| d

e,dk
94, (I, t 94, (I t
+B, fT|—q ag )|dk+/33 f1z|—q ai )|dk).
R3 R3

Let us introduce the following denotation

T 27
_ szz fo T|a%(z(gi;— 9,1))|
R3 0 0

ag e,t
><| qmv(i/l )|d€,1dk,

then

k.t
I, < 2045 + B, H q”‘V( )|dk

+Bs f 1z |—aqm3£k’ t)| dk).

R3

Applying inequality (21) to estimate I, we get

OPEN ACCESS



352 A. Durmagambetov / Natural Science 2 (2010) 338-356

02q(z(e, — e)), t)
)

T 27
= [ [if
R3 0 0

X |(7mv (Ze}u t)ldeldk

< [

X |qmv (Ze}u t)ldeldk

0? Go(z(ex —€))
T 9z2

1\2 3 1
+(5) 160G [1213u (k01K

R3

Nz, 1 .
+(5) 8aCly [11am 0k
R3

D
+(E) Glo fTZlqmv(k,f)ldk.
R3

Inserting the value of IO, we obtain

Iy < fTZ

X |qmv (Ze/b t)lde,ldk

1
nz s 1ot
+ (;) 27 maC; f 1~ e G, O]k

R3

CIo (z(ex —€)
T 9z2

ICRU
+(§) 2Zmal; leqmv(k,t)uk
R3

1 1
+<Z) 8rCy f 12| Gy (k, t)|dk.
R3

Let us introduce the following denotation

[T

1 1
Nz 15 2 nz 13 1
,84=(;) 22naCO,BS=(;) 22maCy,

N =

1 1
=(>=) 8ncC},
Pe (21/) T

I < fTZ

X |Gmy (€3, t)|deydke + By fTE |Gy (k, )| dK

R3

then

CIo (z(ex —€)
T 9z2

B f HGimy G )]k + B f 121Gy ks D)K.
R3 R3

Introduce the denotation

Copyright © 2010 SciRes.

CIo (z(ex —€))
9z

A4—sz

X |qmv (Ze/l; t) |d€,1dk,
then

1
S Ayt By [ 18 G DIk
R3
48 [ 1 G Oldk + s [ 1210, (o 0ldk
R3 R3

Using inequality (16) to estimate I5 , we obtain
m 27

= (122 [1] nacate - en.o
R3 0 0

anmV (Ze)u t)

X ‘T de,ldk

T 2T

< szszf 1130 (2(ex — e

a va (Zellﬂ t)
0z 2

1
1\2 2
+(Z> COIO fTZ
R3

Inserting the value of the integral I, we obtain
m 27

Is < szZ M 110 (zCer — )]

6 qmv (Zeb t) 62 ~mv
0z2 0z2

Let us introduce the following denotation
m 27

- [ i g -eon

a qmv (Zeb t)
0z 2

de,dk

0 Gy (K, 1)

| dk.

ldk‘l"gl Z

L1 (R%)

de, dk,

then
62 va

0z2

[5SA5+31 Z

L1(R%)

we ob-

. 92%G
1,...,5) in |zﬂ ,
L1(R®)

0z2

Inserting I, (j =
tain the statement of the theorem.
This completes the proof of Theorem 19.

Lemma 27. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following estimate
< ByK, 23
L = Bo (23)
|Gy |1, 83y < B1K, (24)

Gmv

4
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|2Gmy |1, r3) < B2K, (25)
where

2 C
V2 u
oo S

vZ — 4nCCE
c 1

By =2 AGY + |l 3, (26)

LRY

C e
B, = EAE) ) 4 |zl 1, (r3y,

n 27

29 = [11[ 121t - el

R30 0
X |G (265, £)|dey dk.
Proof. From inequality (15) and estimate (17), we
make the sequence of estimates

~ C +1 ~
12" Grny |L1(R3) < E(Ag" ) 4+ Bilz" Gy |L1(R3))

+z"ul L, r3y

where
T 2T

a5 = [1[1] e iascaer - el
R3 0 0

X |Gmy (Zey, t)|de; dk.

Nz, 2
,81 = (;) 81TC0,
and n is an exponent of z. From this recurrence for-
mula, as n =0, n = —1, we get estimates (17) and (18)
accordingly.
For n =1 we have

- C, -
[ZGmy |1, r3) < 2 (AE) )+ By 12y |L1(R3))

+lzplL, z3)-

Considering estimates (17), (18) and the last estimate,
we obtain the statement of the lemma.
This proves Lemma 27.

Lemma 28. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following estimates

0qmy 2
—- < DyK* + DK, 27
| 0z Ll(R3) 0 1 ( )
9qmy 2
9qmv_ <
|Z 9z Ll(R3) DzK +D3K, (28)

where

C 0 0 0
Do =5 (B”B1 + (B + B;")By),

ou

c
Dl =E(A0 +A1 +A2)+ 9z

LRY

C 0 0 0
Dy =5 (BB, + (B + B;")B1),
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ou
L8

C 1 1 1
Dy =— (457 + 417 +457) + |z~

2

L3

T 21
04y (z(ex —€3))
@ _ 2 0
a0 = [ 1] FE =
R3 0 0

X |Gmy (ze,, t)|de; dk,

T 2T

AP = f 122 f ] f 110 (z(ex — e
R3 0 0

aq ,
x Gmv (Zell t)| d
0z

eldk,

1 11 1

2 -5 2
© _ 87 © _ 22maty
1= B, = T
V2

N =

v
1

2
8m(;

’

0) _
Y =—
V2

Proof. From inequality (19) and estimate (20), let us
make the sequence of estimates

o Oy

C
o <= (A% + 4™ 4 4V

LR} 2

qu

z1-n

+B312" Gy |1, g3y + (B1 + B2) ,
L1(R?)

anv

0z

Z"a—#

n
z
0z

+B4

L1(R3) LR

where

T 27

AP = f i f . f 1210 (z(ex — )]
R3 0 0

X |Gmy (zey, t)|de; dk,
T 21
od _
= [ e
z
R3 0 0
X |qmv (Ze/l; t)ldeldk,
T 21
A0 = [tz [1] HaGatee - e
R3 0 0

Oy (261, )
S| deq

d

and n is an exponent of z. From this recurrence for-

mula, we get estimate (17) and (18) for n =0, n =1,

accordingly. And

anv S E
0z L1(R3) 2

+B312Gmy |1, r3) + (Br + By |1, r3)

1) ® )
Ay + A7 + A

|
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Oqmy
0z

+pB1 |z |Z— ,
Ly (R%) 0zl (r%)

Considering estimate (17) and the last estimate, we
obtain the statement of the lemma.
This completes the proof of Lemma 28.

Lemma 29. The solution of the problem (11), (12),
(13), from Theorem 16, satisfies the following estimate

2~
a mv

3
Z aZZ SP()K

L1(R%)
+P,K? + P,K, (29)

where

0 0 0
Py = C(BVDy + (B + BO)Dy),

C 0 0
== (28" + B")Bs
0 0 0
+(2[3( ) ﬁs( ))31 + 3é )Bz
0 0 0
+285”D5 + 2B + B")Dy),

Cc
P, :E(Z(Al + A, + A3)

62;1
+A, + As) + 6 .y )
L1(R®)
215 Cl 13 1
2 TTa 27 naC
o) _ 0) _
Bl=— k=1
vz V2

1
8nC?
0 _ 4
B =—
V2
Proof. From (22), we obtain the following estimate
az va
072

E(Z(Al + A4, + A43)
L1(R%)

a3+ As + @20 + B0 |2

L1(R%)
+(283(0) + B5(0))|Gmy |L1(R3)
+B6(0)|ZQmV|L1(R3 +

qu
+2(B1(0) + B2(0)) ,
L1(R?)
0Gmy 62#
+2&(m| RENCE =
L1(R%) @

Using estimates (23)-(28) in the last inequality, we
obtain the statement of the lemma.
This proves Lemma 29.

Theorem 20. The solution of the problem (11), (12),
(13), from Theorem 16, satisfies the following estimate
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11

G, r3) < <V1CO +72C5C; ‘|‘1’3C2>K3
111

4(nQ+ﬁQ+%q>W

1 1
+ (yycé +vsC; + m) K,

where

1 ¢
V2 = 12
K’=-———————T, = | 1|F,|%dx,

41TCC2 0
Fl = (q,V)q+F,

2 t
dT, C4_ = fT

6223 2

- 2
OF
! dr,

9z

0°F,
0z2

t
szfT
0

V1=

(1 + ZZ)BOl
6224 2

Y2 = 1+ 27)31,
C?23m?
Y

((1 + 22)30 +(1+ 22)D1)

Y3 =
37

27

Ys = 1
v2
3

/4 3
7 ((1+22)B; + D3),
v2

Vs =
C23m

Y6 =

N =

v

5 C2%m
(1 + 22) Bo, ]/8 =

C2%m

Y7 = 1 T D1,
2 2

v
c c
Yo =5 (D1 +Pp), By =74, +

v
K
2zl (R3)

c.a e
B, = EAE) b+ |l g3y B2 = ;Ag b+ |zl (r3y,

C au
D1 —E(Ao‘I'Al +A2)+ |E

LRY

C au
T BN RTe)
_5M0+A1+A2)+PM

LiRY

C
P, =§(2(A1 + A4, + A3z)

o’u
+A4+A5)+ Z—2 )
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C_ om
2 402m)?¥

the function u is defined in Theorem 15.

Proof. From the Theorem 8

va
z

1G1L, 3y <
L1(R7) LR
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qu

1| 0%Gmy
0z2

w2l

L1(R%)
Using estimates (23), (27), (29) in the right side of this
inequality, we get

LR 4

1411, x% < BoK + 2(DoK? + D1K)

1
+Z(P0K3 + P K? 4+ P,K)

1
< ZPOK3 + (2Dy + P,)K? + (By + D; + P))K,

where B;, K are defined in Lemma 27, D; is defined
in Lemma 28, and P; is defined in Lemma 29. Taking
into account these notations and calculating the coeffi-
cients at Cy, C,, C4, we obtain the statement of the
theorem.

This proves Theorem 20.

Lemma 30. The function u, defined in Theorem 15,
satisfies the following estimates

|ilL g3y < const,  |zply, sy < comst,

d
o < const,
0zl &%)
a 02
Z—M < const, Z—l: < const.
aZ L1(R3) 62 Ll(R3)

Proof. We can get the estimate of cubic members w.r.t.

g in p if we resume all the methods for estimating
square members w.r.t. §.
This completes the proof of Lemma 30.

Lemma 31. Weak solution of problem (11), (12), (13),
from Theorem 16 satisfies the following estimates

AO < 2M1 fT(lqo(Zek)l)mvdk'
RS

AP < 2m; [12030 e Dk,
R3

4@ < 2m, f 122 (1o (ze) Dy dk,

‘ CIO( ex) Yo dk,

Ay <2M, fT z(
R3
aqg (ze )
AP < 2my [122(F) 0k,
R3

4, < 2M, f 1210 @e) Dy dk,

R3
AV < 2m, |122(1q dk
2 = 2 [z (lqO(Zek)Dmv ’
R3

As < 2M, fT z(| qo(zek)|)mV
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9 Qo(zek)

4, < 2M, f 2[Rt zedl

R3

As < 25 [122 (e D k.
R3
Proof. The proof follows from Lemmas 18, 19, 20.
This proves Lemma 31.

Theorem 21.
qo € WF(R®),Fy € L,(Qr),

Fy € L1(QT)

-

Fr

= fTZj‘l(lc?o(Zek)l)mvdk < const,

Suppose that

F
€ L1(Q7),

Ue L1(Q7), dp € L1 (R?),

G=13),
) aqg
I = szf _3(|M|)mv dk < const,
0z

ke

(j = 4)5))
92

Ig = f 22 (|—————= qO(Zek) )my dk < const.

R3

Then there exists a unique weak solution of (11), (12),
(13), satisfying the following inequalities
3

mtaxZT|(Ti|Ll(R3) < const,

where const depends only on the theorem conditions.
Proof. It is sufficient to get uniform estimates of the
maximum gq; to prove that the theorem .These obvious-
ly follow from the estimate |§;|;,g3). Uniform esti-
mates allow to extend the rules of the local existence and
unicity local to an interval, where they are correct. To
estimate the component of velocity, we use statement 2
4
T 2 ’
fo T”qx”Lz(R3)dt +A+1

4

q; =

A= A
v3(CCy + 1)3
Using Lemmas 21, 22 for the potential

qi
JI T2, gyt + A+ 1

We have N(q;) <1, i.e, it is not necessary to take
into account normalization numbers when proving the
theorem. Now the statetement of the theorem follows
from Theorems 20, 17, Lemmas 21, 30, 31 and the con-
ditions of Theorem 21, that give uniform of velocity
maxima at a specified interval of time.

q; =
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This comletes the proof of Theorem 21.

Note. In the estimate for § the condition q(0) > 1
is used. This conditioncan be obviated if we use smooth
and bounded function w and make all the estimates for
g1 = q +w such that g;(0) > 1 is satisfied. Using the
function w, we also choose the constant A concordant
with the constant & from Lemma 3.

Theorem 21 proves the global solvability and unicity
of the Cauchy problem for Navier-Stokes’ equation.

10. CONCLUSIONS

In Introduction we mentioned the authors whose scien-
tific researches we consider appropriate to call the pre-
history of this work. The list of these authors may be
considerably extended if we enumerate all the predeces-
sors diachronically or by the significance of their con-
tribution into this research. Actually we intended to ob-
tain evident results which were directly and indirectly
indicated by these authors in their scientific works. We
do not concentrate on the solution to the multi- dimen-
sional problem of quantum scattering theory although it
follows from some certain statements proved in this
work. In fact, the problem of over-determination in the
multi-dimensional inverse problem of quantum scatter-
ing theory is obviated since a potential can be defined by
amplitude averaging when the amplitude is a function of
three variables. In the classic case of the multi- dimen-
sional inverse problem of quantum scattering theory the
potential requires restoring with respect to the amplitude
that depends on five variables. This obviously leads to
the problem of over-determination. Further detalization
could have distracted us from the general research line
of the work consisting in application of energy and mo-
mentum conservation laws in terms of wave functions to
the theory of nonlinear equations. This very method we
use in solving the problem of the century, the problem of
solvability of the Cauchy problem for Navier-Stokes’
equations of viscous incompressible fluid. Let us also
note the importance of the fact that the laws of momen-
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tum and energy conservation in terms of wave functions
are conservation laws in the micro-world; but in the clas-
sic methods of studying nonlinear equations scientists
usually use the priori estimates reflecting the conserva-
tion laws of macroscopic quantities. We did not focus
attention either on obtaining exact estimates dependent
on viscosity, lest the calculations be complicated. How-
ever, the pilot analysis shows the possibility of applying
these estimates to the problem of limiting viscosity tran-
sition tending to zero.
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